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Integral Representation for U; x GL,

Eric Wambach

Abstract. Gelbart and Piatetskii-Shapiro constructed various integral representations of Rankin—Sel-
berg type for groups G x GLj, where G is of split rank 1. Here we show that their method can equally
well be applied to the product Us X GL, where Us denotes the quasisplit unitary group in three
variables. As an application, we describe which cuspidal automorphic representations of U3 occur in
the Siegel induced residual spectrum of the quasisplit Uy.

1 Introduction
1.1 Summary

Gelbart and Piatetskii-Shapiro [4] outlined three ways to obtain integral representa-
tions for generic cuspidal automorphic representations of groups of the type Gx GL,,,
where G is of split rank n. Two of their methods have been worked out for unitary
groups G in more detail by Watanabe [17]. We will show that a similar method works
on Resg/r GL(2) x U;. Here E/F denotes a CM field extension, and Us is the quasis-
plit unitary group in three variables. Essentially the clue is to embed both groups into
the quasisplit Uy, where GL,(E) can be realized as a Levi component of a maximal
proper parabolic subgroup. Starting with a cuspidal automorphic representation of
Resg/r GL(2), one obtains an Eisenstein series on Uy. This function can be restricted
to Us and integrated against a cuspform. Performing the standard procedure of dou-
ble coset analysis and the Rankin—Selberg method, the integral decomposes into an
Euler product over F of local zeta integrals. The convergence of the global integral
results from the fact that Us is of split rank one with a center Z such that Z(F)\Z(Ar)
is compact. Therefore the rapid decay of the cuspform on the smaller group suffices
for the convergence. In a completely split case, i.e., on GL3 X GL4, the analogous
integral would not converge, and one has to truncate the Eisenstein series. Here this
is not necessary.

In the analysis of the local zeta integrals we obtain the following results. For suf-
ficiently large real part of s, they converge absolutely and normally in 5. They can
be analytically extended to a meromorphic function of s € C. At a finite place, the
local integrals are rational functions of 47, and at unramified places they equal a
degree 12 Euler factor over F associated with an explicitly given representation of the
L-group of Us x Resg/p GL(2). We do not establish a functional equation of the local
integrals, nor can we say anything more precise about the ramified local integrals.
At an archimedean place, we again obtain convergence for large real part of s and
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analytic continuation. The precise determination of the archimedean zeta integrals
is quite subtle, as can be seen in the work of Koseki and Oda [12]. In the present
case an additional difficulty is given by the fact that these local integrals also include
Whittaker functions on GL,(C) coming from the Levi subgroup of U,. We expect,
but do not verify here, that under suitable restrictions on the Eisenstein series these
local integrals equal a product of I'-functions times a polynomial in s, and that they
coincide with the expected Langlands L-factors from the nonarchimedean places.

The present paper presents the details for an integral representation which is a
special case of a more general theory which is announced and summarized in [16].
More precisely, here we investigate the properties of an integral, using Gelfand—Graev
models, of the form [16, (2.7), p. 349] specialized to the case U3 x GL,. The origi-
nal motivation for this work stems from the author’s thesis, in which the goal was to
use this particular integral representation to obtain information about period inte-
grals on U(2) x U(3). Namely, one can pass from U(2) to GL(2, E) via base change.
Applying the integral representation of the present work to cuspidal automorphic
representations on GL(2, E) that are in the image of that lift could lead to an integral
representation on U (2) x U(3), i.e., on two groups, none of which is GL,. Moreover
one might be able to extract information about the nonvanishing of the central value
of the Rankin—Selberg L-function in terms of U (2)-period integrals on U(2) x U(3).
The work of Gelbart and Piatetskii-Shapiro [3] can be interpreted as giving a central
value formula on U (2) x U (3) in terms of U (2)-period integrals for automorphic rep-
resentations whose U (2)-part is noncuspidal. One goal of my work is to obtain such
a period integral formula for cuspidal automorphic representations, which would
have applications to the analogue of the Gross—Prasad conjecture (formulated in [7]
for orthogonal groups) in the setting of unitary groups.

One application in that direction of the formula obtained in this paper consists of
Theorem 1.3. In it we describe how the residual representations of Uy that arise from
the Siegel parabolic decompose when restricted to Us.

1.2 Statement of the Main Results

Here are the main global and local results of this paper. The notation will be defined
precisely at the beginning of Section 2.

Theorem 1.1 Let  be an irreducible generic unitary cuspidal automorphic represen-
tation of Us. Let T be an irreducible unitary cuspidal automorphic representation of
GL(2,E). Let ¢ € 7 denote a cuspform, and let E*(s, g, T) denote an Eisenstein series
on Uy, induced from a maximal parabolic P of type (2,2) and the representation T of its
Levi factor M. Here, Uy denotes the quasisplit unitary group in four variables, and we
identify M with Resg/p GL(2). Embed U into U, and identify it with its image. Let dh
denote a fixed Haar measure on Us(AF).

(i)  The global integral
(1) 0.8 = [ U0 E" (5, h, ) d
Us(F)\Us(Ar)

converges absolutely and uniformly for s in a compact subset of C in which the
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Eisenstein series has no poles. It thus defines a meromorphic function of s € C
whose poles are contained in the poles of E*.

(ii) The integral equals O unless m is generic. If 7 is generic, then for suitable choices
of ¢ and E*, and for R(s) sufficiently large, it decomposes into a product of local
integrals. More precisely, in such a situation we have the equality

I(s,p,E) = / WH(@WT (s, g) dg.
N3 (Ap)\Us (Ar)

Here W¥ denotes a Whittaker function associated with , and W7 (s, g) is a func-
tion on Uy(Ar) that is related to functions in a Whittaker model of T.

We will define the space of functions W7 (s, g) more precisely below. It is a rep-
resentation space for Uy, and the function on M given by m +— W7 (s, m) is, up
to a certain dependency on s, in the Whittaker model of 7. In particular, for ap-
propriate choices of ¢ and the Eisenstein series, these functions decompose into a
tensor product of local functions. Thus for $(s) sufficiently large, I(s, ¢, E*) decom-
poses into a product of local integrals over the places of F. We write I(s, p, E*) =
1, L(s, W,, W), where the local integrals are given by

(s, W, W) = / W, (@)W (s, g) dg.
N3(FV)\U3(FV)

Here the functions W, run through a Whittaker model of 7, (we suppose it exists,
for otherwise the global integral is 0). The following can be said about these local

integrals. Recall that we are working with explicit Eisenstein series, to be constructed
below. In particular, they are suitably normalized.

Theorem 1.2 Let v be a place of F. We denote the local component of an integral of

the above type by I, = 1,(s, W,,, W). Then the following assertions hold.

(i)  The archimedean local integrals I, converge absolutely for R(s) sufficiently large.
They have meromorphic continuation to s € C.

(ii) Let v be a finite place of F, with residue field of order q. Then the local integral I, is
a rational function in q—°.

(iii) For a finite place v at which U3, m and T are unramified, and for which the data in
I, is unramified, the integral equals

(1.2) L(s,W,,W]) = L(s + 3,m, X 7).
This is an Euler factor of degree 12 over F.

The Euler factor appearing at the unramified places can be described precisely as
follows. Let “G = G x Gal(E/F) be the L-group of G = U; x Resg/p(GLyjg) in
finite Galois form. Here “G® = GL;(C) x GL,(C) x GL,(C), and the nontrivial
element ¢ € Gal(E/F) acts by

C(guhluhz)cil = —1 tgil -1 7h27h1
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Let p, denote the standard n-dimensional representation of GL,(C), and let triv de-
note the trivial representation of GL,(C). Then p := Ind(!G,’G" ; p3; @ py @ triv)
is a 12-dimensional irreducible representation of “G. The local unramified L-factor
occurring in (1.2) is then given by the following Langlands type L-factor:

L(s+ %,m X T,) = L(s + %,m X Ty, p) = det (112 —q, pt(m, x Tv)))_l .

Here t(mr, x 7,) € 'Gis (any element of) the semisimple conjugacy class attached to
m, X T, by the local Langlands correspondence in the spherical case.

1.3 Application

The residual discrete spectrum of Uy is described in [11, Theorem 1.1]. Since Uy
has, up to conjugacy, three different proper parabolic subgroups, this spectrum can
be viewed as the direct sum of three subspectra, each corresponding to one class
of parabolics. Here we are interested in the part coming from the Siegel parabolic,
whose Levi component is isomorphic to Resg/r GL;. From the results of Kon-No
[11], it follows that the representations which occur in this part are induced from
cuspidal representations of the Levi factor Resg/r GL, of the form 7 ® |det( - )|i\é 2
subject to two conditions:

(A) The central character w, of 7 has trivial restriction to Ay .
(B) L(s, 7, Asai) has a simple poleats = 1.

Results by Flicker [2] then imply that 7 is the image under the unstable base
change from U, to GL, of a stable cuspidal L-packet on U,.

More precisely, suppose we fix a character p: EX\A; — C*, whose restriction
to A; equals the quadratic character associated with E/F by class field theory. We
also fix an element wy € Wr — Wg, where W, Wi denote the Weil group of F and E
respectively. These two choices give rise to homomorphisms of L-groups:

(1.3) & H(U2) — H(Resgyr GLy),
(1.4) &: MUy x Uy) — 'Us.

The first map is defined in [2, p. 143], where it is denoted b,. The second one is
defined in [14, pp. 51-52], where it is denoted £i. However here we insist that in the
definition of &, the character y is replaced by its inverse 1~ !.

Flicker [2] showed that if 7 satisfies the two conditions (A) and (B) above, then
there exists a stable cuspidal L-packet 7 on U, that maps to 7 under the base change

defined by ;. Our result is the following.

Theorem 1.3 Let T be an irreducible unitary cuspidal automorphic representation of
Resg/r GL; satisfying (A) and (B). Let 1o be the stable cuspidal L-packet on U, which

maps to T under the unstable base change correspondence defined by &,.

Let o be the global Langlands quotient of Indg(‘f\(\;\\f)(T ® |- |i\/EZ) that occurs in the

residual spectrum of Uy. Suppose it acts on the space V, C L%,_(U4(F)\U4(Ap)).

disc
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Via the embedding Us C Uy, we may view the smooth functions in V, as automor-
phic forms on Us. Denote by Vo the projection of this space onto the space of cuspforms
on Us, and by o, the representation of Us on this space.

(i)  The space V4 is nonempty.
(ii) The constituents of o are the unique generic cuspidal representations in the endo-
scopic L-packets £,(Ty X v), as v runs through the characters of U (F)\U, (Ag).

Here 7y denotes the contragredient of 7. Each of the L-packets & (75 X v), or
better the L-packet on Us; associated with 7y x v via the unstable base change defined
by &,, contains a unique generic cuspidal representation, by [5, Theorem I].

This theorem, or rather the proof that is given below, has the following corollary.

Corollary 1.4 Let T be an irreducible unitary cuspidal automorphic representation of
Resg/p GLy. If there exists an irreducible unitary cuspidal automorphic representation
7 of Us and a finite set S of places of F that includes the archimedean ones such that the
partial L-function L5(s, ™ X T) has a simple pole at s = 1, then L(s, T, Asai) also has a
simple pole at s = 1.

2 The Global Setup and Proof of Theorem 1.1
2.1 Notation

We begin by describing the algebraic groups that appear. Recall that E/F is a CM
extension of number fields. Let (V, (-, -)) be a 4-dimensional hermitian space over
E of Witt index 2. Fix a maximal totally isotropic subspace L inside V. Then L defines
a maximal parabolic subgroup P of type (2, 2) inside the unitary group of (V, (-, -)).
We also fix an anisotropic line A C V and denote its orthogonal complement by
W = AL. The isotropic line LW =: Ly inside W defines a minimal parabolic
subgroup of the unitary group associated with W. More precisely, these choices give
rise to the following algebraic groups over F:

Uy = U(V), unitary group of (V, (-, -)),

P = Staby, (L) = {h € Uy ; h(L) = L}, a maximal parabolic of type (2,2),
U; = U(W), unitary group of (W, (-, - }|lwxw),

B; = Staby, (Lw ), a minimal parabolic of U3,

B = Staby, {(0) C Ly C L C (Lw)* C V}.

So B is a minimal parabolic subgroup of U, and is contained in P; Us is naturally
embedded in Uy4. Notice however that B is not contained in P. Denote by N, N3, re-
spectively N, the unipotent radicals of P, Bs, respectively B. In order to fix Levi sub-
groups for these parabolics, we need to introduce extra structure. Choose a nonzero
vector e € Ly, and a second isotropic vector e’ € W such that (e, e’) = 1. Next we
choose two nonzero vectors a € A,w € W such that w L (Ly ® Ee’) and such that
(w,w) = —{(a, a). Replacing w by a multiple if necessary, we may further assume that
l'=w—a€lLSetl :=w+a.
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With these notations, L’ = Ee’ & El’ is a maximal isotropic subspace of V com-
plementary to L. We can now pin down Levi components of our parabolic subgroups
as follows. Let M3 denote elements of Us which, written in matrix form with respect
to the basis {e, w, e’} of W, are diagonal. Similarly let Mg C B denote the elements
of Uy that are diagonal with respect to the basis {e, ,1’, e’} of V. Finallylet M C P
be the unique Levi factor which contains Mp. It consists of 2 by 2 block diagonal
matrices with respect to this fixed basis of V.

Setd = (a, a). Then (w,w) = —dand (I,1") = —2d. Therefore with respect to the
bases of W and V fixed above, the hermitian pairings are represented by the matrices

g g —gd (1) 0 0 1
onV,and [0 —d 0] onW.

0 —-2d 0 0 1 0 o

1 0 0 0

The embedding is then given explicitly by

a b b
a c

) Cc
. dj2 (e+1)/2 (e—1)/2 f/2
21) Us—Us [d e f dj2 (e—1)/2 (e+1)/2 f/2
g h 1 g h h i

In what follows, we will often, by abuse of notation, identify elements of U3 with their
images in Uy. The following notation for an element in N3 will be convenient

(2.2) n(x,y) =

S O =
O~ X

y
%/d |, x,y €E, d-Trgp(y) = Ngp(x).
1

2.2 The Global Integral

Now let 7 be an irreducible unitary cuspidal automorphic representation of Us. Let
V. denote the space of cuspforms on which 7 acts by right translation. By multiplic-
ity 1 [14, Theorem 13.3.1], V; is uniquely determined by 7.

Let 7 be an irreducible unitary cuspidal automorphic representation of

RCSE/F GL, ~ M C Uy.

We define a space of Eisenstein series on Uy, following Moeglin and Waldspurger
[13]. First we establish some notations. Let k = ( 702d (1)) For a matrix x € GL,(Ag),
set £ = k(% 1)k, and m(x) = diag(x, %) € M(Ar) (a2 by 2 block diagonal matrix
in Uy). We will use the same notation when x is an element of GL,(E ® R) for any
F-algebra R. Then the modulus character §: P(Ap) — C* is given by

d(m(x)n) = ‘NE/F(detx)‘i\F , x € GLy(Ag),n € N(Ap).

Fix a compact open subgroup Ky C U4(Ags) and a maximal compact subgroup
Koo C Us(F ®q R). Set K = Ky x Ky and suppose this data chosen such that
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U4(Ar) = P(Ap)K. Then 6 can be extended to a function on U4(Ar), still denoted
by J, by setting (pk) := d(p), for p € P(Ar) and k € K. Let 3(7) denote the
space of continuous functions f from U,(Af) into the space of 7 which are K-finite
on the right and satisfy f(m(x)ng) = T(x)f(g) for all x € GL,(Ag), n € N(Ag),
g € U4(Ap). Then let 3(7) denote the space of functions f on U4(Ar) which are
of the form f(g) = f(g)(lz) for somef € 3(7). Given f € 3(71), the associated
Eisenstein series is defined by

(2.3) EGs.g )= Y. (397 f(19).

YEP(F)\U4(F)

It is known [13, p. 85, Proposition] that the sum defining the Eisenstein series
converges absolutely and normally in s for R(s) sufficiently large. Moreover, [13,
p. 140] it has an analytic continuation to a meromorphic function of s € C. For a
fixed value of s away from the poles, it defines an automorphic form on U, (Ag); in
particular, it is a function of moderate growth. Since the series converges normally
in s, the growth condition is satisfied uniformly for s in any compact subset of C
in which E has no poles. In fact, we can normalize the Eisenstein series so that the
number of poles is finite. The normalizing L-factor can be determined by analyzing
the action of I/M on Lie(!N) by conjugation [6, §1.2.5]. This factor is given by the Asai
L-function (as defined in [8, pp. 66—-67]). Define

E*(s,g, f) := L(1 + 25,7, Asai) E(s, g, ).

For a cuspform ¢ € V and an Eisenstein series E*(s, g, f) as above, consider the
integral

165, 0, E%) = / S(WE*(s. h, f) dh
Us(F)\Us(Ar)

Lemma 2.1 The integral converges absolutely and uniformly for s in a compact subset
of C in which the Eisenstein series has no poles. Therefore it defines a meromorphic
function of s € C whose poles are contained in the poles of E*.

Proof Let us first show convergence. We need to define a Siegel set of Us. Let K3 C
Us(Ar) be a maximal compact subgroup such that the equality Us(Ar) = B3(Ar)Ks
holds. Recall the Levi subgroup M3 of Bs, consisting of diagonal matrices with respect
to the coordinate basis {e, w, e’} of W. For an idele « € A}, we denote m3(c) the
transformation in Us(Ar) that sends e to e, w to w, and e’ to &~ 'e’. Fix a compact
subset C C B3(Ar) and a positive real number c. Then we define the Siegel set

Y =3%(,C)={pm;(t); pe C,t € F" ke K,|t| > c>0}.
Here F* denotes the ideles a € A} for which there exists a positive real number r such

that o, = r for every archimedean place v, and o, = 1 for every nonarchimedean
place v. By reduction theory it is possible to choose ¢, C such that Us(Ag) = Us(F)X.
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The elements in ¥ can also be written in the form m;(t) - w, for [t| > ¢, t € F*
and w in a fixed compact subset €2 of Us(Ap). Therefore to check the convergence
of I(s, ¢, E*), it suffices to show that the following integral converges uniformly for

w € Q.
(2.4) / @(ms(t)w) E* (s, ms(t)w, f) |t| > d*|t] .
fiL.

The condition of slow growth says that given any compact subset D of C in which
E* has no poles, there exist positive constants a, b such that foranys € D,w € Q,t €
F* with |t| > ¢, [E*(s,ms(t)w, f)| < a|t|’. The condition of rapid decay says that
p(ms(t)w) satisfies the same inequality with the additional fact that b can be chosen
to be any real number. (Of course the corresponding a will then depend on b.) There-
fore the integral (2.4) can be majorized by a constant multiple of |, R Ji]>c t| =" dt,
and hence is finite. ]

Note that for the convergence of this integral it was crucial that Us is of split rank
one. If E were globally split, i.e., E = F & F and Us =~ GL3, Uy ~ GLy, then the
corresponding integral does not converge, and one needs to truncate the Eisenstein
series. Suppose, for example, that we are in such a completely split situation, and that
7 has trivial central character. Then the global integral involves integrating over the
center of GLs, and we are essentially integrating a GL4-Eisenstein series over it.

t

/ El s
FX\AS t
1

By the condition of slow growth, this can only be majorized by max{|t|, |t| ' }* for
some positive integer k, which is not enough for the integral to converge.

We can also look at a simpler example, namely the analogous integral for GL; C
GL,, embedded as diagonal matrices whose second entry equals 1. This is the domain
of integration for the global integral representation for automorphic L-functions of
GL,. The function to be integrated is an automorphic form on GL,, from which
one subtracts the constant term of its Whittaker—Fourier expansion (see [18, (4.1),
p- 199]). This is a more elementary example of the same philosophy, since on GL,
truncating automorphic forms essentially means subtracting their constant term.

In our nonsplit case, before proving the decomposition of the global integral for
certain ¢ and E*, which is a standard application of the Rankin—Selberg method, we
begin with a double coset analysis and some further geometric considerations.

Lemma 2.2 The double coset space P(F)\U4(F)/Us(F) consists of only one element.
In other words, Us(F) acts transitively on the set of maximal isotropic subspaces of V.

Proof It is easier to show this result the other way around. Namely, it suffices to
show that P(F) acts transitively on the set of lines A’ in V whose nonzero elements
a’ € A’ satisfy (a’,a’) € N(E*)(a, a). But this is well known; it follows, for example,
from Witt’s theorem. [ ]
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The following lemma follows from the explicit formula (2.1).

Lemma 2.3 Given the fixed basis of W above, consider an element h in the Borel
subgroup Bz of Us. Write

a *
h=|0 B % |,ac€EX, BeE,
0 0
with respect to the fixed basis {e,w, e’} of W. Then h € BsNPifand onlyif 3 = 1, i.e,,

h acts as the identity on the quotient (Ee)* / Ee.

We also need to compare the unipotent radicals N3 of Bs, Np of B, and N of P.
Since N3 C Np and N3 N N = Zy;, we can identify the cosets

(2.5) Zxn,\N5 = N\Nj.

By this identification we mean that a set of coset representatives of the left-hand side,
when embedded into Uy, will be a set of coset representatives of the right-hand side.
For a cuspform ¢ € V,;, and a nontrivial character ¢ of F\Ar, define the associated
Whittaker function by

W¥(g) = / e(n(x, y)g) ¥~ (Trg/p(x)) dxdy.
N3 (F)\Ns(Ar)

The notation n(x, y) was defined above in (2.2). The measure dx on E\Ay is selfdual
with respect to the character /=" o Trg/, similarly the measure dy on F\Ap is self-
dual with respect to ¢. By assumption 7 is generic, which implies the existence of
a character 1) such that the functions W¥(g) are nonzero. Thus we may assume v
chosen such that this condition is satisfied. Consider the function

olg) = / o(n(0, y)g) dy.
F\Ar

Define R := B3 N P. Then in view of Lemma 2.3, the Whittaker—Fourier expansion
along N3 has the form

(2.6) polg) = Y, WP(rg).

r€N(F)\R(F)

With this in mind, we compute the integral, assuming R(s) sufficiently large so
that the manipulations are justified. We prefer to use the unnormalized Eisenstein
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series, in order not to have to carry around the additional Asai L-factor.

I(s, . E) = / S(WE(s, h, f) dh
Us(F)\Us(Ar)

B h S(yh)% F(yh) dh
/US(F)\Ug(A\p) (k) Z (Yh)= f(vh)

YEP(F)\U4(F)

= / p(h) > 6(yW)* f(yh)dh  (byLemma2.2)
Us(P\Us () YER(F)\Us(F)

_ / (S F(h) dh
R(F)\Us(Ar)

= / ©o(h)S(h)T f(h)dh  (since Zy, C N)
R(F)Zny (Ap)\Us(Ar)

- / WS f(h)dh by 2.6)
N3 (F)Zny (AF)\Us (Ar)

- / / W (nh)5(nh) % f(nh) dndh
N3 (Ap)\Us(Ar) 7 N3 (F)Zny (Ap)\N3 (Ar)

- / W* (h) / B (n) S(nh) F(nh) dndh (by (2.5)).
N3 (Ap)\Us3(Ar) N(Ar)Np(F)\N3(Ar)

Here 1)’ denotes the nondegenerate character on the quotient N(Ar)Ng(F)\Np(Ag)
that is induced by v under the identification (2.5). The inner integral will be given a
name:

W(s.g) = / 5(ng)* f(ng)’ (n) dn.
Np(F)N(Ar)\Ng(Ar)

The notation is justified since the function WT(S, g) is related to Whittaker func-
tions in the space of 7. Under the isomorphism M =~ Resg/r GL(2), Ng N M cor-
responds to a unipotent radical U of a Borel subgroup of M. Moreover, ¢ defines a
nondegenerate character on N3(F)Zy, (Ar)\N3(Ar) ~ Np(F)N(Ar)\Ngp(Ag), hence
also of U(F)\U (Ag). If we denote this character by ¢)’/, then we obtain

W(s,g) = 3() / F(ng)'(n) dn

Ng(F)N(Ag)\Ng(Ar)

s+l

— (g% / Fm(u)g) " (u) du
UB\U(Ap)

_ 5(g) / F(e) ()" (u) du.
U(F)\U(Ar)

The last integral is nothing but the Whittaker function of f(g) along U with re-
spect to the character (¢)’") ™!, evaluated at the identity. It will be convenient to set
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W7 (s,g) = L(1+ 25,7, Aseli)‘/A\V/T(s7 £). Then for suitable choice of data the functions
W7 (s,g) and W7 (s, g) are decomposable into a product of local functions. We denote
the local components at a place v of F by W] (s, g) and W] (s, g), respectively. This
finishes the proof of the global Theorem 1.1. ]

Note that the computations in this section can be performed with either the un-
normalized or the normalized Eisenstein series. All statements are correct for both of
them. This is because they differ by a meromorphic function L(1+ 2s, 7, Asai), which
has the two properties that it decomposes into an Euler product for large real part of
s, and that it is bounded at infinity in vertical strips of finite width, and hence does
not affect convergence questions.

Both Eisenstein series have advantages. The normalized one E* has fewer poles
and gives rise to a nicer formula for the local integrals in Theorem 1.2. The unnor-
malized one E is needed for the application in Theorem 1.3.

3 The Local Integral
3.1 The Local Integral at Nonsplit Nonarchimedean Places

Suppose v is a finite place of F which remains prime in E. Let w denote the place of E
lying above v. Let ¢ = ¢, denote the order of the residue field of F at v. We consider
the integrals

(s, W, WD) = / W, (@)W (s, g) dg.
N3(FV)\U3(FV)

Here W, runs through the functions in the Whittaker model W(,, 1,) of m,, and
W belongs to a space of functions defined as follows. We consider functions u(s, g)
for which there exists a compact open subgroup K, C Uy(F,) such that u(s, - ) has its
support in P(F,)K, and is right K, invariant. Moreover, we require that there exist a
function W € W(7,,1,’) in the Whittaker model of 7, defined using the unipotent
radical U(F,) and the character (¢)""),!, with the following property. Whenever n, €
N(F,),k, € K,,x, € GL(2,E,) are such that n,m(x,)k, = g, lies in the support of
u(s, - ), then

(3.1) u(s, g,) = L,(1 + 25, 7, Asai)d(m(x,)) T W (x,).

We require that W] be a finite linear combination of such functions u(s, g).

Proposition 3.1 (i) The integrals I,(s, W,, W) converge absolutely for R(s) suffi-
ciently large. They are rational functions of q—*° and therefore can be analytically
continued as functions of s to the entire complex plane.

(ii) Suppose v is unramified in E and m, and T, are both spherical. Let

o
t(m, X 1,) = 1 X(Bl 6)><12>4c
1 2
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be the Langlands parameter attached to them. Let W be the normalized spherical
Whittaker function of m,, and W ° = u(s, g) be right K,-invariant, for K, such
that K, N M(F,) = GLy(0g,), K, N U3(F,) = Us(0,), and moreover such that
W (in (3.1)) is the normalized spherical Whittaker function of 7,. Then

(3.2) L(s,Wowr?)
=L,(s+1/2,7, x m,) = det(1;; — g p(t(m, X 7'V)))71

_ H (1-— ﬁiq—2(5+1/2))(1 _ ﬁiaq—Z(erl/Z))(l _ ﬁia—lq—2(5+l/2))'

i=1,2

We remark that the Euler factor can also be interpreted through the standard base
change BC(m,) of m, to GL(3,E,). Namely, it is the Rankin—Selberg convolution
L-factor of BC(m,) x T, of degree 6 over E,, as defined in [9]. The group Us(0,)
denotes a fixed hyperspecial maximal compact subgroup of Us(F,), (which exists by
our choice of Us) to be quasisplit and v to be unramified in E.

Proof Since the functions under the integral are smooth in the algebraic sense, we
see that, given W,, W/ as above, there exists a finite number of matrices k; € Us(0O,),
1 <i < n, such that

(33) LWy, W)=Y / W, (m3 )k W (m3()k) ol > d%.
im1 JE

Now the Whittaker functions in the space of 7, and 7, can be uniformly bounded
by gauges. More precisely there exists a positive real number r such that for any
W € W(m,, 1,) there exists a Bruhat—Schwartz function ® on E,, such that

Vo € Ey,n € N3(F,), k€ K, : [W(nms(a)k)|; < |al ®(a).

With that bound, together with a similar well-known one for GL,(E,), the integrals
I,(s,W,, W) can be majorized in absolute value by a finite sum of integrals of the
form
/ ®'(a) |aly " d%,
E;

for a constant real number r’ that only depends on 7, and 7,, and a Bruhat-Schwartz
function ®' that depends on the particular ingredients. In any case, this Tate-type
integral converges for R(s) +r’' > 0. The assertion that the local integrals are rational
functions in g~ follows from (3.3), by taking into account the fact that Whittaker
functions restricted to the diagonal {m3(), a € EJ }, are finite sums of products of
Bruhat-Schwartz functions on E,, with finite functions on E;; .

The result (ii) rests upon the fact that since W? and W are invariant under the
maximal open compact subgroup U3(0,), the integral in question becomes essen-
tially a sum. More precisely, using the Iwasawa decomposition

U3(Fv) = N(FV)A(FV)U3(OV)
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with A being a maximal F-split torus of U3, we obtain

—4
F,

L(s, WO, W) = Z WO(ms(w))) W0 (s, diag(w), 1,1, @, ")) |@)

vy Ly
nel

= L,(1+ 2s, 7, Asai)

x> W(ms(w))) |

nel

2w (diag(ar, 1)) ||t

The absolute value factor on the right appears because of the expression of the Haar
measure with respect to the Iwasawa decomposition. The formula (3.2) now follows
from the standard formulas for the spherical Whittaker functions, which are well
known for GL,. For Us they are given in [1, Theorem 5.4]. Namely, the integral
I,(s, W°, W% equals L,(2s + 1, 7,,, Asai) times

p o — T 2n(s+1)+22 ny—d
Do lwl, ———— e D 68 [,
n>0 k+l=
1 . - 2k Ds
= —— ) _la@p) (aB) — a7 (a7 B) (a7 ) Jg 2V
k>0
20s afi\ ! B !
= (1= Bipg ™) x H(l— qzs+1) (1_W)

i=1,2

Since L,(2s+1,7,, Asai) = (1—Aig” **) 7 (1= fog™ ®) 7 (1= Bifog2*H) 7,
this finishes the proof in the nonsplit nonarchimedean case. ]

3.2 The Local Integral at Split Nonarchimedean Places

Suppose v is a finite place of F which splits in E. In this section, |- | denotes the
normalized absolute value on F*. Let g = g, be the order of the residue field of F
at v. Denote the two places of E lying above v by wy, w,. Choosing one place w; is
equivalent to fixing an embedding of E into F,. Supposing we have made this (non-
canonical) choice, there are isomorphisms

(3.4) GL4(E®f F,) = GL4(F,) X GL4(F,), g®@1+— (g,3).

Composing the natural embedding of U4(F ®f F,) — GL4(E ®F F,) with the pro-
jection onto the first factor defines an isomorphism U4(F,) =~ GL4(F,). Similarly
Us(F,) ~ GL3(F,). We remark here that in the computations that follow we actu-
ally must check that the result we obtain does not depend on our initial choice of a
place w;. This fact translates into a symmetry condition among the Euler factors. It
is satisfied by all our results.

Now , is an irreducible representation of GL3(F,), and 7, = 7,, ® Ty, is an
irreducible representation of GL,(E,,) X GL,(E,,) ~ GL,(F,) x GL,(F,). The local
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zeta integrals we are considering are

L, wi) = | W (@)W (5.9) ds.
N3(Fy)\ GL3(F,)
Here W, denotes a function in the Whittaker model W(r,,),) of m,. Under the
identification Us(F,) ~ GLs(F,), N3(F,) gets identified with the unipotent upper
triangular matrices in GLs(F,), and v, is a nondegenerate character of this group.
The functions W/ (s, g) are defined analogously to the inert case, but let us make
some of the differences more precise. Again W] is a finite linear combination of
functions u(s, g) which are smooth in the algebraic sense and satisfy the following
condition. There exists a compact open subgroup K, C U4(F,) such that u(s, - ) has
its support in P(F,)K, and is right K, invariant. Moreover we require that there exists
afunction W € W(r,, ¢,) in the Whittaker model of 7, with the following property.
Whenever n, € N(F,), k, € K,,x, € GL(2, E® F,) are such that n,m(x,)k, = g, lies
in the support of u(s, - ), then

u(s,g) = Ly(1 + 25,7, Asai)d(m(x,)) T W (m(x,)).
Now the Whittaker model is a tensor product
W(Tva wv) = W(Twl P wwl) & W(Twzu "/sz )

Assume for simplicity that W corresponds to a pure tensor W; ® W, under this
isomorphism. Then if an element m, € M(F,) corresponds to the pair (m;, m;)
under the identification M(F,) = GL(2,E® F,) = GL(2,E,,) x GL(2,E,,), the
following identities hold.

(3.5) d(m,) = |det(m;)

det(m,)

2 2 2
B, E, = |det(mymy)|”

(3.6) W(m,) = Wi (m)Wa(my).

On the other hand, when we identify Us(F,) with GL4(F,) using the place w,
and the basis {e,[,1’,¢'}, then M(F,) maps onto the 2 x 2 block diagonal matri-
ces. Suppose the element m, +— diag(A,D),A,D € GL,(F,) under this identifica-
tion. Now M(F) consists of matrices (with respect to the same basis) of the form
diag(X,X),X € GLy(E) and X = k"X 'x. Recall that x = ( _%; ). If we com-
pare this with the identification (3.4) above, we find that

m = A, my = (kD™ 7L

Using (3.5) and (3.6), one obtains the following formulas, which will be used in the
computations below.

(3.7) W (diag(A, D)) = Wi(A)W,((kDr~")71),
(3.8) 5(diag(A, D)) = |det(AD™ )|

In this context we call W (s, ¢) unramified if it is right invariant by GL4(0O,) and the
functions W, and W, are normalized spherical Whittaker functions.
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Proposition 3.2 (i) The integrals I,(W,, W) converge absolutely for R(s) suffi-
ciently large. They are rational functions of q—* and therefore can be analytically
continued to the entire complex plane.

(ii) Suppose Ty, , Tw,» and m, are spherical. Let the Langlands parameters be

(€3]
t(m, X T,) = ; X (”81 52) X (% "yz) x 1.
Qs

Suppose W2 is the normalized spherical Whittaker function of m,, and WT"* is
unramified in the sense described above. Then

(3.9) L(s WO W0 = L(s+1/2,7, x )

= det(1;, — qisp(l‘(ﬂv X 7-1/)))71

e

2
=TI 11 0 = aiBig= )~ (1= a7 'yjq <)~
i=1j=1

Again the main Euler factor may be interpreted in terms of the Rankin-Selberg
convolution of 7, = 7, ® 7, and the standard base change of 7, to GL(3, EQpF,) =
GL(3,E,,) x GL(3,E,,).

Proof Let us note some general facts about these integrals. First, due to the Iwa-
sawa decomposition GL3(F,) = N3(F,)A(F,) GL3(O,), the domain of the integral in
question consists of the last two factors. On the other hand, for convergence ques-
tions we may assume that the support of W, is contained in P(F,)K, C GL4(F,).
So one needs to know the Iwasawa decomposition in U4 of an element in the image
of Us. Since for most practical purposes, i.e., convergence and computation of the
unramified case, it suffices to consider diagonal matrices, we introduce the following
notation: d(a, b, ¢) will denote the element of U3(F,) ~ GLs(F,) given by a diagonal
matrix with entries a, b, ¢ € F)*. We then have (¢f. (2.1))

a

<
F
st

b

—1
%1 € U4(Fv) ~ GL4(FV)
2

Ud(a,b,c)) =

S
l\)|l\)|

—

(S

c

If v does not divide 2, then the Iwasawa decomposition U4(F,) = P(F,)U4(0O,) of the
matrix on the right-hand side is given as follows:

—

b

bl bol
bl = 1: u(d(a,b,c)) = 1, 22 ,
2 2

-1
|b] # 1: u(d(a,b,0) = ok 1
—
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If v divides 2, there are more cases for |b| = 1. Again for the purpose of show-
ing convergence we may suppose that given W7, there exist two Whittaker functions
W; € W(1y,,1,,),i = 1,2, such that the following equality holds (cf. (3.7)).

s+1

Wy (s (00%)) =L(2s+1,7, Asa) Wi (AW, (kD' ") [det(AD™)[

Now we write the local integral as a sum of three terms and show for each one
that it converges absolutely for R(s) sufficiently large. The first integral will be over
the domain where b has absolute value 1. Since (OF,)* is compact, and the functions
involved K, -finite, we may as well assume, for the purpose of showing convergence,
that b = 1. The second term will be over |b| < 1 and the third one over |b] > 1. We
need to use in all cases one basic result concerning bounds on Whittaker functions.
It follows directly from [9, Proposition 2.2, p. 181]. This result has already been used
in the nonsplit case, but it is recalled only here because in the split case one must be
more careful about convergence questions.

Lemma 3.3 Let o be an irreducible generic representation of GL,(F,). Suppose it is
realized in its Whittaker model W with respect to some nondegenerate character. Then
there exists a positive number r which only depends on T, such that for a given Whittaker
function W € ‘W there exists a positive Bruhat-Schwartz function ® € 8(F'~') with
the following property.

apn—1

. a .
|W (diag(ay, az, . .., a4))|c < @(a—l, R ) |aya; . ..an|FV )
2

n

Using this result we now show that each of the three terms converges. The first
one, where we set b = 1, simply becomes

-2
/ W, (d(a, 1, )W (s, u(d(a, 1,0))) ’f’ T dt
(FX)? ¢

B a 0 ooy japt o o
_/(FVX)ZWV(d(a,l,c))Wl (O 1>w2<0 1)‘2‘ I d*.

1

Using the lemma and making a change of variables ¢ — ¢™*, we can bound this

expression in absolute value by
/ ®(a, c) |ac|™ " dadt.
(F)?

Again r does not depend on the particular Whittaker functions, and ® € 8(F2). This
is a local integral of Tate-type, hence it converges for R(s) > 1 —r.

For the second and third term, we need to use the above matrix identities. For
simplicity of exposition we also assume that v does not divide 2. Then in the case
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|b] < 1 we need to bound an integral of the form

/X Wy (d(a,b,0))W; (s, u(d(a,b,c))) ‘ g’ _zdxad*bdx =

(F7)
a 0 a0
Jopottaona (g g )m (% 2)

[b]<1

L Padbdt,

4ab Lia|—
di=H

First we note that |b — 1| = 1. Then, using Lemma 3.3, we can bound this expression

by
/FVXP(I)I(%’%) @Z(a(bzg 1))@3(b2_c1)

|b|<1

4ab
c

r/+s+1 9
a X X
‘—‘ Padbd.
C

Here again the ®,’s are appropriate Bruhat-Schwartz functions. Notice that they
combine to essentially one Bruhat-Schwartz function on F; evaluated at the variables
(a/b,b/c,1/c,a). Thus, changing c to ¢~ ! once again, we see that we are essentially
dealing with Tate-type integrals and hence obtain absolute convergence for R(s) >

1—r'.
The third integral for |b| > 1 works similarly to the second, except that now
|[b— 1| = |b|, and we need to make an extra change of variables b — b~!. This

establishes the absolute convergence. It is then a direct consequence of the known
behavior of Whittaker functions on the diagonal that the resulting integral is a ratio-
nal function of g—.

We now calculate the integrals in the spherical case. Suppose t(U3(0,)) C U4(O,)
and we are in the situation of Proposition 3.2(ii). Then the integral reduces to an
integral over the diagonal A(F,) ~ (F))>.

L(s, W2, W) :/ Wf(d(a, b, C)) WVT’O(L(d(a, b,c))) |ac_1 2 Pudbdr.

(F))?

This in turn reduces to a triple infinite sum. Because of the absolute convergence for
R(s) large that we just established, we can rearrange the summands as we like without
changing the result.

For (n,m,r) € 73,n > m > r (respectively (n,m) € 72, n > m) we denote
by p(umyr (respectively p(,m) the irreducible finite dimensional representation of
GLs(C) of highest weight (1, m, r) (respectively of GL,(C) of highest weight (1, m)).
We write X (n.m,r)(A) for the trace of p(, m ) evaluated at a matrix A € GL3(C), and
define similarly x () (B), B € GL(C).

We split I,(s, WO, WT?) into three parts as before. The term corresponding to
|b] = 1 will contribute L(1 + 2s, 7,,, Asai) times the expression

Z Wg(d(wnv lawm))wl (wn 1) W2 <wm 1) ’w”—m‘571 .

n,mer

a=w" .’E:wm
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Clearly the nonzero contributions arise only when #n > 0 > m. Changing m to —m,
this equals

o0
(3.10) > @™ Xmo—m(A) [ xn0y B) [@]™ Xm0y (C) [r| Y.

n,m=0

Here the notation means

A = diag(ay, an, 3), B = diag(5y,6), C = diag(v1,72).

Next we investigate the contributions from |b| < 1. Now we obtain L(1 + 2s, 7, Asai)
times a triple sum which looks as follows (since |2b/(b — 1)| = |b], |(b—1)/2| = 1):

> iwf(dm",whwmnwl (wn wr>

n,merL r=1
a=w" =" b=w"

—m
w _m|stl —m|—2
x W, ( 1) ‘w"” m‘ ‘w" "’| .

Making the shift a = @™" b = w”, c = w™", we see that the nonzero terms add
up to

oo 00
(311) Z Z |w|n+m+r X(n+r,r,7m)(A) |7E|n/2 X(n+r,r)(B)

n,m=0 r=1

|(n+m+2r)(s+1) |w | —2(n+m+r) )

x @™ X(mo(C) |

Finally the same analysis as above shows that the integral over |b| > 1 con-
tributes the Asai L-factor times the following infinite sum (use |2b/(b —1)| = 1,
[(b—1)/2| = |bl,and seta=w",b=w ", c=w "™"):

(3.12) Z Z || X(n,—r.—m—r)(A) |w|n/2 X(n.0)(B)

n,m=0 r=1

|(n+m+2r)(s+1) |w | —2(n+m+r) )

% || X(mern) (C) |

Combining the three separate contributions (3.10), (3.11), and (3.12), the unram-
ified local integral I,(s, W2, W1-*) equals L(1 + 2s, 7, Asai) times

(313) Y q NG 6 (B)X (o) (C)

n,m=0

X (X(n,o,—m)(A) + Z q_(ﬁl/z)zr)((nmw,mw,o)(A)(ﬁlﬁz)r(oélazas)_m

r=1

[eS)
+ Z qi(s+l/2)2rX(n+m+r,n+r,0)(Ail)(FYlFYZ)r(ala2a3)n) .

r=1
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In the last line, we used the fact that the contragredient representation of p(4 )
iS p(—c.—b—a)> and that the corresponding characters satisfy x,(A) = x;(A™'). As
written above, it is clear that the local integral has the expected symmetry.

Next note that, fora > b > 0,

1
A) = son a+2 b+1.
XG0 (A) (a1 — a)(o — a3) (0 — a3) TXGS: Ba(T)ar i) arty
3

Let usset € = ((o — az)(a; — a3)(ay — 3)) "', and X = g—~1/2

compute that the sum of the second and third line in (3.13) equals

. Using this, we

-1 =1 y2
1 ’71'72047-(2)047-(3))( )
—1 1 :
1= mmosg)ore X2

€ sen(T)a" 2 arn cf’”( +
Z & TGO T = B o ar ) X2
TESs
Combining this with the sum over n and m, the unramified local integral
I,(s, WO, WT0) equals L(1 + 2s, 7,, Asai) times the sum over 7 € S; of

2
[0 =B (1 =yia, 5,07

i=1

esgn(T)a ar)(1 — OZT(I)O[:(;,)61627172X4)
(1 = BiBrarmar@X?*)(1 — 71720‘;&)0‘;(.%)){2)

This implies that I, (s, W2, W) equals L(1 + 2s, 7, Asai) times L(s+1/2, m, X 7,)
times

1 — a3 x4

2 (1) 3)P1P27172
EZSgn(T)aT(l)aT(z)(l—ﬁﬁa X2 (1 — o bal x?)
rEss 19207(1) A7 (2) NP2 )Xz (3)

2
x T1(1 = BiarX)(1 = BicrX)(1 = yie 1, X)(1 = i3 X).
i=1

At this point, proving the local formula (3.9) is equivalent to showing the equality
of the following two expressions, which we may view as polynomials of degree 20
in X.

D sgn(r)ed (1 — arayas sy BBy X) (1 = Bifrcr)ar 3 X7)
TES;

x (1= Bifraror3 X2 (1 = Ym0 b0 5 XD (1 = yima00, 105, X2)

2
x T1(1 = Biar@X)(1 = Biar 3 X)(1 — yia 1, X)(1 — vias ) X)

i=1

IR 3 _ .
=e '] Q=B X)) [1(A — v Bifra; ' XA (1 — ay 'oy Loy ' yimaaiX?).
i=1 i=1

It turns out that the terms of odd degree in X on the left-hand side all vanish, and
that the two expressions are equal. The verification is lengthy, but straightforward.
This finishes the proof of Proposition 3.2. ]
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3.3 The Local Integral at Archimedean Places

Let v be a real place of F, so that F, ~ R, E, ~ C. We consider local integrals of the
form
L wwp) = [ WL QW] (s, ) dg.
N3 (F,)\Us(F,)

Here W, denotes a function in the smooth Whittaker model W(r,, v,) of 7, as
described in [12, §5.3]. Let W(7,,1,) denote the space of smooth functions in the
Whittaker model of 7,. Let K, C U4(F,) be a maximal compact subgroup. Then we
require of W/ (s, g) that it be smooth in g, right K, -finite, left N(F,)-invariant, and
that for any g the function on M(F,) =~ GL(2,C) defined by

m, — L(1 + 2s,7,, Asai)flé(mv)*%WVT(s7 myg)

is independent of s and lies in W(7,, 1,) (for values of s at which there is no pole).

Lemma 3.4 There exists a positive real number r such that for R(s) > r and any two
functions W,,, W], the integrals I,(s, W,, W, ) converge absolutely and normally in s.
Moreover, they can be analytically continued to meromorphic functions of s € C.

Proof By the Iwasawa decomposition it suffices to show the convergence and ana-
lytic continuation of integrals of the form

(3.14) / W, (diag(t, 1, 1,‘_1))WJ($7 diag(t, 1,1, t_l)) |l‘|;2 dt
FX !

=L(1+2s, Tv,Asai)/ W, (diag(t, 1,t~")W <t 1) |t|;s dt.
EY '

Here W € W(r,,,) is a Whittaker function on GL(2,C) associated with 7,. For
such a function there is a well-known bound due to Jacquet and Shalika. The follow-
ing lemma recalls their result [10, Proposition 4.].

Lemma 3.5 There exists a finite set X of finite functions on C* such that for all V €
W(T,,1y) there exist Bruhat-Schwartz functions ¢ € 8(C),x € X such that

v (t 1) =" 6el) - x(0).

x€X

A similar result holds for the functions W, on Us(F,) when restricted to the largest
split torus. It was proved by Soudry for quasisplit SO, in [15, Proposition 3.3], and
can be obtained for Uj; in a similar manner (see also Watanabe [17, (4.2)]). Taking
into account how finite functions on R* look, the integral (3.14) therefore reduces
to a finite sum of terms of the form

L(1 + 2, Tv,Asai)/ o) |5 " log || d’%.
Ff
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In the above equation, # is a real number, m a nonnegative integer, and ¢ € 8(C). It
is known that such integrals have the desired convergence and analytic continuation
properties, hence the same is true for I, (s, W,, W ). This finishes the proof of Lemma
3.4. |

The precise determination of archimedean Zeta integrals is quite subtle, as can be
seen in the work of Koseki and Oda [12]. In the present case an additional difficulty is
given by the fact that these local integrals also involve Whittaker functions on GL,(C)
coming from the Levi factor M of the parabolic subgroup P C Uj.

However we would like to point out one important property that these integrals
have. Namely, if we quotient out by the Asai L-factor and set

I¥(s, W,, WD) = L(s, W,, W]) - L,(1 + 25, 7, Asai) !,

then the meromorphic properties do not change. Moreover, the following is true.
Lemma 3.6 Forany sy € C there exist finitely many data W,,;, Wy, 1 < i < r, such
that the sum 25:1 Iy (s, W,;, W;,-) is holomorphic and nonzero at s = s.

Proof We present a sketch of the argument. If R(s) is sufficiently large, the function
t — W,(diag(t,1,t7)) |t]* belongs to L2 (F)), and it is known that the functions
W € W(7,,1,), when restricted to matrices of the form diag(¢, 1), are dense in this
space. Therefore we can choose, for any given W,, a function W such that the func-
tion

k+— F(k) := / W, (diag(z, 1, t’l)k)WVT(s, (diag(t, 1, k) |t|gv2 dt
hate

v

is not identically zero. Here k € K C Uj3(F,) is a maximal compact subgroup such
that the Iwasawa decomposition Us(F,) = N3(F,)diag(t,1,t~")K,t € F)X, holds.
Then I (s, W,, W) = f « F(k) dk. Since F # 0, and since we are free to replace
W, by m,(¢)W, for any smooth function ¢ on K, this proves the lemma in the case
%(So) > 0.

To pass to the case of an arbitrary complex number, one proceeds analogously to
[15, Proposition 7.2]. (See also [17, Lemma 6].) One first shows that linear combina-
tions of integrals I} (s, W,, W), viewed as meromorphic functions of s, contain the
space of archimedean Rankin-Selberg integrals on suitable general linear groups. But
for these, which are studied in [10], the desired nonvanishing result is known. Note
that contrary to the case of large real part, in general we can only assure that a finite
linear combination is holomorphic and nonzero, and we have to include functions
which are not necessarily K -finite. ]

4 Proof of the Application

First let us restate the content of the two main theorems in a way that is more suitable
for certain applications, including the one we have in mind here.
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Theorem 4.1 Let w be an irreducible generic unitary cuspidal automorphic represen-
tation of Us. Let T be an irreducible cuspidal automorphic representation of GL(2, E).
Let ¢ € w denote a cuspform, and let E(s, g, f) denote an Eisenstein series on Uy, de-
fined as in (2.3), i.e., unnormalized with respect to the functional equation. Then there
exists a finite set S of places of F, including all the archimedean ones, and a meromorphic
function C(s), defined as a finite product of local integrals, such that for R(s) > 0,

LS(s+1/2,m X T)
4.1 E(s,g, f)dg = C(s) - ’ =
(4.1) /U vy POB 8 N g =C) - 1o B

It is clear from the proofs that a little more can be said about the function C(s). For
us, what is most important, is that it can be analytically continued to a meromorphic
function of s € C, and that for a fixed number sy one can find suitable choices for ¢
and E such that the resulting C(s) is holomorphic and nonzero at s = s.

Next we recall a description of the part of the residual spectrum of U, that comes
from the Siegel parabolic P. The following result was proved in [11, Theorem 4.4].

Theorem 4.2 (T.Kon-No) Let 7 be an irreducible unitary cuspidal automorphic rep-
resentation of GL,(E) whose central character w. has trivial restriction to Aj. More-
over assume that L(s, T, Asai) has a (necessarily simple) pole at s = 1. Then the global
Langlands quotient of Indg&ﬁ\f N ® |det( - )|i\£ %) appears in the residual spectrum of
Uy. These representations appear with multiplicity one, and they, with their direct sum
(over T), comprise all of the residual spectrum that arises from cuspidal data from the

parabolic P.

We remark that in rephrasing Kon-No’s theorem we also used the fact that the pole
condition of the Asai L-function is equivalent to the nonvanishing of certain period
integrals (see [8, §3.13], or the appendix of [11]).

Now fix a 7 that satisfies the conditions of the above theorem. The pole of the Asai
L-function implies that the representation 7 is isomorphic to its Galois conjugate 7/,
which is defined by 7/(g) = 7(g). Moreover, by [2, Theorem 1], the pole of the Asai
L-function implies that 7 is the image of a stable L-packet on U, under the unstable
base change lift.

The unstable base change lift is defined via the homomorphism &, of L-groups
(1.3). So let 7y denote the unique stable cuspidal global L-packet on U, whose unsta-
ble base change is 7. We remark that if 7 has central character wy, that is, if one and
hence all representations in the packet have this central character, then the central
character of 7 satisfies w,(z) = wo(z/2)u(z)>.

Now let E(s, g, f) be an Eisenstein series on Uy, as defined in (2.3), corresponding
to 7. Then, due to our definition, E(s, g, f) has a simple pole at s = 1/2, and the
space of functions g — Res,_, /; E(s, g, f) occurs in the residual spectrum of Uy. Let
V() denote the space of functions on U, so obtained, and o(7) the representation
of Uy on this space. Consider now the restriction of functions in V() to Us.

Let 7 be a unitary irreducible cuspidal automorphic representation of Us. If 7
is not generic, then the global integral (1.1) is identically zero, so m does not occur
in any Siegel induced automorphic representation of Uy. So let us assume that 7 is
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generic. Recall the two facts that L(s, 7, Asai) is holomorphic and nonzero at s = 2
and that the data on the left-hand side of the equality (4.1) can be chosen so that
C(1/2) # 0. From this it follows that 7 and the restriction of o(7) to U; have a
nonzero L*-pairing if and only if L%(s, 7 x 7) has a simple pole at s = 1.

But this L-function equals the Rankin—Selberg convolution of 7 and the stan-
dard (or stable) base change of m to GL3(E). Thus if, for example, 7 lies in a stable
L-packet, then its base change is cuspidal and L5(s, 7 x ) is entire. Hence the only
possibility for a pole is if 7 is endoscopic. More precisely, the following is true. Since
7 is the unstable base change of 79, the following equality of local L-factors holds, at
least for almost all places v of F.

L,(s,7) = L,(s,BCy(70)) = L,(s,BC(T) @ ).

Here we denote by BC,, the unstable base change and by BC the stable base change.
Therefore L3(s, m x 7) = L%(s, BC(r) x BC(1y) ® p). Particularly, if the base change
of 7 is cuspidal, then this standard Rankin-Selberg L-function has no poles. On
the other hand, from the explicit description of the discrete spectrum of Us given in
[14], it also follows for which 7 LS(s, m x 7) does have a pole. Namely, if 7 lies in a
packet that is the endoscopic transfer with respect to &, ((1.4), which uses z~!) of an
L-packet p, X p; on U, x Uy, then

Ly(s,m) = L,(s,BC(p2) @ p~") - L (s, BC(p1)).
Combining these facts, we see that in this case,
L3(s,m x 1) = L(s, BC(ps) x BC(0)) - L*(s, BC(p1) ® BC(1o)).

The second factor has no poles and is nonzero at s = 1, since 7 is stable. The first
has a simple pole at s = 1 precisely when p, = 7. This proves Theorem 1.3.

The Corollary 1.4 to Theorem 1.3 follows directly from the arguments used in the
above proof. For clarity, we emphasize again that L5(s, 7, Asai) has a simple pole at
s = lifand only if E(s, g, f) has a simple pole at s = 1/2, for 7 an irreducible unitary
cuspidal automorphic representation of Resp/r GL(2). All of these poles contribute
to the residual spectrum of Uy. Also, if an irreducible cuspidal automorphic repre-
sentation 7 of U3 is not endoscopic, then it is stable, hence its base change to GL(3)
is cuspidal, and the Rankin—Selberg L-function L(s, m x 7) is entire. In particular, it
has no poles.
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