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Compactness of Commutators for Singular
Integrals on Morrey Spaces

Yanping Chen, Yong Ding, and Xinxia Wang

Abstract. In this paper we characterize the compactness of the commutator [b, T] for the singular
integral operator on the Morrey spaces LP*(R"). More precisely, we prove that if b € VMO(R"),
the BMO(R")-closure of C2°(IR"), then [b, T] is a compact operator on the Morrey spaces LPA(R™)
for1 < p < coand 0 < A < n. Conversely, if b € BMO(R") and [b, T] is a compact operator
on the LP>A(R™) for some p (1 < p < 00), thenb € VMO(R"). Moreover, the boundedness of a
rough singular integral operator T and its commutator [b, T] on L?»*(R") are also given. We obtain a
sufficient condition for a subset in Morrey space to be a strongly pre-compact set, which has interest
in its own right.

1 Introduction

Let S"~! = {x € R" : |x| = 1} be the unit sphere in R" with the area measure do.
Suppose that (2 satisfies the following conditions:

(i) Qisahomogeneous function of degree zero on R"\{0}, i.e.,
(1.1) Qux) = Qx) forany p > 0and x € R"\{0}.

(ii) € has mean zero on S"71, i.e.,

(1.2) / Qx")do(x") = 0.
sn—1

(i) Q € Lip(s"), ie.
(1.3) Q") — Q)| < |x' —y'| foranyx’,y’ € "

Moreover, here and in the sequel, we assume that 2 # 0. Then the Calderén—
Zygmund singular integral operator T defined by

_ Q(x—y)
(1.4) Tf(x) —p-v./}n PympTT fy)dy.
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For a function b € Lj,(R"), let M}, be the corresponding multiplication operator
defined by M f = bf for measurable function f. Then the commutator between T
and M, is denoted by

Q _
[b,T] = MyT — TM, = p.v. / =) ) — biy)) fy) dy

re X =y

It is well known that [b, T plays a very important role in harmonic analysis and PDEs
(see the nice survey articles [8,25]). Denote

BMO(R") = {b € Lioc(R") : |||+ := supQ C R"M(b, Q) < oo},

cube

here and in the sequel,

M(b,Q) = ‘—a/ |b(x) — bgldx and bg = ﬁ/ b(y) dy.
Q Q

A famous theorem of Coifman, Rochberg, and Weiss [I4] characterized the L?-
boundedness of [b,R;], where R; (j = 1,...,n,) are the Reisz transforms and
b € BMO(R"). Using this characterization, the authors of [14] obtained a decom-
position theorem of the real Hardy space H!(R"). Uchiyama [48] and Janson [27]
showed that the Reisz transform R; may be replaced by the Calderén—Zygmund sin-
gular integral operator T.

The boundedness result of [b, T] was generalized to other contexts and important
applications to some non-linear PDEs were given by Coifman et al. [13]]. The charac-
terization of LP-compactness of [b, T] was obtained by Uchiyama [48]]. The interest
in the compactness of [b, T] in complex analysis is from the connection between the
commutators and the Hankel-type operators. In fact, Beatrous and Li [6] proved the
boundedness and compactness characterizations of [b, T] on L? over some spaces
of homogeneous type. Krantz and Li (see [29]) applied the characterization of L?-
compactness of the commutator to give a compactness characterization of Hankel
operators on holomorphic Hardy spaces H*(D), where D is a bounded, strictly pseu-
doconvex domain in C". On the other hand, it is perhaps for this important reason
that the L?-compactness of [b, T] attracted attention among researchers in PDEs. For
example, with the aid of the compactness of [b, T], it is easy to derive a Fredholm al-
ternative for equations with VMO coefficients in all L? spaces for 1 < p < oo (see
[26]).

It is well known that the Morrey space L?*(R") (see the definition below), intro-
duced by Morrey in 1938, is connected to certain problems in elliptic PDE [32]]. Later,
the Morrey spaces were found to have many important applications to the Navier—
Stokes equations (see [28,[31,/47]), the Schrodinger equations (see [36}37,/42,43]),
the elliptic equations with discontinuous coefficients (see [[7}[12}18,[20}[24,35]]) and
the potential analysis (see [I,2]). The Morrey space associated with the heat kernel
was studied in [[15,[21,/49]. Recently, in [3}[4], the authors set up several functional
analyses and potential theory for the Morrey spaces in harmonic analysis.
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For1 < p < oo,n>1and 0 < A < n, the Morrey space L?*(R") is defined by

1
LP.)\(]R{") — {f c Lﬁ)c : HfHP,)\ = sup (%\/ ‘f(x)|1’ dx) /p - oo}’
yeR" N7 JB(y,n
r>0
where B(y, r) denotes the ball centered at y and with radius r > 0. The space L? AR
becomes a Banach space with norm || - ||, ». Moreover, for A = 0 and A\ = #, the Mor-
rey spaces LP°(R") and LP"(R") coincide (with equality of norms) with the spaces
LP(R"™) and L>°(R"), respectively. (See also [38[40J41] for the theory of Morrey spaces
with non-doubling measures.)

In 1991, Di Fazio and Ragusa [19] gave a characterization of L?*-boundedness
of [b, T] with  satisfying (L.2)—-(L3). In 1997, using Janson’s idea [27], Ding [[16]
proved that the commutator [b, T is a bounded operator on the generalized Morrey
space LP*(R") (1 < p < oo) if and only if b € BMO(R") (see [16,33] for the
definition of LP**(R")). Recently, Adams and Xiao [5] gave a new proof about the
Morrey spaces boundedness for the commutator of the Riesz potential and developed
a regularity theory of commutators for Morrey—Sobolev spaces I, (LP).

Like the case on LP(R"), the characterizations of boundedness and compactness
of [b, T] on Morrey spaces LP*(R") play an important role in PDEs. In fact, the
boundedness and compactness of the commutator [b, T] on Morrey spaces had been
applied to discuss some regularity problems of solutions of PDEs with VMO coeffi-
cients (see [[12}[18}120,[35}[44]], for example).

Therefore, it is natural to ask what is the characterization of L?*-compactness of
[b, T]? The purpose of this paper is to answer this question. In order to compare
the results of ours with whose obtained by Uchiyama, let us recall what Uchiyama
obtained.

Theorem A ([48]) Suppose that Q) satisfies (LI), (I.2), and (L.3)

(1) Ifb € VMO(R"), then [b, T] is compact on LP(R") forall 1 < p < oc.

(ii) If [b, T] is a compact operator on LP(R") for some p, 1 < p < oo, then b €
VMO(R™).

Here VMO(IR") denotes the BMO-closure of C2°(R"), and CZ° (R") is the set of C*° (IR")

functions with compact support set.

On the other hand, recently, we also gave a characterization of compactness for
the commutators of Riesz potential on Morrey spaces [[11].
Now let us formulate the main results in the present paper as follows.

Theorem 1.1 Let0 < \ < n. Suppose that §) satisfies (LI), (I.2), and 2 € LI(S"~1)
with g > n/(n — \) satisfying

1
(1.5) / “’qu)a +|log ) do < oo,
0

where w,(0) denotes the integral modulus of continuity of order q of ) defined by

1/
wy(d) = sup (/Snil 1Q(px") — Q(x")]1 dcr(x')) q

llpll<o
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and p is a rotation in R" and ||p|| = sup,,cg1 |px" — x'|. Ifb € VMO(R"), then the
commutator [b, T) is a compact operator on LP*(R") for 1 < p < 00.

Theorem 1.2  Suppose that 2 satisfies (L1), (L2), and 2 € Lip(S*™1). If0 < A < n,
b € BMO(R"), and the commutator b, T] is a compact operator from LP>*(R") to itself
for some p (1 < p < 00), then b € VMO(R").

Remark 1.3 The conclusion of Theorem [I.2] for A = 0 is just Uchiyama’s main
result in [48]. On the other hand, since the Lipschitz condition (L3)) implies (L3]),
we may get the following corollary immediately.

Corolllary 1.4 Suppose that Q satisfies (L), (L2), and Q € Lip(S"™!). If0 <
A< nl<p< oo andb € BMO(R"), then the commutator [b, T] is a compact
operator on LP* (R™) if and only if b € VMO(R").

Remark 1.5 If the Lipschitz condition is replaced by the weaker condition, which
is the so-called Holder condition of log type:

C
(e 2 \7
(log 2577)
then Theorem[[.2Z]and Corollary[[4lalso hold.

1Qx") — Q(y")| < foranyx’,y’ € "1, C; > 0,y > 1,

Remark 1.6 Recently, Sawano and Shirai [39] proved that if T is bounded on L? (1)
and its kernel K satisfies a stronger smoothness condition, then the commutator
[a, T] with a € BVMO(yu) is a compact operator on the Morrey spaces with non-
doubling measures. However, the conditions assumed on the kernel of operator T in
[39] are even stronger than condition (L5). Therefore, in this sense, the conclusion
of Theorem[L]is an improvement of Theorem 1.6 in [39]].

Remark 1.7 In the review of paper [39] in Mathematical Reviews (MR2428477) the
reviewer suggested that “It is worthwhile to know how much this sufficient condition
is close to being necessary.” Our Theorem [[.2]settles this question.

Note that condition (I.5) is weaker than the Lipschitz condition (L3). Hence,
we cannot apply the conclusions of [19] in the proofs of Theorems [I.1] and
Here we will give the boundedness of a general linear or sublinear operator S and
its commutator [b,S] on the Morrey spaces L”*(R"), where [b,S] is defined by
[b,S]f(x) = b(x)Sf(x) — S(bf)(x) for b € Lioc(R"). The following results have in-
terest in their own right.

Theorem 1.8 Let0 < \ < n. Suppose that Q) satisfies (L1) and Q € L1(S"™") for
q > n/(n— \) and S is a linear or sublinear operator satisfying

Q _
(1.6) ISf(x)] < C/R ||x(x_y|y)| |f(y)|dy.

(i)  If the operator S is bounded on LP(R") for 1 < p < oo, then S is also bounded on
LPA(RM).
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(ii) For b € BMO(R"), if the commutator [b, S] is bounded on LP(R") for 1 < p <
00, then [b, S] is also bounded on LP(R™).

Note that the Calderén—Zygmund singular integral operator T defined by (L4)
satisfies (LG). We then immediately get the LP*(R")-boundedness of T and [b, T
by applying the L? (R")-boundedness of T (see [9]) and the L?(R")-boundedness of
[b, T] (see [23]), respectively.

Corolllary 1.9 Let0 < \ < n. Suppose (2 satisfies (L1), (L2), and Q € L1(S" 1) for
q > n/(n — \). Then the Calderén—Zygmund singular integral operator T defined by
(LA and its commutator (b, T] with b € BMO(R") are both bounded on LP(R") for
I <p<oo.

Remark 1.10 Obviously, in the conditions of Corollary[L.9](2 has no any smooth-
ness on the unit sphere $"~!. Therefore, Corollary[L.9lis an improvement of the result
in [19].

Remark 1.11 Besides the Calderén—Zygmund singular integral operator, condition
([L.9) is satisfied by many interesting operators in harmonic analysis, such as the oscil-
latory singular integral, the Hardy-Littlewood maximal operator, Carleson’s maximal
operators and so on. Similar to Corollary[LL9] as some consequences of Theorem[I.8}
we may also discuss and obtain the boundedness of these operators mentioned above
and their commutators on the Morrey spaces L?* (R").

In the proof of Theorem[I.1] we need the following characterization that a subset
in LP*(R") is a strongly pre-compact set, which is in itself interesting.

Theorem 1.12 Suppose that 1 < p < coand 0 < A < n. Suppose the subset G in
LPA(R") satisfies the following conditions:

(1)  norm boundedness uniformly

(1.7) sup || f][p,x < o0,
fesg

(ii) translation continuty uniformly

(1.8) }15%) lfC+y) = fOllp,r =0 uniformlyin f € G,
(iii) control uniformly away from the origin

(1.9) aangO £ Xz llp.n =0 wuniformlyin f € G,

where E, = {x € R" : |x| > a}. Then § is strongly pre-compact set in LP>*(R").

Remark 1.13 In the results above, we discuss only the case where 0 < A < n. As
for the case A = 0, since L?*(R") = LP(R"), some results are well known. In fact,
recently, Chen and Ding proved that the commutator [b, T] is a compact operator
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on LP(R") if b € VMO(R") and Q satisfies (II)), (I.2)), and (see [10, Theorem
1.2]). If A = 0, then the conclusion of Corollary [[4]is just Uchiyama’s result [48]].
Finally, when A = 0, Theorem [T.12lis just the famous Frechet-Kolmogorov theorem
(see [50]). Therefore, our results obtained in this paper extend some well-known
results.

This paper is organized as follows. We prove the main results, Theorem [[.T]and
Theorem[L.2] in Sections 2 and 3, respectively. Then in Section 4, we show the L?:*-
boundedness of the rough operators and its commutators (Theorem [L)). In the last
section, we characterize the strongly pre-compact set in L?*(R") (Theorem [[12).
Throughout this paper the letter “C” will stand for a positive constant which is in-
dependent of the essential variables and not necessarily the same one in each occur-
rence. As usual, |E| denotes the Lebesgue measure of a measurable set E in R" and
forp > 1, p’ = p/(p — 1) denotes the dual exponent of p.

2 Sufficiency That [b, T] Is a Compact Operator on L *(R"):
Proof of Theorem 1.1

Let us begin by giving two lemmas which will be used in the proof of Theorem [L.1}

Lemma 2.1 Let0 < \ < n. Suppose that §) satisfies (L1), (T.2)), and Q € L1(S"~1),
whereq > n/(n — \). Forn > 0, let

Q _
T, f(x) = /| 209 () dy.

x—y|>n |x - y|n
Then for 1 < p < o0, || Ty fllpx < C||fllp, r» where C is independent of n and f.

Lemma[2.1]is a direct consequence of Theorem[L.8l In fact, the inequality

T, f(x) g/ [920x =yl

d
T |f(y)|dy

holds uniformly in 1. Moreover, T,, is bounded on L? (IR") uniformly in 7 (see [43]).
We invoke the following estimate from [17].

Lemma 2.2 Suppose that 0 < 3 < n, § satisfies (L), and Q € L1(S""'), g > 1.
Then there exists a C > 0 such that for an R > 0 and x € R" with |x| < R/2,

Q(y — QO 1/ ) |x|/R 5
(/ (y ﬁ)/s B (n{)/j‘qdy> L SCRn/qf(nﬂﬂ{MjL/ w( >d5}_
Relyl<2r! [Y — X] 4 R Jiypr O

We now turn to the proof of Theorem [T} Without loss of generality, let F be the
unit ball in L A (R"). By density, we only need to prove that when b € C°(RR"), the
set G = {[b,T]f : f € T} is a strongly pre-compact in L**(R"). Once we accept
Theorem[T.172] it is sufficient to show that (LZ)—(L3) hold uniformly in §.
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Notice that b € C°(IR"). Applying Corollary[L.9] we have

sup 16, T1flp.x < Cllol]« sup [ fllp.x < Cllbl« < o0
€F

On the other hand, suppose that § > 1 taken so large that supp b C {x : |x| < 8}.
Recall that g > n/(n—X\), forany 0 < £ < 1, we take &« > /3 such that (a—B)"1-9 <
1. Below we show that for everyt € R"and r > 0, g9 > 1,

1 1/p
(2.1) { ~ I[b, TIf|7x,. (x) dx} < Ce||Q pas-
" JB(,n)

In fact, forany x € E, = {x € R" : |x| > a} and every f € F, without loss of
generality, we may assume g < p. Then we have

Qx — y)

16, T) f(x)] = (/ (b(x) — b( y))f(y)dy]

|Q(x — »)|
< Clb)|so _— d
<clp /ﬁ Ity

20l \a
<C —y|id .
<c( ey

Then for every t € R" and r > 0, by the Minkowski inequality and the choice of a,
we get

1 1/p
{ I /L3(t~, r)l[b’ 11112, () dx}
1 ()| p/a 1/p
<cl= g i
B { r /B(t. r)(/lx—,véﬂ y|" FCe= ) )/) X, (%) x}

< CHpr,A{/ SO g1

yl>a—p |y|™
< Ce || a1 [ 1, 2
S CE”QHLq(Sn—l).

Thus, we get (ZI)), which shows that (T.9) holds for [b, T] in G uniformly. Finally,
to finish the proof of Theorem[I.1] it remains to show that the translation continuity
condition (L8] holds for the commutator [b, T] in § uniformly. We need to prove
that for any 0 < & < 1/2, if |z| is sufficiently small depending only on ¢, then for
every f € 7,

(6, T1f(-) = [b, TIf (- +2)[[px < Ce.
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Then for z € R" we write
(b, T f(x+2) — [b, T]f(x)
-/ DD (b +2) - b0 () dy

x—y|>el/e|z]| |x_)/|

Q(x—y) Q(X-f—z—)/)
- b(y)—b d
+/Ix yl>et/ |z|< |x = y|" |x+Z—)’|”)[ (y) = b(x +2)]f(y) dy

Q —
. /| 2O 1) — b1 £ () dy

x—y|<Lel/e|z| ‘x - y|n

- / 2027 ) 1)~ bix+ 2)]£() dy

x—y|<el/s|z| |x+ z— y|n
=htht]—Js.

Since b € C°(IR"), we have |b(x) — b(x + z)| < C||Vb||x|z|- Now Q € L1(S""!) and
q > n/(n — \), hence, applying Lemma2.T] we get

(2.2) T llp.a < Cl2ll[ fllp 2 < Clel.

Asfor J,, foreveryt € R" and r > 0, using Lemma[2.2land the Minkowski inequality,
we get

(& g )

1 Q) Qy+2)
<ol (5 [ (f el R - TR

Q Q
<clflos [ R T
y|>el/e|z

dy) de) 1/p

lylm Jy+e

F1 T w(8)
<C||f||p,/\2{ ke 1/€| ‘ L2l Tdé}

2k+l[,l/£|z‘
—( 1 1 T w(6)
SCHpr,/\Z{ TRy 1+k+1/s/ (1+|1og5|)d5}
k=0 2+1 1/e
<Cle™ 40| fllp.r < Ce.
Thus, we have
(2.3) 172 [p,x < Ce.

Regarding J3, we have |b(x) — b(y)| < C||Vb||x|x — y| by b € C°(R"). Thus

AE c/ 120 — y)l|x — 17| £(y)] dy.
lx—y|<e'/s|z]|
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By the Minkowski inequality, for every t € R" and r > 0, we have

(], ot

1 1/p
<cf ol a(x [ i)
[y|<e'/s|z] " JB(t—y, 1)
< Ce'cle| fllp.a-
Thus
(2.4) 175 ]1p,a < Cel/5|z|.

Finally, by |b(x + z) — b(y)| < C||Vb||co|x + z — y| we have
e[ sz 0] dy
x—y|<el/¢|z

Using a similar method, it is easy to check that
(2.5) T4 llp,x < C(e/|2| + |2]).
From (2.2)), 23), (Z4), and ([Z.5)), and taking |z| to be sufficiently small, we can get

16, T1FC-) = [0, TG+ 2)[pa < [ Tullpoa+ T2 llpa+ 15 o a + 1Tallp 2 < Ce.

Therefore, we show that the translation continuity (L8) holds for the commutator
[b, T] in G uniformly and this completes the proof of Theorem[I.1]

3 Necessity that [b, T] Is a Compact Operator on L?*(R"):
Proof of Theorem

We first recall some known facts.

Lemma 3.1 ([45]) Ifb € BMO(R"), C; > C, > 2, Q is a cube centered at x, and of
diameter q, then there exist positive constants Cs, Cy, Cs (depending on Cy, C, and b),
such that

[{C1q < |x —x,| < Caq: |b(x) — bo| > v+C5}| < CylQle™™" (0 < v < o0).
Lemma 3.2 ([46]) Suppose that f(x) is a measurable function on R". Denote \¢(s) =

H{x € R" : [f(x)| > s}| fors > 0and f*(t) = inf{s : A¢(s) < t} fort > 0. Then for
any measurable set E and 1 < p < o0,

|E|
/\f(x)|1’dx§/ | ()| dt.
E 0
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Lemma 3.3 ([48]) Letb € BMO(R"). Then b € VMO(R") if and only if b satisfies
the following three conditions:

(i) limg_o SUP|q|=a M(b,Q) = 0;
(i) lim,_ o0 SUP|q|=a M(b,Q) = 0;
(iii) limyy oo M(b, Q + x) = 0 for each Q.

To prove Theorem[I.2] we need the following result.

Lemma 3.4 Suppose that b € BMO(R") with ||b||. = 1. If for some 0 < { < 1 and
a cube Q with its center at cq and radius ¢(Q), b is not a constant on cube Q and satisfies

1
(3.1) M(b,Q) = 7/ b(y) = boldy > ¢,
QI Jq
then for the function fq defined by
1
(3.2) fo= é(Q)(A*”)/p(Sgn(b —bq) — 7~ / sgn(b — bQ)) XQ
QI Jq

there exist constants 3,71,72, and 3 satisfyingy, > v > 2 > > 0and v; > 0,

such that
(3.3) / (b, Tl fo(n)IP dy = A7 UQ)*,
71UQ)<|x—cq| <7126(Q)
Pay < By
(3.4) |6, T foWIP dy < 5 6Q"
|x—cq|>724(Q)
Moreover, for all measurable subsets E C {x : 11£(Q) < |x — cq| < 120(Q)}, satisfying
|El/IQl < 8"
rdy < B g()
(35) 6. T oIy < Z-0Q)"
E

Proof Denote o, = |Q|™! fQ sgn(b(y) — bg)dy. Since fQ(b(y) —bg)dy = 0. Itis
easy to check that |, | < 1 and fq satisfies

(3.6) Ja)(b(y) — bq) > 0,
67) | fatnay =0,
(3.8) [foy)] < 2|QI~"=N@) - fory € Q.

Moreover, for any t € R",

1 1/
(3.9) <r7 /B(t " foll? dx) '

r (n=X\)/p
C(@) <C 0<r<UQ),

<
- 1 1/p L(Q)\ Mp
(M/Q|fQ(x)|de> <c(==)" <c r>u@>o.
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Thus, || fol|zr.» < C, where C is independent of r and ¢.

First, we prove (3.3) and (34). For i = 1,2, A; denotes the positive constant
depending only on Q, p,n, A, and Ax(1 < k < i). Since (2 satisfies (IL2) (noting
that 2 # 0), there exists an A; such that 0 < A; < 1 and

o({x' € "1 Q(x") > 24,}) > 0.

By condition (L3)), it is easy to see that A := {x’ € $"~! : Q(x’) > 2A;} is a closed
set.

Claim 3.5 Ifx' € Aandy’ € S" ! satisfy |x' — y'| < Ay, then Q(y') > A;.
In fact, since |Q2(x") — Q(y")| < |x" — y'| < A; and Q(x') > 2A;, we therefore

get Q(y’) > A, and Claim[B5lis justified. Taking Ay > 2/A;, if y € Q, then we have
|x — cq| > Azly — cq] for x € (A,Q)F N {x: (x — cq)’ € A}. Thus

2|y — cql <2 o4

x—co) —(x—9)' <
|( Q) ( y) |— ‘X—CQ‘ _AZ

Applying Claim[B.5} we get Q((x—y)’) > A;. Thus, forx € (A,Q)‘N{x: (x—cq)’ €
A}, by (B1), (B2), and (3:6), and noting that |x — cq| = |x — y|, we have

(3.10)  [T((b — bo) fo) ()]

Qlx —
=l e [ 2E= D 4y) — bo)lsga(b(y) — ba) ol dy
Q lx — yl

> C|Q|—1/P+/\/(np)|x _ CQ|—n /(|b(}/) N bQ| . Oé()(b()/) . bQ)) dy
Q

—ClQI POk~ cql " [ Jb(y) ~ boldy
Q

> CC|QIMP NP | — |

On the other hand, for x € (A,Q)¢, by 2 € L*®(5""!), (32, and (3.8), it is easy to
check that

(3.11) IT((b — bo) f)(x)] < C|Q|Y/? M) |x — o7,

By (BZ) we have
(3.12)

069 = b TR < o)~ bl | [ fol)

Qx — ) B Q(x—cQ)> ‘

o=yl lx—cl”

cHUQIbx) — bo|Q|V/P "+ mp)

<
- |x_CQ|n+1
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Note that the constants appearing in ([3.10)~(3.12) are only dependent on n, p, and
b. Since |byg — bg| < C||b]|« = C, we have

1/p
(/ Ib(x) — bol? dx) < 2P| Qv
20Q)<|x—y;jl<21U(Q)

Taking v > max{A;, 16}, by (3.12) we obtain

e ([ (b(x) — bT(fQ) (0P ) ”
|x—cq|>vl(Q)

< ClQVr V(@)

oo 1

b(x) — bol? >

<> (f 0 =Rl )
250(Q)< |x—cq|<21(Q) x — }’j|

s=[log, v]

SC|Q|)\/(np) Z 275(n7n/p+171/2)

s=(log, ]

< C|QPM )y~ (n=n/p+1/2),

Then for u > v > max{A;, 16}, using (3.10) and (313)), we get

(3.14) (/ 116, T fo ()| dx) ’
{v(Q)<|x—cq|<ul(Q)}
= (/ IT((b ~ b f) I dx) "
{vl(Q)<|x—y;l<ul(Q)}

- (/ |(b(x) — bo) T(fo)(x)|? dx) ’
[x=yj|>vE(Q)

> Cle‘)\/(np)(V—anrn _ u—np+n)1/p

— C|QM eyl =men/p=1/2),

Similarly, from (311)) and (3.13)), we have

(3.15) (/ |[b, T1 £ (x)|? dx) b < C|Q|)\/(np)u(n—np)/}7
[x—cq|>ul(Q)
+ C‘Q|/\/(HP)M(W/P—YI—1/2).
Once again, the constants appearing in (B13)~(B.I5) are independent of f; and
Q. Since n/p < n, by (B.I4) and (B.I9), it is easy to see that there exist constants

Y2 > 7 > 2 and 3 > 0, which are dependent only on p, n,(, A, and b, such that
(B3) and (B.4) hold for any fg and Q.
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We now verify (3A). Let E C {x: 114(Q) < |x — cg| < 724(Q)} be an arbitrary
measurable set. Then by (B.11)), (3.12), and the Minkowski inequality, we have
(3.16)

1/p / 1/p
(1. msatpa) " < clae o ([ - aol 0 )
E E

Ib(x) — bol? ) 1p

E |x — cqlPtrtV

E|V/? 1 1/p

Qo e (

Let hg(x) = b(x) — bg. For 0 < w < oo, denote
Ao(w) = {x : Q) < |x — cq| < 14(Q) and |ho(x)| > w}|.
Then by Lemma [3.] there exist positive constants C3, C4, C5 (dependent on 71, 7,

and b only) such that Ay, (w+C3) < C4|Qle=%. Hence, Ay, (w) < Cy|QleC=C).
Fort > 0, let hy(t) = inf{w : A\, (w) < t}. Then when 0 <t < C4|Q|,

C4lQ|
t

1
(3.17) Iy(t) < = log +Cs.
Cs

Recall E C {x : 114(Q) < |x — cq| < 724(Q)}. Applying Lemma B2 and (BI7), if
|E| < C4|Q)|, we have

1 1 |E|
(3.18) —/ b(x) — b deg—/ B (0)|P dt
Q] J, P ~belfdes iy 0 @
|E|/(C4]Q)) 1 P
< I
<CCy /0 (c3 c logt) dt
|E| C4|Q] P11

<C—|(1+lo ,
= |Q|< & E] )

where C is independent of C,. Combining (B.16) with (B.I8)), if we take
. 1/n
B < mln{c4 7’72}7

then (3.5) holds. [ |

Proof of Theorem[1.2] We will use a reduction to absurdity to prove Theorem
That is, we will show that if b € BMO(IR") and b fails one of the conditions (i), (ii),
or (iii) in Lemma [33] then the commutator [b, T] is not a compact operator from
LP-A(R™) to itself. To this end, we choose a bounded sequence { fi 72y in LPAR™)
and show that there exists a subsequence {[b, T|fj, }32, in {[b, T]f;}3, such that
{[b, T1£;,}°, has no convergent subsequence in L**(R"). Without loss of general-
ity, we assume ||b||. = 1.
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First, we assume that b does not satisfy Lemma[3.3(i). Then there exist 0 < ¢ < 1

and a sequence of cubes {Q;(y;,d;) = Qj}]‘?i1 with lim;_, ., d; = 0 such that for
every j

M(b,Q)) = 1Qj|™" [ [b(y) —bq,|dy > ¢.
Qj

For Q;(j = 1,2,...) and b, we denote by f; the function fq, defined by (B.2).

Thus, {f;}32, satisfies (3.6)~(3.8) if replacing Q by Q;. In particular, {|| fj[1».1}32, is
bounded uniformly by (3.9). Hence the sequence {[b, T] f,};ﬁl is also a bounded set

in L”*(R") by Corollary[I.9
Since lim;_,, d; = 0, we may assume that the sequence {d;} satisfies

(3.19) djn/d; < B/

Below we need only to show that there exists a constant § > 0, independent of f;,
such that for any j,m € N,

(3.20) 1B, T1f; = (6, T) fismller > 6.

For fixed j, m € N, denote

G={x:md; <|x—yj| <mdj}, Gi=G\{x:|x—yjim| < 2djim},
Gy ={x:|x = Yjrm| > 2djim},

where 7, and 7, are from Lemma[3.4l Note that G; C B(y;j,72d;) N G,. Hence, we
have

1/p
(/ b, T1f; — (b, T) fim|” dx)
B(yj, 124d;)
1/p 1/p
| P _ i P
> ( 171 dx) (/GZ|[b,T]f]+m| ax) .
Since G; = G — (G5 N G), by (B3) and (B.4) we get

y
(3.21) (/ |[b,T]fjf[b,T]fj+m|pdx) ’
B(yj, 12d;))

1/
> ([1rifiras= [ jwrigied)
G GNG

- (/G b, T]j'j+m\1’dx) i

> (A= [ TIfdx) T - 2 Q.
<N

2
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By (3.19),

IGSNG| _ Vdfem BN (B ;
3.22 < <y(E) <y (2 =pm
(3.22) ar < a vz(ﬁ) ’Yz(,yg) 8

By (3.22) and applying (3.3) for E := G5 N G, we have

: 3 P A/n
(3.23) /Ggm[b,T]Ll"de(él) Q"

By (3.2I) and (3.23) and note that |Qj,,| < |Qj| for any m € N (by (319)), there
exists 0g = do(73, p, n) > 0 such that

[ TG e Tl dx) T 2 sl
B(yj,mdj, )

Thus,
1

(5[ 1T =Tl ) 2o
j JBlyj;m2d;))

where § = 0(dg, 1, g, A) and 0 is independent of m. We therefore get (3.20]). Hence,
[b, T] is not a compact operator from L”*(R") to L”»*(R"). This contradiction
shows that b must satisfy Lemma [3.3(i).

To finish the proof of Theorem [I.2]it remains to show that b must satisfy condi-
tions (ii) and (iii) in Lemma 3.3. For simplicity, we verify only condition (iii). As
done above, we show that still holds if b fails for Lemma [3.3((iii).

In fact, in this case there exist a cube Q with its diameter d and a sequence {y;}
with lim;_, |y;| = 00, such that (B.I]) holds for the sequence {Q; := Q+y;}. Thus,
by Lemma[3.4} (3.3)~(B.5) still hold for the function sequence { f;} defined by (3.2).
Now we denote B; = {x € R" : |x — yj| < 7.d}. Since lim —j — oo|y;| = oo,
we may choose {y;} such that B; N By = & for I # k. Now let f; be the function
associated with Q; defined by (32). With the same definitions of the sets G, G;, G,
above, we see that G; = G — G5 = G by B; N Bj;,, = @. Thus, for any j,m € N, by
B3) and (B.4) we get

1/p
([ 11107100l )
B;
1/p 1/p

> .| P _ . |P

> (Lo mipra) ™ = ([ 0 11g00a)

> 5| QM MP) — % QM) > % QM)

Hence, we still have

H[ba T]f] - [b, T]fj+mHLp.A > 0.

This is inconsistent with the compactness of [b, T] from L?*(R") to L***(R"). So, b
also satisfies Lemma [3.3(iii). [ ]
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4 L»*-Boundedness of the Rough Operators and Its Commutators:
Proof of Theorem

Let us first give the boundedness of the rough maximal operator Mq on the Morrey
spaces L?*(IR"), which is defined by

Maf(x) =sup~ [ 1Q0/)fx— )| dy.

r>0 ' ly|<r

where € L'(S"™!). The following lemma is well known (see [30, Theorem 2.3.8])
and gives the weighted boundedness of Mg on L? (w).

Lemma 4.1 Suppose that 1 < p < oo and ) satisfies (L1)) w ith Q € L1(S"!) for
q > L Ifw > 0 and satisfies w1 € A, where A, denotes the Muckenhoupt weight
class, then Mg, is bounded on LP (w).

Lemma 4.2 Let0 < A <n,1<p<ooandQ € LI(S"") for g > 1. Then there is
an e > 0 such that for any k € N and f € LP(R"),

1) / Mo fi0)l? dx < C2EA 1117,
B(t,r)

where B(t,r) is an arbitrary fixed ball, fx = fXou1p\o1p and C is independent of k, t, 1,
and f.

Proof Denote by f* the Hardy-Littlewood maximal function of f, which is defined
by

e =sup [ I pldy.

>0 lyl<r

Then by the relationship between f* and A, weights, we know that (x ;)" = A, for
any p,q > 1land 0 < 0 < 1/q" (see [22]]). Then by LemmalLT} we obtain

/ Mofi)Pde < C [ Mafiolf ) dx <€ [ 1RGP0 dx.
B

R? R?

Note that x5 (x) ~ 2% when x € 2k+1B\2kB and invoke the following fact (see [34]]):
for0 <9 <1,0< A<mnandl < p < o0, thereis a C > 0 such that for any
f € LPARM),

[F@P (00 dx < CAf17,..
R
Hence, we take 0 < § < 6. Then

/ Mo G0l dx < C2740=0) [ | £ P (3 0) dx
B Rn
S Cz—kn(é—é)r/\HfHP

LpA:

Thus, Lemma[4.2l follows by setting ¢ = n(f — 9). ]
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Proof of Theorem[L.§ (i) Fixing + € R" and r > 0, we abbreviate B = B(t,r). For
f € LPA(R"), we write
(4.2) FO) = Fxa) + Y fxzmas() == D fly).

k=1 k=0

Thus, for kK = 0, we have

(4.3) /ISfo(x)l"dx < sfllZ> < Clifllz, = C/ [fOIP dx < CRNMIFIa-
B 2B

For k > 0, by (&I)) we get

(4.4) / ISfi(x)|P dx < C / M fi(x)|P dx < C27%r|£]17,.,,
B B

where C is independent of f and k. Thus, by (£.3) and ([4.4) we have

1 1/p /1 1/p
(5 [ssora) ™ <3 [sscor

< Cl[ fllzea (1 + Zz—kf/p) < Cl|fllze-

k=1

Hence [|Sf|[zra < CI|f||oa-
(ii) For any t € R"” and r > 0, let B = B(¢,r) and write f as in (£2]). By the
L?-boundedness of [b, S], we obtain

/ 116, 51 f5)[? dx < C|Lfll%s < CNIFI
B

For k > 0 and x € B, we write
C
@y

C
@ /23 1Br = b [|2x = P fp)] dy

16, 51fu()| < / 1b(x) — b, [|Qx — ) fi(y)| dy
2k+1B

+

c
G [ 1600 = b0 = DA dy
=1(x) + L(x) + (%),

where and in what follows, for § > 0, bs is defined by

1
b :7/ b(y)dy.
"TIBEO) s Y
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By the well-known fact that for any r > 0O and k € N, |by1, — b| < C,(k + 1)||D]|
(see [45])), we obtain I, (x) < C(k+1)||b||«Mq fi(x). From Lemma[4T] it follows that
there exists ; > 0, independent of f, r, and k, such that

(4.5) / L(x)? dx < C(k+ 1)P275||b]| 2| fII2,.
B

For I3(x), we choose 1 < u < min{p, q}. By Holder’s inequality, we have

, 1/u’
1y(x) sc(ﬁ/mwu)_bﬂﬂ,w @)
1 u
(i [, 106 21O )
< C||b||*(M\mu(\fk\u)(x))l/“-

Noting that |Q|* € L9/%(8"=1), by Lemma[&] there exists £, > 0, independent of fs
B, and k, such that

(4.6) /Ia(x)" dx < C||17||5Z/ (Mo (| i) )P/ dx < C27 [ Bl[2r| £2,..
B B(t,r)

By (@3) and (4.8)), we have
> 1/p & 1/p

wn ([ rewra) e S0 ( [ nerax) " <l o .
k=1 “B k=1 7B

Finally, we give the estimate of I; (x). First we consider the case where p > q'. We
have 2 € L? (S"~!) in this case. By Holder’s inequality, we have for x € B,

’

1 / 1/p
I (x) < Clb(x) — b"(W /ZMB\M Q= y)|""dy)

1 1/p
(G oy 0 )
< Clb(x) = by|(257) 7P || £l o 25 ) VP

Thus, we get

o0

/
(4.8) Z(/Il(x)l’ dx) P Bl L
B

k=1

since 0 < A < n.
For the case where 1 < p < g’, we choose u > 1 and é < s < 1 such that

1 1 1 1
— +-<1 and — +—=1
pu q pu  sq
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Thus, we have pu’ > sq. Since 1/(pu) +1/(sq) = 1, for x € B, by Holder’s inequality
we have

/(pu)
0 < b~ 0l [ 1P dy)

1 ’ 1/(5‘1)
_ Qx — sq sq/u
X ( (2kr)n /2k+13 1Q0x — I fi(y)] d)’)

C|b(x) — b"| k N (pu 1/u
S i G 1 PG BT

ﬁ(|5q/u’)(x))1/(sq)_

By [ € L'/*(S"') and pu’/(sq) > 1, applying Holder’s inequality, and Lemma
[4.1] we obtain

/Il(x)P dx
B

- (2k )n/u

(ZkHT))\/quHZ{LA‘/ b(x) — br‘P(M\SZIS‘I(|ﬁ<|Sq/u /)(x))p/(sq) dx

k+1_\\/u p/u pu
< G @I [ 160~ b a)

< ([ @t

 Cligli¥
— kn/u

il e )

_ ’ ’ ( )
@RV |2 o M | a6

where £y > 0 is independent of k, B(t, r), and f. Noting that

P = AL

Lou ' /(s)) A LA

I

we have
/ L()Pdx < C2 KNk || £
B

Therefore, for 1 < p < g’ we have

o0 1/P o0
O / (@7 dx) < €Y 2T MO b £
k=1 /B k=1

< CrPYBL| Lo

Then (@8] and (£3)) show thatfor 1 < p < ocoandg > n/(n — \),

o0

1/p
(4.10) ([ 1) ™ <cormel.iflo
B

k=1
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From ([{.7) and (4.10Q), we get

> /
Z(/B (6.1 ) < Vbl
k=1

Thus

1

1/p 21
(5 [, wosmras) " <35 |

< ClIBflll Fllzoa-

1/
| I[b, S) £ ()P dx) ?

a,r

Hence ||[b, S] f |12 < Cl|b]|«||f|lzo- This finishes the proof of Theorem[LI.8l [ |

5 The Characterization of Pre-Compact Set in L*:
Proof of Theorem [1.12]

Fix a > 0; we define the mean value of f in G by

Mofx) =~ Sy
y sa

By Holder’s inequality and the Fubini—Tonelli theorem, for 1 < p < oo, we have

1 1/p
<7A /B(t, ) Maf ) = S dx)

1 1 p 1/p
([ G _een-sla) )
1 1 1/p
S C(ri)\ /B(Lr) E \/|y|<u ‘f(.x+ }/) — f(_x)|p d}/dx)

1 1 1/p
=c(5; /N dy % / R feol? ds)

< Csup [[f(- +y) = f()p

ly|<a
Thus
(5.1) ||Maf*f||p,A§C|Sl‘1P 1FC+y) = FCllpoa
yl<a
By (5.1) and (L7), (L), we get
(5.2) lin}) |Maf — fllp,» =0 uniformlyin f € §
a—
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and {M,f : f € G} C LP"*(R") satisfies supseg [|Mafllrn < C. By (L), for any
0 < & < 1, there exist N > 0 and a such that 1 < eV /4 < a"/? < 7N /2 and for
every f € G

(5.3) 1 X, lzer < /8.

Now we prove that for each fixed a, the set {M, f : f € G} is a strongly pre-compact
set in C(E;,), where ES, = {x € R" : |x| < a} and C(E.) denotes the continuous
function space on Ef, with uniform norm. By the Ascoli—Arzela theorem, it suffices
to show that {M,f : f € G} is bounded and equicontinuous in C(E,). In fact,
applying Holder’s inequality and (I7) for f € G and x € Ef,, we have

sl < {5 [

y|<a

1/p 1 1/p
forppayy =1L / FOOIP dy
} { " Jly—xl<a }
< Cllfl < C.

Obviously, the constant C is independent of f and x here. On the other hand, for any
X1,% € Eg

(54)  [(Mof)(x1) — (Mo f)(2)| < —

IN

|fCxr +y) — flxa + y)|dy

n
a” Jiy|<a

1 1/p
{5 ] _1seasn=seasnray)

an

IA

<NfC +x2 —x1) = f() |l

Thus, (54) and (L.8) show the equicontinuity of {M,f : f € G}.

Next we show that for small enough a, the set {M,, f : f € G} isalso a strongly pre-
compact set in LP* *(R"). To do this, we need only to prove that the set {M, f : f € G}
is a totally bounded set in L7’ A(R™) since L” *(R") is a Banach space. Because the set
{M,f : f € G} is a totally bounded set in C(E5,), hence for the above & and N, there
exist {fi, foy- -, fm} C G, such that {M, fi, My fs, ..., M,fn} is a finite e¥*!-net in
{M,f : f € G} in the norm of C(E;). We then know that for any f € G, there is
1 < j < msuch that

(5.5) sup [(Maf)(y) — (Maf)(y)| < ¥
yEE,

Below we show that {M, fi, M, f5, ..., M, f,} is also a finite e-net of {M,f : f € G}
in the norm of L? *(R") if a is small enough. Clearly, we need only to show that for
any f € §,r > 0and t € R”, there exists f; (1 < j < m) such that

/
(5.6) = {rlk/m ) (M, f)(x) — (M, ) ()] dx}1 <o

The estimate of (5.6]) will be divided into three cases.
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Case 1: B(t, r) C E;,. We have

1 1/p
= { r /B(t, PNES |(Maf)(x) = (Ma f) O dx} :

r

If r < 1, then by we have I < r"=N/PeN+1 < o If r > 1. Then still by (5.5) we
get
1/p /p ~N+1
r<{ [ 1)@ — M s T < e < e
E,

Case2: B(t, r) C E,. In this case,

1 » 1/p

1= {5 [ 040 - eI, ax)
= JB,r)

Applying the Minkowski inequality, (5.2]) and (53], for a > 0 small enough, we have

I< “Maf_f

1 1/p
ot (55 [ 170 = ol dx) 4 1M = il
" JBt,r)

o+ IMafj = fillpa

SIMaf = fllp.x + 1z,
<eE.

e+ fixe,

Case3: B(t, r) N E, # @ and B(t, r) N E, # @. The conclusion (5.6)) in this case
may be deduced from Case 1 and Case 2. In fact,

1 1/p
< {5 [ - onpwr, as)

1 1/p
{100 - O )

= 11+12.

Using the method in Case 2, we may getI; < /2. And I, < £/2 can be obtained by
applying the idea in Case 1.

Finally, let us show that the set G is a relative compact set in L**(R"). Tak-
ing any sequence {f;}52;in G, by the relative compactness of {M,f : f € G} in
LP-A(R™), there exists a subsequence {M, ffk 12, of {M,f; : fj} thatis convergent in
LPA(R™). So, for any £ > 0 there exists K € N such that for any k > K and m € N,
[Mafj, — Mafjimlp,n < €. By the Minkowski inequality and (5.2)), for any r > 1
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and t € R"”, we have

1 p
(5[ 1500~ funtor s}
1 p
1 p
M Mol i)

1 P
+{ /B o Mufion () = fron(l" dx |

< HMﬂf] - fjHLP-A + ||Maf] - ]\/IafjJrM||LP-A + ||Mafj+m - fjer”LPvA
< 3e.

This shows that the subsequence { fj}°, converges in L A(R™), since LP>A(R") is a
Banach space. Therefore, the set G is a relative compact set in L?’ M(R™), and we finish
the proof of Theorem [L.12]
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