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( r ece ived Oc tober 19, 1959) 

In h i s we l l known monograph [l] (p . 81) H. B a c h m a n n 
ind i ca t e s tha t two o rd ina l n u m b e r s > 1 a lways have a c o m m o n 
left mu l t i p l e >• 1, but not a lways have a r igh t mul t ip l e (RM). 
The m o n o g r a p h does not , howeve r , conta in any fu r the r a n a l y s i s 
of r igh t m u l t i p l e s . The pu rpose of the p r e s e n t note i s to s u p p l e ­
m e n t th i s by fo rmula t ing the following p ropos i t i ons which , de sp i t e 
t h e i r s i m p l i c i t y , s e e m not yet to be known. *) 

THEOREM 1. If two o r d i n a l s , * and (3 ( « > (3 > 0), 
have a CRM, then t h e i r l e a s t CRM y» has the fo rm yu = cc* =oc + c^ 
with c and c^ f in i te . (Thus the l e a s t CRM dif fers only by a finite 
quant i ty f rom the l a r g e r n u m b e r , oc .) 

THEOREM 2. Two o r d i n a l s , oc and (3 ( « > (3 > 0), have 
a CRM if and only if e i t h e r (i) ex. i s i t se l f a RM of (3 , o r (ii) oc 
i s of the fo rm <* = (? + c with c <. to , and (in c a s e (ii)) 8 i s no 
l i m i t o r d i n a l . '^) 

A m o r e expl ic i t v e r s i o n of t h e o r e m 2 is th is* 

THEOREM 3 . Two o r d i n a l s , <x and (3 ( * ^ (3 > 0) , have 
a CRM if and only if e i t h e r 

(i) (3 i s a l i m i t o r d i n a l , a n d oc = GÛ*(3 for some v ; 
or (ii) (3 i s no l im i t o r d i n a l , and <x = (3 + c with c < ^ ; 
or ( i i i )S i s no l im i t o r d i n a l , and a = o^ ( (3+qb)+X (q< u\ X <ciov), 
w h e r e b i s the l a s t (finite) t e r m in the expans ion £ = toy + b . 3 ) 

' We w r i t e " C R M " for " c o m m o n r igh t mul t ip le 1 1 , and use 
Bachmann 1 s t e r m i n o l o g y , i . e . , a RM of ot ^ 0 i s any o rd ina l 
of the f o r m trek wi th <r f- 0. 

2) Condi t ions (i) and (ii) in t h e o r e m 2 do not exclude each o t h e r . 
E x a m p l e : <x = 2(<o + 1) = GO + 2; (3 = OJ + 1 . 

^) T h e o r e m 3 , though l e s s conc i se than t h e o r e m 2, i s m o r e 
convenien t in a p p l i c a t i o n s , for i t r e d u c e s the ve r i f i c a t i on of 
the e x i s t e n c e of a CRM to a s imple i n spec t i on of the n o r m a l 
f o r m s of ot and G . Cf. a l s o t h e o r e m 31 be low. 

C a n . M a t h , B u l l . vo l . 3 , n o . 1, J a n . I960 
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The proof of the t h e o r e m s i s b a s e d on t h r e e v e r y s i m p l e 

l e m m a s . 

L E M M A 1. If £ + ec = * , t h e n ( a + £ )•$ = ccy + /3N^ w h e r e 
N^ = 1 o r Ny = 0 a c c o r d i n g a s -V i s , o r i s no t , a n u m b e r of the 
f o r m -j = X + 1. 

L E M M A 2 . E v e r y equa t ion of the f o r m Ttf = <r[3 
(<x>(3>0, * c , < r ^ 0 ) can be r e d u c e d to T1* = a!(3 w h e r e 0 < x1-; . o> 
and 0 < cr' ^. or . 

L E M M A 3 . E v e r y p r o d u c t cot, with 0 ^ c < c*> , can be 
r e p r e s e n t e d in the f o r m cot = c*> + c^ , wi th c^ < w , 

F o r the proof of l e m m a 1, s ee [1] , p . 52 . L e m m a 2 was 
ob ta ined in [2] a s a c o r o l l a r y of a n o t h e r p r o p o s i t i o n ; it can a l s o 
e a s i l y be deduced f rom l e m m a 1. To p r o v e l e m m a 3, put 
U = tâ>X + n (n < <*) ) . We t h e n have cc* = c <*A + en = (u>X + n) 
+ ( c - l ) n = c< + c^ w h e r e c^ = ( c - l ) n -̂  w , a s r e q u i r e d . 

We now p r o c e e d to p rove our t h e o r e m s . F o r the proof of 
t h e o r e m 1, t ake any CRM of o( and {5 , say p~ = To( = <r(3 , 
and use l e m m a 2 to r e d u c e it to the l e a s t CRM, JU,1 = co( = <r!^ 
wi th 0 < c «= u> . Then use l e m m a 3 to ob ta in the r e s u l t . 

To p r o v e t h e o r e m 2 ( n e c e s s i t y of cond i t i ons ) , l e t the l e a s t 
CRM oi oc and £> be j x = © c - i - c = c r { 3 ( c -< to ) , and put 
0" = co^p + £ (0 <£• p < to , £ < u ) v ) . By l e m m a 1, 

(1) oC + c = co* p (3 + JEN^ ( E <: u^ ) . 

Now if NA = 0, e q u a t i o n (1) i m p l i e s c = 0, so tha t t h e o r e m 
2 (i) h o l d s . If Np = 1 and V > 0, i t fol lows f rom (1) tha t £ 
h a s the f o r m £ = X + c ( X < tov ) , so tha t (1) r e d u c e s to 

(2) o£ = co' ,?p(B+ X Np = (u>9p + X)|$ 

( s ee l e m m a 1), and aga in t h e o r e m 2 (i) h o l d s . F i n a l l y , if 
Np = 1, v = 0, t h e n E << co* = 1, i . e . , e = 0, so tha t (1) 
y i e l d s a + c = p(3 = (J + p^ ( see l e m m a 3), w h e r e c «•= p^ < to 
(for ex. ^ û ) , and t h e o r e m 2 (ii) f o l l ows . A s r e g a r d s the 
suff ic iency of the c o n d i t i o n s , c a s e (i) of t h e o r e m 2 i s obv ious ; 
so suppose tha t (ii) h o l d s . T h e n we m a y set oc = X + m , (3 = X+ n 
w h e r e X i s a l i m i t o r d i n a l or 0, and m , n -c to . C l e a r l y , 
nc* = n(X +m) = X + m n = m p , so tha t ^ = nc*. = m (3 i s a CRM 
of oc and £ . T h u s t h e o r e m 2 i s p r o v e d . The s a m e proof a p p l i e s 
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to theorem 3 as well; in par t icular , theorem 2 (iii) is easily-
obtained from the first part of (2) by setting p = 1+q (recall that 
0 < p < w ).4) 

F rom this proof it is obvious that theorem 2 (i) holds if 
and only if either theorem 3 (i) or theorem 3 (iii) is fulfilled. 
Hence, «< is a RM of (3 j- 0 if and only if * = to* ( (3 + qb) + XNp, 
with q, b , À and NA defined as in theorem 3 and lemma 1 (note 
that b vanishes if N* = 0)* This can be used to obtain a more 
concise formulation of theorem 3, to wit: 

THEOREM 31 , Two ordinals , * and £ ( * > ' £ > 0) have 
a CRM if and only if <x = cov ( (3 + qb) + Np ( X + c), 
(X < wv

 } q, c < o ) , with b and Np defined as above. (This 
formulation, obviously, covers all three cases of theorem 3.) 
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4) We prefer this proof to other possible proofs because, 
besides its simplicity, it yields theorem 2 and theorem 3 
simultaneously, without requiring additional arguments or 
propositions to pass from one of them to the other one. It 
also yields necessary and sufficient conditions for or to be 
a RM of ^ in a simplified form (see below). 
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