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CONTINUOUS ERGODIC EXTENSIONS AND 
FIBRE BUNDLES 

ROBERT J. ZIMMER 

1. I n t r o d u c t i o n . If a locally compact group G acts as a measure preserving 
transformation group on a Lebesgue space X, then there is a natural ly induced 
uni tary representation of G on L2(X), and one can s tudy the action on X by 
means of this representation. The situation in which the representation has 
discrete spectrum (i.e., is the direct sum of finite dimensional representations) 
and the action is ergodic was examined by von Neumann and Halmos when G 
is the integers or the real line [7], and by Mackey for general non-abelian G [10]. 
This theory w^as generalized to the case of extensions of ergodic actions by the 
au thor in [11] and [12]. There we consider a pair of ergodic C7-spaces X and Y 
with an equivariant measure preserving map between them. Then L2(X) 
becomes a G-Hilbert bundle over Y, and we say tha t X has relatively discrete 
spectrum over Y if L2(X) is a direct sum of finite dimensional G-invariant sub-
bundles. Theorems 4.3, G.2, G.4 of [11] are the generalization to extensions of 
the main von Neumann-Halmos-Mackey theorems, and imply the lat ter when 
Y is taken to be a point. 

In all these considerations, one is dealing solely with measure spaces and 
Borel isomorphisms. If, in addition, the spaces involved have a topological 
s t ructure and the finite dimensional G-invariant subspaces (or subbundles) 
consist of continuous functions, it is natural to inquire as to what extent the 
measure-theoretic theory will actually hold in a topological category. For a 
single G-space X, this situation is essentially understood, and it is the aim of 
this paper to examine this question for extensions. Our main result will be a 
topological version of the s tructure theorem [11, Theorem 4.3] of the measure 
theoretic theory. The lat ter maintains tha t any extension with relatively 
discrete spectrum is (Borel) isomorphic to a type of skew product action in a 
product space. In the topological category, one would like to conclude tha t an 
extension should be (topologically) isomorphic to a certain type of action in a 
fibre bundle, which we call a homogeneous extension. (See Section 2 for detailed 
definitions.) This however is not true, bu t we do show, at least in the case in 
which Y is minimal under G, tha t the extensions in question are inverse limits 
of homogeneous extensions. Fur thermore, we identify a certain class of exten
sions, which we call finitely generated, that we do show to be homogeneous. 

Continuous extensions of the type to be considered in this paper have arisen 
in the s tudy of minimal distal transformation groups and extensions on compact 
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spaces. Based on the work of Ellis and Furstenberg, Knapp [9] showed that the 
isometric extensions introduced by Furs tenberg [4] actually have the function 
theoretic properties t ha t we are considering. As a consequence, we are able to 
conclude a strengthened version of Furs tenberg 's s t ructure theorem for minimal 
distal actions on compact metric space [4], showing tha t every such action is 
built up from a point by taking homogeneous extensions and inverse limits. T h e 
main theorems of this paper were in fact announced in this context of distal 
actions in [13]. I t has been pointed out to the author , however, t ha t a short 
proof in this context is available through the machinery tha t has been buil t up 
around minimal actions on compact spaces. (See [3], for example.) We remark 
tha t the techniques and results of this paper are dependent on neither com
pactness nor minimali ty of the action on X. 

The organization of this paper is as follows. Section 2 presents the definitions 
of the various types of extensions we will be considering-homogeneous, finitely 
generated, and those possessing "topological" relatively discrete spectrum. I t 
also includes some preliminary results and elementary properties of these 
extensions. Section 3, which is the main pa r t of the paper, is devoted to a 
proof t ha t finitely generated extensions with a minimal base are homogeneous. 
Section 4 concludes with applications and examples. 

2. P r e l i m i n a r i e s . Suppose G is a locally compact group and X and Y locally 
compact metrizable spaces. (We shall throughout take local compactness to 
include the condition of second countabi l i ty . ) W e suppose t h a t there is a 
joint ly continuous right G-action on both X and F, and tha t p : X —» F is 
continuous, surjective, and equivar iant . We shall further suppose tha t G 
preserves a probabil i ty measure /JL (V) on X ( Y) whose support is all of X ( Y), and 
tha t p is measure preserving, i.e. p* (n) = v. This is jus t the si tuation studied in 
[11], now with the additional assumptions of topological s t ructure . We can 
decompose /x with respect to v over the fibers of p and write \x = J® \xvdv{y). 
This is a measure-theoretic construction and in the topological framework we 
will need the stronger condition tha t y —» ju?/ is continuous, in the sense tha t for 
a n y / £ CQ(X) (the continuous functions on X t ha t vanish a t co ), y —» J fd\xy is 
continuous, and tha t the suppor t of \xv is p"1(y). We shall then call \i.y a con
tinuous decomposition of /JL. Such a decomposition does not always exist. I t will 
exist, for example, if X is a fibre bundle over Y whose s t ructure group consists 
of measure preserving homeomorphisms of the fibre. If X is compact , minimal, 
and an isometric extension of F, such a decomposition will also exist. In the 
compact case, continuous decompositions have been investigated in some 
detail by Glasner [5]. 

Definition 2 .1 . Under the above assumptions, we will call X a continuous 
ergodic extension of Y. 

If / 6 C0(X), and y £ F, by fv we shall m e a n / l ^ - 1 ^ ) . By vir tue of the fact 
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t ha t y —» ny is continuous, we have the following readily verified facts, which we 
shall use below without further explicit mention. 

PROPOSITION 2.2. (i) If/, g Ç C0(X), then y -> </v |gv)y w continuous. Here 
(\)v is the inner product on L2(p~l{y), nv). 

ii) If fi, . . . ,fn £ CQ(X) and {//} are linearly independent, then {//) are 
linearly independent for all z in some neighborhood of y. (This follows since the 
la t ter will be linearly independent if and only if the determinant of the matr ix 
(</<*!//>,) is not 0.) 

iii) If fiy, . . . , / / are linearly independent, then there are gi, . . . , gn G Co(X) 
such that (a) {gf} are orthonormal in some neighborhood of y. (b) span [giz, . . . , 
gn

z] = span [fiz, . . . ,fn
z] in some neighborhood of y. 

(c) span [giz, . . . , gn
z] C span [fiz, . . . ,fn

z] for all z G F . (This can be 
achieved by restricting to a suitable neighborhood of y, applying the Gram-
Schmidt process fibre-by-fibre, and then extending by multiplying by a suitable 
function in CQ(Y). See [9, Lemma 6.2] for details of the technique.) 

iv) / / {giz} t-=1,...tW are orthonormal for z Ç U C Y, and f is a bounded function 
on p~(U) such lhatfz £ span {giz}, then f is continuous on p~l{U) if and only if 
y —> {fv\giy )y is continuous on U for each i. 

Suppose now tha t X has relatively discrete spectrum over Y [11, Definition 
5.1]. This means tha t L2(X) = £ ® F t - w h e r e Fz- = f®Vt

vdv are G-invariant and 
dim Viv < oo. This again is a purely measure-theoretic notion, and our main 
object of s tudy will be the topological version of this notion, which we now 
describe. We note first t ha t C0(p-^) is a C0(12)-module for Q C K If F C C0(X) 
is a subspace, we will call V regular on il if 

(i) V is closed under multiplication by Co(fi), and 
(ii) there a r e / i , . . . , / „ £ F such tha t {//} is a basis of Vv = {fv\f G F} for 

each y G Œ. 
We will then call {/*} a /oca/ basis for V on il. I f / / are orthonormal we will 

call {/J a /oca/ orthonormal basis. We will call F regular if it is regular on each 
set of an open covering of Y. We remark tha t by the technique described in 
Proposition 2.2 (iii), if F is regular we can assume {/7} is a local orthonormal 
basis. 

LEMMA 2.3. / / V is regular andf Ç C0(X), then P if and P2f are in C{X), where 
Pi and P2 are orthogonal projections of L2(X) onto V and V-1, respectively. 

Proof. Pi = J e Piv where i Y : L2(p~l(y), nv) —> Vv, and on a suitable open 
set, Pif = X! (f\fiy )fiv where [ft] is a local orthonormal basis. We then also 
have P2f = / - P i / . 

Definition 2.4. If p : X —> Y is a continuous ergodic extension, then X has 
proper relatively discrete spectrum over Y if there are regular G-invariant sub-
spaces F'i C Co(X) such tha t ]T Fz- is uniformly dense in Co(X). 
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W e remark t ha t if X has proper relatively discrete spectrum over F, then X 

has relatively discrete spectrum over F. We also note t ha t in light of L e m m a 2.3, 

we can choose the Vt to be mutua l ly orthogonal. Our aim is to describe the 

s t ructure of extensions with proper relatively discrete spectrum in terms of 

locally trivial extensions. 

Definition 2.5. If X is a cont inuous ergodic extension of F, then X is a 
homogeneous extension of Y if 

(i) X is a fibre bundle over F, with fibre H/HQ, and s t ructure group H, 

where H is a compact metric group and H0 Cl H is a closed subgroup ; 
(ii) the projection p : X —> F intertwines the G-actions ; 

(iii) for each yQ G F, there is an open set 12 C F, with 3/0 G 12 and an admis
sible homeomorphism of p~l{ti) with 12 X H/HQ such tha t y, 2 £ 12 with 
y • g = z implies: there is a (y, g) G i / s u c h tha t the action of g taking p~~l{y) to 
p~l(z) corresponds to the map {3̂ } X H/HQ —> {z) X H/H0 defined by transla
tion by a(y, g). 

We show below tha t every extension with proper relatively discrete spectrum 
is the inverse limit of homogeneous extensions (if y is minimal) . 

W7e now derive some first consequences of definition 2.4 and the results 

of [11]. 

L E M M A 2.6. SupposeV\ are in Definition 2.4 and are mutually orthogonal. Let 
R(y) be the algebraic direct sum ^ V*. Then iff(z C0(X) is contained in a G-
invariant regular subspace W of Co(X), then fy G R(y) for all y. 

Proof. Let Pt = J® Pt
v be orthogonal projection of L2(X) onto Vt. From 

[11, Theorems 3.14 and 4.3] each equivalence class of G-Hilbert bundles con
tained in L2(X) appears with only finite multiplicity. I t follows t ha t Pif = 0 in 
L2 for all bu t finitely many i. Thus , for some n and almost all y,f,J G J^^iV^. 
But then the cont inui ty of/ implies tha t this holds for all y, proving the lemma. 

COROLLARY 2.7. R(y) is an algebra for all y G Y. 

We remark tha t if t G G and y, z G Y with yt = z, then t defined a homeo
morphism of p~l(y) with p~l(z). Fur thermore , this map takes \xy to \iz. (This 
follows from the G-invariance of \x, the essential uniqueness of decompositions 
of measures, and the cont inui ty of y —-> [xv.) Thus , there is an induced uni ta ry 
map t* : C0(p~l(z)) —* Co(p~~l(y)) and this map is an algebra isomorphism of 
R(z) with R(y). 

PROPOSITION 2.8. If Y is minimal, then p is a proper map, i.e. p~l(C) is 
compact if C is compact. 

Proof. We can consider L2(Y) C L2(X) as a G-invariant sub-Milbert bundle. 
Because of the ergodicity of G on X, this bundle will be inequivalent to any 
other G-invariant subbundle of L2(X) [11, Theorems 3.14, 4.3], and it follows 
tha t for some i, Vt = L2(Y), where F z is the L2 closure. In part icular , there is 
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an / Ç C0(X), f 9e 0, which is constant almost everywhere on almost all 
fibres. S i n c e / is continuous, / must be constant on almost all fibres. Now 

is continuous, and s i n c e / is constant on almost all fibres, this must be 0 almost 
everywhere. Hence, it is identically 0 by continuity and this implies / is 
constant on all fibres. Since / ^ 0, there is a compact set U C F with non
empty interior such tha t f(p(x)) 9* 0 for x G P~l(U). S i n c e / G C^{X),p~l{U) 
must be compact. Because £> is G-invariant and G acts minimally on F, it 
follows readily tha t p is proper, completing the proof. 

Since X has relatively discrete spectrum over F, the s t ructure theorem 
[11, Theorem 4.3] shows tha t X is Borel isomorphic (modulo null sets) as an 
extension of F to F X aK/K0 where K is a compact group, K0 C K is a closed 
subgroup, and a : F X G —> i£ is a minimal cocycle with Ka = K[ll, Definition 
3.7]. Call 5 = K/Ko and let R(S) be the set of continuous functions on 5 tha t 
are contained in finite dimensional i^-invariant subspaces. Under the Borel 
isomorphism of X with F X 5, we will have R(y) corresponding to R(S) for 
almost all y, and hence, for almost all y, R(y) = R(S) as algebras via a uni tary 
(as a m a p of L2 spaces) algebra isomorphism. 

We now introduce the concept of a finitely generated continuous ergodic 
extension, which will facilitate the discussion and is of independent interest. 

Definition 2.9. X is a finitely generated extension of Y if R(y) is a finitely 
generated algebra for almost all y. Equivalently, by the remarks above, R(S) is 
a finitely generated algebra. (We will also call 5 a finitely generated homo
geneous space.) 

We will show in Section 3 tha t every finitely generated extension, with F 
minimal, is a homogeneous extension. 

We wish now to remove the almost everywhere condition in Definition 2.9. 
This can be conveniently done after the introduction of some technical concepts 
and notat ion of which we will in fact make constant use throughout this paper. 
As a homogeneous i^-space, 5 has a unique i l - invar ian t probabili ty measure 
and we have a natural uni tary representation of K, say U, on L2(S) defined by 
translation. For each ir G K (the set of equivalence classes of irreducible 
representations of K), define HT C L2(S) by 

HTT = sp{/ G L2 ( 5 ) | / is contained in a subspace 

V CL2 (5) for which U\ V ^ w]. 

Then each HT is finite dimensional, and H* C C(5) , the continuous complex-
valued functions on 5 . We shall call Hw the canonical subspace of C(S) (or 
L2(S)) associated with w. In L 2 (5 ) , {HT} are mutual ly orthogonal and 
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L 2 (5) - E e f t . Then R(S) is the algebraic direct sum £ ft, and is a uni

formly dense *-subalgebra of C(S). For S finitely generated, it will be con

venient to single out certain sets of generators. 

Definition 2.10. A finite set of generators for R(S), {fu . . . , fn), will be called 
proper if 

i) ft _L 1 for all i, 
ii) each ft is in a canonical subspace, and 

iii) if for TT G K, there is s o m e / f € ft, then ft C span {/*}. 

PROPOSITION 2.11. (i) If {fi\ is a proper set of generators and {gj} is a finite 

set in R(S) such that 
(a) each gj is in a canonical subspace, and 

(b) span {g,} = span{ / , } , 
then {gj} is a proper generating set. 

(ii) Any finitely generated S has an orthonormal proper generating set. 

L e t / i , . . . }fn be an or thonormal proper set of generators of R(S) and L0 C K 

the finite set determined by 

e 
span { l , / i , . . . / « } = X) HT, and ft j* {0} for T £ L0. 

IT eLo 

Let ft = 2 ®£z,0 ft- Let C[Xi, . . . , Z J be the polynomial ring with com
plex coeficients. There is a unique surjective algebra homomorphism 
$ : C[XU . . . , Xn] -+R(S) such t ha t $(X<) = /*. Let J = ker $. Since 
C[Xi, . . . , Xn] is noetherian, / is a finitely generated ideal. Choose generators 
pi, . . . , pk for I and let 

d = max {degree {pf)}. 
3=1,...k 

Let Pd be the set of polynomials in C[X\, . . . , Xn] of degree rg d. Then <J>(ft) 
consists of polynomials of degree ^ d in the {/*}, and since {/*} is a proper set of 
generators, $(Pd) will be a finite dimensional G-invariant subspace. Flence, 
there is a smallest finite dimensional subspace ft of R (S) such t ha t ft D $ ( f t ) 
and ft is a direct sum of canonical subspaces, say Hi = X ^ L ft, where 
ft C i? is a finite set. Let ft be the smallest subspace containing all products 
fg, f, g £ ft, and which is also a direct sum of canonical subspaces. Thus , 
ft = STT® Z, ft, where L 2 C ^ is finite. 

For each subspace Vt C C o P O , we can associate a unique element 7r of K. 
This representat ion has the proper ty t ha t as G-Hilbert bundles, Vt is equiva
lent to a subbundle of L2(Y; ft), where the action on the la t ter is determined 
as restriction of the action of G on L2(Y X aS). Let ft C C 0(X) be the direct 
sum of the (finitely many [11]) Vt associated with 7r, and ft (y) the direct sum of 
the corresponding F / . We will call HT(y) the canonical subspace of R(y) associ
ated with IT. Similarly, we can form ft and Ht(y), i = 0, 1, 2. We remark t h a t 
under the isomorphism of R(y) with R(S) (almost all y) described following the 
proof of Proposition 2.8, we actually have R (y) = R (S) under a un i ta ry algebra 
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isomorphism that preserves canonical subspaces. In particular, for almost all y, 
Hi(y)- Hiiy) C H2(y), and a continuity argument implies that this relation 
holds for all y. Similarly, any polynomial of degree ^ d in a basis for H0(y) will 
be contained in H\(y). 

PROPOSITION 2.12. If X is a finitely generated extension of Y with Y minimal, 
then R(y) is finitely generated for all y. In fact, H0(y) generates R(y) for all y. 

Proof. Let IT G K. Then there is an integer r such that the space of all 
polynomials of degree ^ r in some basis of H0 contains HT. We remark that 
this is independent of the choice of basis of H0, since one basis is obtained from 
another by linear relations. Let Qi, . . . , Qk be a basis of the set of polynomials 
over C in n variables, of degree 5* r. Choose functions a\, . . . , an in C0(X) that 
form a local basis for H0 on some open set fi C Y. Let qt = Qi{a\, . . . , an). 
Then {qt

v} will span a space containing Hv(y) for almost all y Ç Q. This follows 
from the fact that R(y) = R(S) as algebras for almost all y by a canonical 
subspace preserving map. Let n(y) be the dimension of the space spanned by 
{#/}, m = max{n(y)\y G fi) and choose z G fi such that n(z) = m. Choose a 
subset of {qt} (which by relabeling we will write q\, . . . , qm) so that qiz, . . . , qm

z 

are linearly independent. Then qx
v, . . . , qm

y will be linearly independent in a 
neighborhood of z, and hence, by the choice of m, span [q\v, . . . , qm

v] = span 
[qiv, . . . , qk

v] for all y in an open set. By a Gram-Schmidt argument, we can 
find pi, . . . , pm G Co PO such that ^iy, . . . , £m

y are an orthonormal basis for 
span [qiv, . . . , qm

y] for all y in an open set fi'. Now let / G i?rr. Then, as re
marked above, fv Ç span [qiv, . . . , ^^j for almost all y in fi'. Now for y £ fi\ 
/y G span (V, . . . , g/] if and only if \\fv||2 = E. l ( f b / )|2- Since both sides of 
this last equation are continuous in y, and they are equal a.e., they must be 
equal on all of fi'. Thus, fv is a polynomial in a / , . . . , an

v for all y G fi', which 
implies that Hw (y) is in the algebra generated by H0 (y) for all y G fi'. Now for any 
g G G and y G Y, the action of G gives an algebra isomorphism of R(yg)with 
R(y) preserving canonical subspaces. By the minimality of G on Y, it follows 
that H0(y) generates Hir(y) for all y. Since T is arbitrary, the proposition 
follows. 

Before turning to the main results of this paper, we present two preliminary 
lemmas that we shall need below. 

LEMMA 2.13. Suppose S and T are compact metric spaces. Let A (S), A{T) be 
dense subalgebras of C(S) and C(T) respectively. Suppose /x, v are finite measures 
on S, T respectively, both of which are positive on open sets. Let W : L2(S, /x) —•> 
L2(T, v) be unitary, such that 

(i)W(A(S)) =A(T) 
(ii) iff, g d A (S), then W(f-g) = W(f)W(g). 

Then W\C(S) is a multiplicative, involutive banach algebra isomorphism between 
the C*-algebras C{S) and C(T). 

Proof, (i) Suppose / G Lœ(S) and g G A (S). Then there is a sequence 
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fn Ç A (S) such that /n -> / in V (S). Thus, fn • g -> / • g in L2 (5) so W(/rf) ^ 
W ( / ' g ) - But W(fn.g) = W(fn)-W(g)->W(f)W(g). Hence, W( / • g) = 
W(f)W{g). 

(ii) Now suppose / G L°°(5) and g £ £2(S). Then there is a sequence 
gw G ^ ( 5 ) with gn-*g in L2(S). It follows that f>gn->f'g in L2(5) so 
W(f-gn) -> T^(/. g). By (i), W ( / ' g„) = W(f)W(gn) -> ^Cf)JT(g). Thus, for 
each g, PF(/)W(g) 6 L 2 ( r ) and W(f)W(g) = W(f-g). Hence, multiplication 
by W(f) maps L 2 ( r ) -> L2CT) continuously, and it follows that W(Lœ(S)) C 
U°{T). By applying the same technique to W~l, we see that W(U°(S)) = Lœ(T). 
By the argument of [6, p. 45], W is induced by a measure preserving map 
r —» 5, and in particular, pr|L°°(5) preserves || ||œ. Since open sets in 5 and T 
have positive measure, W\C(S) will preserve the sup |( ||. As ^4(5) (A(T)) is 
uniformly dense in C(S) (C(T)) it follows from hypothesis (i) that W : C(S) —> 
C(T) is an isomorphism. 

LEMMA 2.14. Le£ S be a compact metric space, fx a measure on S that is positive 
on open sets. Suppose A t (Z. C(S), i = \, 2, . . . , such that 

(i) each At is finite dimensional, and {At} are mutually orthogonal, and 
(ii) A, the algebraic direct sum of {A t\, is a dense subalgebra of C(S). Let K be a 

closed (strong operator topology) subgroup of U(L2(S)) such that for all U G K, 
U{At) = A tfor alii, and U(f • g) = U(J)U(g)forallftg É A. 

Then the action of K on C(S) is induced by a jointly continuous action of K on S. 

Proof. By Lemma 2.7, U : C(S) —> C(S) is an isomorphism of C*-algebras for 
each U G K. As S can be characterized as the maximal ideal space of C(S), it is 
easy to see that it suffices to show that K X C(S) —» C(S) is jointly continuous. 
If Un e K, Un-^ U, and A Ç C ( S ) , / n - > / , then 

| | c / j B - E Z / I I ^ I I Î / J ; - î/jii + i i c / j - [ / / i ig i i^-z i i + i i î / j - c7/||. 

Thus, it suffices to see that || Unf — Uf\\ —* 0. U f (z A, this follows since on a 
finite dimensional subspace of C(S), || ||œ and || ||2 are equivalent. If / (f_ A, 
given e > 0, there is g £ A with | | / — g\\ < e. Then 

\\uj- uf\\ ̂  \\uj- ung\\ + \\u„g - ug\\ + \\ug- uj\\ 
^2e+\\Ung- Ug\\. 

The result follows. 

3. Finitely generated extensions. This section is devoted to a proof of 
the following theorem. 

THEOREM 3.1. If X is a continuous ergodic extension of Y with proper relatively 
discrete spectrum, and Y is minimal, then X is a homogeneous extension of Y. 

Proof. Choose a point y0 6 Y. The first main step in the proof of Theorem 3.1 
is the following lemma. 
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LEMMA 3.2. There is a compact neighborhood 12 of y0 in Y, and sub spaces of 
functions, Vn C C(p~l(Çl)), n = 0, 1, 2, . . . , regular on 12, such that 

(0 {(Vn)y\n = 0, 1, 2, . . .} are mutually orthogonal and finite-dimensional 
for each y G 12 ; 

(ii) the algebraic direct sum ^{Vn)y = R{y) for each y G 12; 
(iii) (7o), = C ( C C r W ) ) / ^ f l « y e Û; 
(iv) (Fi)y generates R(y) as an algebra for all y G 12; 
(v) if Wn = E t o F , , /ften W„ • Ŵ , C W W " alln,p^0; 

(vi) ify, ^ G 12, and t G G w'/A y • t = z, then t*((Vn)2) = (Vn)y for all n, 
where t* : C(p~l(z)) —> C(^_1(y)) w the induced map. 

Proof. For each y G F recall that H^y) = E ^ . 77,(3;), for j = 0,1,2. Then 
there is a compact neighborhood 12' of y0 in Y such that 7?*- is regular on 12' for all 
TT G T2. For 7T G £2, choose gi7", . . . , g/ G HT to be a local orthonormal basis 
for HT on 12'; so that gi1 = 1, where 7 is the 1-dimensional identity representa
tion. Let hir, . . • , hp

T be an orthonormal basis of Hr such that 
(a) for ir — I, hi1 = 1, and 
(b) for 7T G Lo - {/}, {hf\i =l,...,p} = {/,|/< G 77.}. 

Define, for y G 12', UT(y) : H (y) —> Hr to be the unitary operator with 
UAy)(^\P~1(y)) = hf. Then U(y) = L ® L 2 ^ ( y ) •• H2(y)-*H2 is unitary. 
For notational convenience, we shall let {gi, . . . , gm} = U î Ç L {g/} and 
[hi, . . . , Aw} the corresponding (under U(y)) members of H2. We can choose 
the ordering such that ht = ft for i = 1, . . . , n. 

The proof of Lemma 3.2 now breaks up into 3 steps. First, we will show how 
to * 'continuously modify" U(y) so that it preserves multiplication of elements 
in H1(y). Step 2 will be to show that these new operators can be extended to 
algebra isomorphisms. Finally, we shall use the algebra isomorphisms to con
struct the required regular subspaces. 

Step 1. For each y G 12', we have a bilinear map By : Hi(y) XHi(y) -^H2(y), 
given by By(f, g) = f • g. This defines a bilinear map By : Hi X Hi —> H2 by 
By(f,g) = U(y)(By(U(y)-y, U(y)-*g)). 

Now Bil(i7i; H2), the space of bilinear maps from Hi X Hi —» i72 has a 
natural topology on it, being a finite dimensional vector space. We claim the 
map F—> Bil(i7i; i72), y —> By, is continuous. It suffices to show that if 
hi G HT, hj G TTr, where T, a G Ta, then the map y —» (By(hu hf)\hk) is con
tinuous. (Here, ( | ) denotes the inner product in H2.) But 

<5,(A„ft,) |M = <C/(y)5,(t/(y)-1Ai,£/(y)-1Ai|A*>= <g /g /k /> , , 

which is continuous. 
Now let A be the set of unitary maps U : i72 —> i72 that take every canonical 

subspace into itself, and is the identity on HT. There is continuous right action 
of A on Bil (TTi ; H2) defined by 

(B- U){f,g) = U~lB(Uf, Ug). 
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Let BQ G Bi\(Hi;H2) correspond to multiplication in R(S). For almost all 
y G 12', there is an isomorphism of algebras i(y) : R(S) —> R(y) such that 
iylH* : HT-+HT(y) unitarily. Thus, U(y)i(y)\H2 preserves canonical sub-
spaces, is the identity on Hr, and so (U(y)i(y)\H2) £ A. Furthermore, 

B0-i(y)-iU(y)^ = Bv. 

To see this, note that 

(5„ • i(y)-lU(y)-*)(f, g) = U(y)i(y)B0(i(y)-1U(y)-'f, i{y)-'U(y)^g). 

Since B0 is multiplication, and i(y) is multiplicative, this is equal to 

U(y)(U(y)-lf- U(y)~lg) 

= U(y)By(U(y)-lf, U(y)^g) 

= -S,(/,g). 

Thus, for almost all y Ç 12', By and BQ are in the same orbit in Bil(i?i, i72) 
under A. Let T C Bil(iï\; #2) be this 4̂ orbit. Since 4̂ is compact, T is closed, 
and from the continuity in y of By, we can conclude By £ T for all 3/ in a neigh
borhood of y0, which for simplicity we shall continue to denote by 12'. The map 
A —* T, U —» BVQ • U defines an ^4-homeomorphism from A/Ao~ T, where 
A0 C A is some closed subgroup. By its construction, A is a compact Lie 
group, and hence A0 is also. Thus, there is an open neighborhood of [e] in A/A0 

and a section on this neighborhood of the natural projection A —* A/A0. 
Identifying A/A0 with T, we obtain an open neighborhood N of Byo in T and a 
continuous map s0 : A7" —> A such that for all B £ N, B • 50(5)_ 1 = -§„0. 
Choose a fixed element Uo £ A with 5 l /o • Z70 = B0, and let 5 : N —> /I be 
s(B) = soiB^Uo. Then 5 is continuous and B • s(B) = B0 for all B £ N. 

Now y —» 5 y is a continuous map from 12' into 7\ and TV C 2" is a neighbor
hood of ByQ. Hence, there is a compact neighborhood of y0, fiCtf, such that 
Â7 G TV for all y £ 12. Let X : 12 -> A be the map X(y) = ^(5 , ) . Then X is 
continuous and By - \(y) = B0 for all 3/ Ç 12. 

Now let r (y ) = X ^ ) - 1 ^ ) . Then for 3/ G 12, r (y ) : if2(y) -> # 2 , is unitary, 
preserves canonical subspaces, and T(y)(l) = 1. We claim that if/, g G H\(y), 
then 

(*) r(y)(/g) = r (y)( / ) - r (y)(g) . 

This follows by unravelling the definitions: 

T(y)(fg) = Hy)-1U(y)(fg) 
= Hy)-1U(y)By(j,g) 

= Hy)-lBv(U(y)f, U(y)g) 

= ( J , • \(y))(\(y)-'U(y)f, \(y)~lU(y)g) 
= B0(T(y)f, T{y)g) 

= T(y)f-T(y)g. 
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Step 2. We now claim that for each y £ 12, there is a unique algebra iso
morphism Ti(y) : R(S) ->i?(y) with Tifj) = T^y)"-1 on H0. Since ff0(j) and 
#o generate R(y) and i?(5) respectively, as algebras, uniqueness is clear. 
Recall that we have a surjective algebra homomorphism $ : C[Xh . . . , Xn] —> 
i?(5) such that $(Z*) = /*, where {/,} is a proper generating set, and span 

{1,/i} = -ffo. For each y, define a homomorphism j8(y) : C[XU . . . , Xn] ->R(y) 
by /3(y) (Xj) = T(y)~1fi. We claim first that there is an algebra homomorphism 
Ti(y) : R(S) -^ R(y) such that fi(y) factors as follows: 

C(Xu...,Xn)-2-+R(S) 

R(y) 

To see this, it suffices to show that if p £ C(Xi, . . . , Xn) and $(p) = 0, then 
P(y)(p) = 0- But if £ £ ker $ = I, p = Xiï <ZiPi where £y are, as above, the 
generators of I. So 

Since any polynomial in {TXy )"*/*} of degree ^ d is in H\(y), it follows from 
(*) that 

PjiTiy)-1!!, • • •, T(y)~%) = r C y ) - ^ , ( / i , . . . ,/„) for all £,. 

Since pj £ J, this is 0, and hence fi(p) = 0. Thus 7\(j) exists. 
We note that by commutativity of the diagram above that 7\ (y)ft = T{y)~lfu 

and hence T\{y) = T(y)~l on Ho. Therefore, it remains to show that Ti(y) is 
actually an algebra isomorphism. Since p(y) is surjective, so is Ti(y), and 
hence it suffices to show that T±(y) is injective. We show this first for the 
(conull set of) y for which R(y) = R(S) by a unitary preserving canonical 
subspaces. For such a y, choose an isomorphism 6 : R(y) —> R(S) and let 
a = 6 o Ti(y). It suffices to show that a is injective. Let atj £ C such that 
a(fi) — J2 aijfjj s o that (dij) is a unitary matrix. Then the algebra homo
morphism 7 : C[XU . . . , Xn] —> C[Xi, . . . , X„] defined by y(Xi) = ]T auXj 
is actually an algebra automorphism of C[Xi, . . . , Xn]. Furthermore, the 
following diagram commutes 

C[Xlt...,Xn]-2-+R(S) 

C[X1,...,Xn]—+R(S) 
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where co = 6 o fi(y). To show that a is injective, it suffices to see that ker(co) C 
ker($). Now ker(co) = 7_1(ker $) , and hence ker(w) is generated by {p/ = 
y~l(pj)\j = 1, . . . , fe}. Thus, it suffices to show that p/ G ker $. We have 
a$(p/) = $(pj) = 0. But 

a*(p/) = a(p;(fu...,fn)) 
= p/(afi, . . . , a/n). 

On i J 0 ) « = 6» o r (y)" 1 , so this equals Op^ (T(y)~lfi, . . . , T(y)-%). But degree 
p! ^ d, so from (*), this becomes 6T(y)-lp/(fh . . . ,/B) = dT(y)-l<S>(p/). 
Since r ( j ) _ 1 is unitary on772, and 0 is an isomorphism, it follows t ha t$ (p / ) = 0. 

We now know that Tx (y) is an algebra isomorphism for y in a conull set in 12, 
and hence a dense subset of 12 if we assume, as we may, that 12 is the closure of its 
interior. We now claim this is true for all y G 12. We first note a continuity 
property of the maps T\(y). If / G R(S), consider the function A defied 
on p~l(tt) by A(x) = (Ti(p(x))f)(x). We claim that A is continuous. Suppose 
first t h a t / = fi for some i. Because ft G 770, 

where ctj are functions on 12 and gt are as in the beginning of the proof. Thus, to 
show A is continuous, it suffices to see that x —» Cij(p(x)) is continuous. But 

Cij(P(x)) =. (U(p(x))-i\(p(x))ft\gf™)pix) 

= <xte(*))/i|/,>. 
Since y —» \(y) is continuous, so is cij(Kp(x)). 

Now if / G 7?(S) is arbitrary, we can write / = #(/*, . . . , / „ ) where ^ is a 
polynomial. Since 7\(;y) is an algebra homomorphism, 

(l\(p(x))f)(x) = 2(ri(/»(x))/i, . . - , 7\ (*>(*) )/„)(*), 

and the result for/ follows from the result for ft. 
Now suppose g G G, and y, y g G 12. Let g* : R(yg) —> R(y) be the induced 

algebra isomorphism. Both \rI\(y)fi} and {g*7\(;yg)/i} are orthonormal bases 
for H0(y). Let (fr^) be the unitary matrix such that g*Ti(yg)ft = 2Z ^i/Ri(y)fj-
Let ^ be the automorphism of C[-X\, . . . , Xn] defined by \f/(X *) = X] ^>ijXj. 
Then the following diagram commutes: 

C[Xlf . . . , x w ] — ^ » ^ ( 5 ) 7 l ( y g ) > ^ ( y g ) 

C ^ i , . . . , Xn]—2-+R(S) l l ( y \ R(y) 

Note also that \f/ preserves Pk, the set of polynomials of degree rg &, for each &. 
Suppose^ G 12 with 7\(y) an isomorphism. Choose qi, . . . , qT in C[Xi, . . . , X J 

such that {g<(/i, . . . ,/„)} is a basis for $(Pk). Then { 7\(;y) (c*(/i, • • . ,/«))) is a 
basis for Ti(y)$(Pk), and therefore, by our remarks above concerning the 
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continuity property of Ti(y), {Ti(z)qi(fh . . . ,fn)} is linearly independent for z 

in an open set, i.e. dim T1(z)^(Pk) = dim $(Pk). I t follows from the com

muta t ive diagram above and the fact t ha t g* is an isomorphism tha t 

dim Tx(yg)$(Pk) = dim Ti(y)$(Pk). Since the action on Y is minimal, this 

implies tha t dim Ti(y)$(Pk) = dim $(Pk) for all y G fi, and hence tha t Ti(y) 

is injective for all y Ç fi. This completes Step 2. 

Ste£ 3. We now construct Vn. Let «^ be the dimension of $(Pk) C R(S). 
Choose polynomials qi, q2, qz . . . such tha t q\ = 1, and for each fe, £ i ( / i , . . . , 
/n)» • • • , Çnk(fu • • - ,fn) a r e a basis for ^(Pyt) each with degree :§ &. For each 
y Ç Q, let 6 / G i?(;y) be given by 

b/ = TiWiqjfJu . . . , / » ) ) , and 

A,(x) = &/<*> (x), a function on £ - 1(f i)-

Then , as shown above, Aj(x) is continuous. Let Wk be thesubspaceof C(^>-1(fi)) 
consisting of linear combinations, with coefficients in C(Q), of Ai (x),... , An/c (x). 
Then Ai, . . . , An is a local basis for W .̂, and (W7*)?/ consists of polynomials of 
degree ^ &in { T1(y)fi} *=if...>n. Inpar t icular , (Wk)y C R(y). Let &i(x), A 2 ( x ) , . . . 
be obtained from Ax(x), A2(x), . . . by applying the Gram-Schmidt process 
fibre-by-fibre so tha t Â7(x) are continuous. Let Vk C C(£_1(fi))> k ^ 0, be 
the space consisting of linear combinations, with coefficients in C(fi), of 
À^__i+1, . . . , Ank (where n0 = 1, w_i = 0). Then {(F*)„|fe = 0, 1, . . .} are 
mutual ly orthogonal for each y £ fi, and Vk is a subspace of functions regular 
onfi. I t follows from the definitions tha t (F0)?/= C , a n d t h a t (Fi)2/ = ^ 0 ( y ) © C = 
span{Ti(3;)/i, . . . , 7 \ (?)/„}. Since {flt . . . ,/„} generates R(S), {T1(y)f1, . . . , 
^IOO/W} generates R (y). Condition (v) of Lemma 3.2 is also immediate from the 
definitions, and thus to prove Lemma 3.2, it remains only to verify condition 
(vi). 

So suppose y, z, t as in the s ta tement of the lemma. We know tha t /* : R (z) —> 
R(y) is uni tary, multiplicative, and preserves canonical subspaces. Thus , 
t*(H0(z)) = H0(y). Since F (TrWfj) = E<:(hJT1(y)fi, wesee tha t t*((Wk)z) = 
(Wk)y. As (PFfc)y is the orthogonal direct sum (WA._i)^ 0 (Vk)y, and a similar 
s ta tement holds for z, the fact tha t t* is uni tary implies via an easy induction 
argument tha t t*((Vk)z) = (Vk)y. This completes the proof of the lemma. 

We now show how Lemma 3.2 can be used to prove Theorem 3.1. The 
method involved is actually similar to tha t of the proof of Lemma 3.2 itself. We 
shall abandon the notation within the proof of Lemma 3.2 and s tar t afresh. 

Proof of Theorem 3.1. By Lemma 3.2, we can choose functions glf g2, . . . on 
C(p~l(&)) such tha t gi = 1 and {gnk_i+1

y, . . . , gn/c
y} is an orthonormal basis of 

{Vk)y for each y £ Q, where nk = d\m(Wk)y for k ^ 0, n_i = 0. Let Rt be a 
finite dimensional Hilbert space with dim Rt = ni — Ui-i, and R the pre-
Hilbert space obtained by taking the orthogonal algebraic direct sum. Choose 
^ i , F2, . . • (z R such tha t {Fn._l+i, . . . , Fni) is an orthonormal basis for Rt. Let 

Rn = A^i=oRi-
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Let M be the space of bilinear maps R X R —> R for which Rn X Rp —> i^+p. 

(l ive M the smallest topology such tha t all maps M -* C, B -> (5(f, g)|A ) are 

continuous, w h e r e / , g, h Ç i?. This topology will also be the smallest topology 

for which all maps B —» {B(FU Fj)\Fk) are continuous. Thus , i f becomes a 

second countable Hausdorf space. Now let K be the set of all uni tary maps 

U : R ->R such tha t U(Rt) = I*, for all i, and Z7|i?0 = / . Then X is iso

morphic in a natural way to II^iUiRi), where U(Ri) is the uni tary group on 

Ri] thus K is a compact group. We have an action of K on M defined by 

(B • U)(f, g) = U-lB(Uf, Ug), and it is straightforward to check tha t this 

action is jointly continuous. 

Let U(y) : R(y) —> R be the uni ta ry map defined by U(y)(giy) = Ft. For 

each y Ç 0, we obtain an element 5 y £ M, defined by By(f, g) = Uy(U(y)~\f • 

U(y)~lg). We note t ha t condition (v) of Lemma 3.2 ensures t ha t By £ iW. 

Fur thermore , the map y —» 5 y is a continuous function from 1] —> Af. This can 

be seen exactly as in Step 1 of the proof of Lemma 3.2. 

Let y, z Ç Î2 and t Ç G such tha t y -1 = z. Then £* : ^ ( z ) —> i?(y) is uni tary , 
and it follows from condition (vi) of Lemma 3.2 tha t U(y)t*U(z)~l G K. 
Fur thermore , a straightforward calculation shows t ha t By • U(y)t* U(z)~l = Bz. 
Thus , by the minimali ty of G on Y, {By} are in the same orbit in M under K, say 
Mo, for y in a dense subset of 12. Since K is compact , M0 is closed, and con
t inuity of Bv implies By £ M0 for all y £ Q. Let K0 C i£ be the stabil i ty group 
of Byo. Then K0 is a closed subgroup, and U—> ByQ • £/ defines a 7^-homeo-
morphism of K/K0 with ikf0. Defining multiplication on R by f - g = By(](f, g), 
we see tha t R becomes an algebra, and U(yo) : R(yo) —> R is an algebra 
isomorphism. Since (Vi)yo generates R(yo), Ri generates R. Now 
Ko = {Ue K\Byo- U = Byo},Le. 

(**) K0 = { U G K\ U : R —> R is an algebra isomorphism}. 

Because Ri generates R, the map K0 —* U(Ri) defined by [/ —» £/|i?i is injective, 
and since K0 is compact , this is a homeomorphism onto its image. Since 
dim R1 < 00 , this implies t ha t K0 is a compact lie group. 

I t follows from [2, Theorem II.5.8] tha t there is an open neighborhood of [e] 
in K/Ko and a continuous section on this neighborhood of the natural projec
tion K —* K/KQ. Via the isomorphism of K/K0 and Mo, we obtain an open 
neighborhood TV of Byo in M0, and a continuous map s : N —+ K such t h a t 
JB = JBJ/O • S(B) for all B £ N. Since 3> —» £>?7 is continuous, there is a compact 
neighborhood of yo ,^ ' C fi, such tha t By £ TV for all y £ fi'. Let X(y) = s(By)~\ 
for 3/ G fi;. Then X is continuous, and By • X(j') = Byo for 3> G fi'. 

Let . 4 , : R(y0)-> R(y) be Ay = U(y)-l\(y)U(yo). Then 
(i) Ay is uni ta ry and Ay((Vn)Vo) = (Vn)y, and 

(ii) Ay is an algebra isomorphism. To see (ii), note tha t f o r / , g £ R(yo), 

U(y)-1Hy)U(y0)(f'g) = U(y)-i\(y)BVo(U(yo)f, U(y0)g) 

= U(y)-iBv(Hy)U(yo)f, \(y)U(y0)g), 
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since By • \(y) = Byo. But from the definition of By, the last expression becomes 

(U(y)-^(y)U(y0)f)(U(y)-^(y)U(yo)g) = (AJ)(Ayg). 

T h a t Ay(l) = 1 follows from the fact t ha t \(Fi) = Fu by the definition of K. 

Let Z = 12' X p~l(jo), and R(Z) be the subspace of continuous functions 
consisting of (finite) linear combinations of functions of the form a(y)h(z), 
where a G C(Œ') and h G R(yo)- Then i?(Z) is a *-subalgebra of C(Z) , contains 
the constants, and separates points (since R(yo) separates points of p~1(yo))-

Let 

R = {fe Cip-WVlf* G R(y) for all y Ç Û ' ) . 

We define a map 4̂ : R(Z) —» R as follows. Given / G R(Z), let 

4 (/)(*) = ^ ( , ) ( / | { ^ ( x ) } X £-* (?<>))(*). 

As defined, A(f) is a function on p~l(Q,'). I ts restriction to a fibre ^""U^) is 
clearly in R(y), so to see tha t A(f) G ^ , it remains to show tha t A(f) is 
continuous. Since A (]T a ^ i ) = I ] a,v4(ftz) where at G C(Œ') and ht G ^ ( ^ o ) , 
it suffices to see tha t A (f) is continuous f o r / of the form/(;y, z) = ft(2). Now 
4̂ (/) will be continuous if for each i, y —> (A (f)y\giy )yis continuous, where gz-

are as above. But this expression is just 

(Ay(f\{y\ xrx(yo)\gty)v 
= {U(y)-i\(y)U(yo)h\gt)y 

= (X(y)U(yo)h\Fi). 

Since \(y) is continuous, this expression is continuous in y. 
Thus , we have A : R(Z) —> R, A(l) = 1, A is linear over C(Q'), and since ^ 

is multiplicative, so is ^4. Since each ^ is injective, 4̂ is also. T o see tha t A is 
an algebra isomorphism, it suffices to show tha t gi\p~l{&) G A (R(Z)). But a 
straightforward calculation shows tha t A ( f / ^ o ) " 1 ^ ) - 1 ^ * ) = g i l p " 1 ^ ' ) -

Now let n' be the product measure v X /x̂ o on 12' X £_1(:yo). Then both \x and 
/x' are positive on open sets. Since each Ay : R(yo) —> R(y) is unitary, it follows 
tha t ,4 : R(Z) -> R is unitary. As R(Z) and R are dense in C(Z) and C ^ " 1 ^ ) ) 
respectively, by Stone-Weierstrass, 4̂ extends to a uni tary map 4̂ : L2(Z, / ) —> 
L 2 ^ - 1 ^ ' ) ^ ) - I t follows from Lemma 2.13 tha t there is horneomorphism 
<£ : £ - 1 (£2') —> Z tha t induces ^4. Since A is C (12')-linear, it readily follows tha t <t> 
is a fibre preserving map. This proves tha t X is locally trivial over 12'. We now 
examine how the action of G on p~1(il/) carries over to an action on Z. 

Recall the group #<,(**). Let K' = U{y,)K,U{y,)~\ Then for T G X' f 

r : R(y0) —> R(yo), T is an algebra isomorphism, r ( ( F J ? / 0 ) = ( F J ^ , and T is 
uni tary. I t follows from Lemma 2.14 tha t K' acts continuously on p~1(yo). If ;y, 
z 6 f i ' a n d / e G , r i = z, let /* be the induced map /* : C(p~l{z)) -> C{p~l{y)). 
The map £ : p~l{y) —» P~l{z) corresponds to a map / : {̂ } X P~l(yo) —> {z} X 
£_1(:yo) (under the horneomorphism </>) such tha t the induced map 
t* : C(p-i(y0)) - » C ^ - H y o ) ) is given by Ï* = Ay~H*A2. 
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Thus, J* £ Kf, and hence, under the action of K' on p~l(yo), I corresponds to 
t ranslation by some element of K'. I t then follows from the ergodicity of G on X 

t ha t K' must actually be transit ive on p~l (y0) (recall K' is compact ) , and hence 
P~l(jo) can be identified with a homogeneous space K''/KQ, where KQ C K' is 
a closed subgroup. 

Finally, we verify t ha t X is a homogeneous extension of Y. If / Ç G, we have 
a homeomorphism 0 f : ^_1(12 /) • / —> 12' • / X p~l(yo) such t h a t the following 
diagram commutes: 

where i : p - 1 ^ ) - ^ ^ " U ^ o ) is the identi ty, i.e., <j>t(z) = (/ X i)<$>(zt~l). This 
shows tha t X is a fibre bundle over Y with fibre ^"K^o) , since G is minimal 
o n l . 

W e now describe the action of G on 0,'t X £-1(;yo) defined by the homeo
morphism <j)t. Suppose y', z' Ç 12% and yf - s = z' for 5 £ G. Then it is s t raight
forward to check, in light of the previous paragraph, t ha t the corresponding 
(under <j>t) map 

{/} Xp-1(yo)->{z,\ Xp-Hyo) 

is defined by translat ion by an element of K''. In fact, on C(p~1(y0)), this m a p 
induces the operator ^4^>_ 1(/^_ 1)*^42", where y" - t = y' and z" • t = z'. 

Thus , to complete the proof of Theorem 3.1, it suffices to show t h a t the 
s t ructure group can be taken as K''. So suppose u Ç int(12' • i) C\ int(Œ' • 5), 
where s, t £ G. Let w = 3/ • / = z • s, with v, s G int(ft ')- We then have two 
homeomorphisms p~l(yo) —*p~l(u), namely, 

p-\u)-£U p-l(z)<t>lP~1(z\p-Hy0). 

T o prove tha t the s t ructure group can be taken as K' suffices to check tha t the 
map 

(cf>\p-i(z))S-n($\(y))-i : p-1(yo)-^p-1(yo) 

lies in K''. Bu t on C(p~l(yo)), this map induces the operator Ay~
lt*(s~l)*Az. 

This is in K', completing the proof. 

Remark. T h e fact t ha t the measure v on F is finite and invar iant was used in a 
significant way only in t ha t we have applied the results of [11]. W h a t we did 

<t>t 

https://doi.org/10.4153/CJM-1978-033-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1978-033-4


ERGODIC EXTENSIONS 389 

make use of, however, is the "relative invariance" of the family y —> ny. The 
results of [11] can presumably be reworked for v quasi-invariant and ergodic, 
and thus the results of this paper may well generalize to that case (with the 
assumption of relative invariance.) It seems possible that this latter condition 
may in fact be deducible from a function space decomposition. 

4. Applications and examples. 

PROPOSITION 4.1. If X —» Y is a continuous ergodic extension with proper rela
tively discrete spectrum, then X = lim^ Xu where Xt are finitely generated 
extensions of Y. Hence, if Y is minimal, X is an inverse limit of homogeneous 
extensions. 

Proof. Since X is separable, {w £ K\HT ^ 0} is countable. Label these repre
sentations 7Ti, 7T2, . . . . For each n, let Bn be the CQ(Y)-*- subalgebra generated 
by Yl\@Hvi. Then Bn is a G-invariant sub-C*-algebra of C0(X) containing 
Co ( Y), so via Gelfand theory, we have an intermediate G space Xn, X —> Xn —* Y. 
One readily checks that Xn is a finitely generated continuous ergodic extension 
with proper relatively discrete spectrum, and since \JBn = C0(X), the result 
follows. 

Suppose now that X and Fare minimal, distal, compact metric G-spaces and 
X —» Fis an isometric extension. Then Knapp [9] shows that X is a continuous 
ergodic extension with proper relatively discrete spectrum. Hence, we have the 
following strengthened version of Furstenberg's structure theorem. 

THEOREM 4.2. Suppose X is a minimal distal compact metric G-space. Then 
there is an ordinal £, metric G-spaces Xvfor each 77 < £, and continuous, surjeclive, 
non-infective G-maps Xv —> Xa for all pairs (77, a) with 77 > a, such that, calling 
X = Xt 

(i) X^+i is a homogeneous extension of' Xv for all rj < £; 
(ii) if rj is a limit ordinal, rj ^ £, then Xv = lim _̂ {X^a < 77} 

Proof. This follows by a Zorn's lemma argument, exactly as in [4, Theorem 
4.2], by making use of Proposition 4.1. 

The following provides a criterion for when an extension will be finitely 
generated. 

PROPOSITION 4.3. Suppose p : X —> Y is a continuous ergodic extension with 
proper relatively discrete spectrum, and normal in the sense of [11, Definition 5.4]. 
(We remark that normality holds in particular if V\(y) are all one dimensional 
where Vx are as in Definition 2.4). / / the fibres of p are finite dimensional and 
locally connected, then X is a finitely generated extension of F. 

Proof. For almost all y, L2(p~1(y)) = L2(S) by a unitary map which when 
restricted to R(y), is an algebra isomorphism of R(y) and R(S). It follows from 
Lemma 2.13 that p~l(y) is homeomorphic to S. Normality implies that 5 is 
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actually a (separable) compact group [11, Theorem 5.7], and since S is finite 
dimensional and locally connected, S must be a Lie group. But then R(S) is 
finitely generated [8, 30.48]. 

Finally, we present a simple example to show that the finite generation 
condition is required. In fact, we exhibit compact, minimal, distal spaces X and 
F, with X an isometric but not homogeneous extension of F. 

Example 4.4. Let N be the nilpotent Lie group consisting of matrices of the 
form 

1 x z\ 
0 1 y\ 

10 0 1J 
where x,y,z £ R. For convenience, we denote this matrix by [x, y, z\. Let D be 
the discrete subgroup of N consisting of the matrices for which x, y, z are 
integers. Then N/D is a compact manifold, admitting an iV-invariant proba
bility measure. (For this and other statements not proven below, see [1].) Let 
M = D[N, N]. Then N/M is torus, and we have a natural projection N/D —> 
N/M. For each positive integer i, let Nu Diy Mt be copies of Ny D, M, respec
tively. Let 

Xn = f l Nt/Dt, Yn = f l Nt/M» 

OO OO 

X = n Nt/Dit Y = n Nt/Mi. 

Di X . . . X Dn is a discrete subgroup of the nilpotent Lie group iVi X . . . X Nn, 
and Mx X . . . X Mn is the subgroup (D1 X . . . X £>w)[Ni X . . . X Nn, 
Nx X . . . X iVn]. We have 

Xn^N1X . . . X NJD1 X . . . X D , , 

F ^ ^ X . . . X NJMx X . . . X Mn, 

and natural projection, Xn —> Yn, p : X —> Y. 
Choose a sequence of real numbers, xi, x2, . . . , such that {1, Xi, x2 . . .} is 

independent over the rationals. For each i, let A t be the matrix [x2i-i, x2z, 0]. 
Then J2?=\A t can be considered as an element of N\ X . • . X Nni and transla
tion on the right by the one-parameter subgroup determined by this element 
defines an action of R on Xn that factors to an action on Yn. By the choice of 
An, it follows from [1, Corollary V.4.5] that Xn is a minimal R-space, and from 
[1, Theorem IV.3] that R acts distally on Xn. The actions on Xn induce an 
R-action on X which factors to an action on F, and it follows readily that X is 
also minimal and distal. We now claim that X is an isometric extension of F. 
For each i, NJDi is an isometric extension of N\/'M\ [9, Paragraph 9]. Let pu 

Kt be the function and homogeneous space that exhibit this, as required in 
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definition of isometric extension [4, Definition 2.2]. Let 

OO -1 PC 

t=i Z 1 + pi i 

Then it is straightforward to check that p and K exhibit X as an isometric 
extension of Y. 

Finally, we claim that X is not a homogeneous extension of Y. If it is, we can 
choose an open set U (Z Y for which p~l(U) —> U is a trivial bundle. For an 
open set U C Y, there is an integer & and elements at £ Nt/Mt, i 7^ k, such 
that 

{ai} X . . . X K_i} X NJMk X {a*+i} X . . . C U. 

But if p~l{U) is trivial over £/, Nk/Dk must be a trivial bundle over Nk/Mk, 
which is a contradiction. 
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