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The m a i n r e s u l t of this paper is the d e t e r m i n a t i o n of al l non-
i s o m o r p h i c loca l n e a r - r i n g s <N, +, •> with <N, +> = < C ( p ) X C(p), +> 
which a r e not n e a r - f i e l d s . Together with the fundamenta l pape r [6] by 
Z a s s e n h a u s on n e a r - f i e l d s and the c o r o l l a r y to T h e o r e m 1 of [2], this 

2 
pape r gives a comple t e d e s c r i p t i o n of a l l loca l n e a r - r i n g s of o r d e r p . 

We r e c a l l that a un i t a ry n e a r - r i n g N is called local if the subse t 
L of e l e m e n t s in N without left i n v e r s e s is an (N, N) - subgroup and 
N i J(N). (J(N) denotes the r a d i c a l of N given in [1] .) In [3] it was 
proved that N £ J(N) whenever L is an idea l of N. (For p r e v i o u s 
r e s u l t s concern ing local n e a r - r i n g s we re fe r the r e a d e r to [3] . ) 

In this pape r " loca l n e a r - r i n g " wil l m e a n a finite loca l n e a r - r i n g 
which is not a n e a r f ie ld . F u r t h e r m o r e , it wil l be a s s u m e d that loca l 

i i 2 

n e a r - r i n g s N of o r d e r | N | = p have addi t ive g roups i s o m o r p h i c to 
<C(p) X C(p), +> w h e r e C(p) = { 0, 1, 2, . . . , p-1} . 

In the f i r s t sec t ion we show that the local n e a r - r i n g s under 
c o n s i d e r a t i o n give r i s e to m a p s p : C(p) -> C(p) sat isfying 

(i) p(x) = 0 <=> x = 0 , 

(ii) p i s a group e n d o m o r p h i s m of <C(p)-{0} , •> 

and conve r se ly , e v e r y such m a p p d e t e r m i n e s a loca l n e a r - r i n g with 
addi t ive group i s o m o r p h i c to <C(p)X C(p), +>. We then e s t ab l i sh that 

2 
the n u m b e r of n o n - i s o m o r p h i c local n e a r - r i n g s of o r d e r p is p - 1. 

In § 2 the appa ren t ly m o r e g e n e r a l p r o b l e m of de t e rmin ing al l 
loca l n e a r - r i n g s N with | L | = p is c o n s i d e r e d . However we show 

2 
that such n e a r - r i n g s m u s t have ca rd ina l i ty p and hence have been 
d e t e r m i n e d . 

*Th i s work was suppor ted by the R e s e a r c h Foundat ion of the State 
Un ive r s i t y of New York . 
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1. Local near- r ings of order p . In this section N = <N, +, •> 

denotes a local near-r ing of order | N | = p and L denotes the set of 
elements in N which do not have left inverses in N. Since L = <L, +, •> 
is a p r o p e r idea l of N and N is not a n e a r - f i e l d , ( O ) C L C N i m p l i e s that 

<L, +> is a cyc l ic subgroup of <N, +> of o r d e r | L | - p . 

LEMMA 1 . 1 . V x € L , Lx = (0). 

P roof . A s s u m e Lx ^ (0) for x i- 0 e L. Then Lx - L and so 
t h e r e ex i s t s k ç L such that kx = - x or (1 + k)x = 0. Since 1 4 L , 

à _ 

1 + k i L which m e a n s that t h e r e is s o m e k <E N such that k( l +k) = 1. 

But then x = k( l + k)x = 0. 

If e deno tes the m u l t i p l i c a t i v e ident i ty of N then the o r d e r of 
e is p (see [2]); i . e . , e is an e l emen t of m a x i m a l o r d e r in N. 
Let (e) denote the cyc l ic subgroup of <N, +> gene ra t ed by e . It is 
c l e a r that ( e ) 0 < L , +> = (0) and s ince | ( e ) | = | L | = p we have 

LEMMA 1.2 . If (e) denotes the cycl ic g roup of N gene ra t ed by 
the m u l t i p l i c a t i v e ident i ty e then <N, +> = (e) © <L, +>. 

Let i be a g e n e r a t o r of <L, +>. With r e s p e c t to the b a s i s { e , i } 
each e l e m e n t x ç N has the unique r e p r e s e n t a t i o n x = x e + x I 

w h e r e x. ç C(p) = {0, 1, 2, p - i } 1, 2 . Thus we take 

<N, +> = <C(p) X C(p), +> w h e r e the addi t ion + on C(p) X C(p) is 
p o i n t w i s e . Hence e = < l , 0 > , I = < 0 , 1 > and L = { < 0 , x > | X € C(p)} . 

A s in [4l eve ry e l e m e n t x = < x , , x^> e N is a s s o c i a t e d with a m a t r i x 
1 2 

M(x) = 

p <x)
 P

 ( x ) i 
21 r22 i 

w h e r e p . : C(p) X C(p) -> C(p) is a mapping with p (0, 0) = 0 , 
2i ^•1 

i = 1, 2, p (1, 0) = 0 and p (1, 0) = 1. M o r e o v e r the m u l t i p l i c a t i o n * 

in N is given by 

< x 1 , x 2 > . < y 1 , y 2 > = < x l f x 2 > * M ( y ) = < x 1 y 1 + x
2 p 2 1 ( y ) ' X1Y2 + X 2 p 2 2 ( y ) > ' 
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Let y = <y , y > e N. Since L is an (N, N) - subgroup , <0, l>«<y , y > = 

< P 9 1 ( y ) ' P ? ? ^ ^ € L which imp l i e s that pZA^ = °> y e N. Using some 

r a t h e r t echn ica l l e m m a s we next show that po? = p c a n t>e cons ide red as 

a m a p with domain C(p). 

LEMMA 1 .3 . <0, 1>*<1, 1> = <0, 1>. 

P roof . Let p ( l , l ) = k whe re k € C(p). Then <0, 1>.<1, 1> = <0, k> 
and so for a l l y e C(p), <y - ky, y>«<l, 1> - <y - ky, y>. If u = <y -ky, y> 4 L 
then t h e r e ex i s t s w e N such that wu = < 1 , 0>. This in t u r n g ives <1 , 1> = 
w » u » < l , l > = w « u = < 1 , 0>. This con t rad ic t ion shows that u e L and 
hence y = ky . But s ince k e C(p), k = 1 which is the de s i r ed r e s u l t . 

LEMMA 1.4 . F o r a l l b € C(p), <0, 1> • < 1 , b> = <0, 1>. 

P roof . The r e s u l t is c l e a r if b = 0 or b = 1. We note fu r the r that 

<1 , 1> = <1 , m ^ w h e r e m ' e C(p), m 1 = m mod p . F o r if m = 2 then 

<1 , 1>.<1, 1> = < 1 , 0>*<1, 1> + <0, 1>"<1, 1> = < 1 , 1> + <0, 1> = < 1 , 2> and 

<1 , 1> = <1 , n- l>><l , 1> = < 1 , 0>«<1, 1> + (n-1) <0, 1>*<1, 1> = < 1 , n>. Then 

us ing a s soc i a t i v i t y , <0, 1>< 1, b> = <0, 1> <1 , 1> = <0, 1>. 

If r e N and r i L then for eve ry n o n - z e r o x e N, x r ^ 0; o t h e r w i s e 
-1 -1 

s ince r ^ L, r i s a unit and this imp l i e s x = x • 1 = x r r = 0 • r = 0 . 
Hence for a l l a (^ 0) e C(p), we have <0, 1>. <a, 0> = <0, k>, k M in C(p). 

_ i 
Thus for al l b 6 C(p), <0, 1>. <a, b> = <0, 1> • (<1, bk >*<a, 0>) = <0, 1> <a, 0> 
= <0, k> . This p r o v e s : 

LEMMA 1 .5 . If a ( ^ 0 ) e C(p) then <0, l>*<a, 0> = <0, k> w h e r e 
k f 0 in C(p) and for a l l b 6 C(p), <0, l> .<a, b> = <0, k>. 

F r o m L e m m a 1. 1 which shows <0, 1>«<0, b> = <0, 0> for a l l b e N 
( i . e . , p (0, b) = 0) and the p r eced ing l e m m a we see that p : <x , x > e 

C(p) X C(p) H> y € C(p) depends only on the f i r s t component and can t h e r e f o r e 
be cons ide red as a m a p p : C(p) -> C(p). M o r e o v e r the m a p p : C(p) -• C(p) 
a s soc i a t ed with the n e a r - r i n g N is independent of the choice i of g e n e r a t o r 
of L. F o r if k a l so g e n e r a t e s L then a m a p o" : C(p) -> C(p) is d e t e r m i n e d 
us ing the b a s i s { e , k } of <N, +>. With r e s p e c t to the b a s i s {e,Jl} , k = ai 
for some a e C(p) and for eve ry x e C(p), <0, a>*<x, 0> = <0, ap(x)>. With 
r e s p e c t to the b a s i s {e, k} th is s a m e p roduc t in N is <0, °"(x)>. Hence 
cr(x)k = a p ( x ) i and s ince k = ai + 0 in C(p) we have cr(x) = p (x) for a l l 
x e C(p). 

The a s s o c i a t i v i t y of the mul t ip l i ca t ion in N is equivalent to 
M(x) * M(y) = M(x * y) (see [4]) w h e r e x = <x , x > , <y , y>, z = <z , z > 
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in N which in t u r n i m p l i e s p ( x ^)* p(y ) = p(x y , ) in C(p). M o r e o v e r 

x •/ 0 in C(p) i m p l i e s x = <x , x > has a left i n v e r s e in N and thus 

t h e r e ex i s t s y = <y , y > with y x = 1 mod P and y x + y ^ p f c ^ ~- ° mod p . 

Hence o ( x , ) ^ 0 for x , f 0. We have e s t a b l i s h e d : r 1 1 
2 

THEOREM 1.6. E v e r y loca l n e a r - r i n g with c a r d i n a l i t y p d e t e r m i n e s 
a m a p p • C(p) -> C(p) which sa t i s f i e s 

(S) 
(i) p(x) = 0 <=> x = 0 , x € C(p), 

(ii) p is a group e n d o m o r p h i s m of <C(p)- {0}, »>. 

C o n v e r s e l y suppose we a r e given a m a p p : C(p) -*• C(p) which 
sa t i s f i e s condi t ions (S) of the above t h e o r e m . Using p we define a 
m u l t i p l i c a t i o n * on <N, +> = <C(p) X C(p), +> as fo l lows : 

(tt) <xi> V * <V V = <x!' x
2> 

p ( y r 

It is e a s i l y ver i f ied that * is a s s o c i a t i v e and r i gh t d i s t r i b u t i v e 
over +. M o r e o v e r <0, 0> is a two-s ided z e r o and < 1 , 0> a two-sided 
ident i ty for * . 

We a l so note that for each y - <y , y > e N the s y s t e m 

x i y i = 1 raod p 

X1Y2 + X 2 p ^ y l ' " ° m o d p 

has a unique solut ion mod p if and only if 

Y, 0 

P(y 4 ) 

y l y 2 

o P(y 1 ) 

^ 0 mod p . 
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That is, if and only if y t 0 in C(p). Hence if L denotes the set of 

elements without left inverses in N then y = <y1( y > e L if and only if 
1 2 

y = 0. It is clear that L is an (N, N)-subgroup and for x, y ç N, k e L, 

an easy computation shows x * (y + k) - x * y e L. This proves: 

THEOREM 1.7. If p : C(p)-> C(p) satisfies conditions (S) of 
Theorem 1.6 then N = <C(p) X C(p), +, *> is a local near-ring where 

+ is point-wise addition and # is given by {j-f) . 

COROLLARY 1.8. The near-ring given in the above theorem is a 
ring <=> p e End (<C(p), +>). 

Proof. Let x, y, z € N, x = <x, , x >, y = <y t, y > and z = <z t, z >. 
1 2 1 2 1 2 

Then x * ( y + z ) = x * y + x * z <=> <x , x > * (y + z , y + z > = 

< X l ' X 2 > * < y i ' y 2 > + < X 1 ' X 2 > > ! < < Z 1 , Z 2 > ; i , e " < = > < X l ( y i + z l ) ' 

x1(y2 +z 2 ) +x 2 p( y i +Z l)> = < x i y i , x l Y z +x 2p( y i)> +< X l z l f X l z 2 +x 2p(Z l)>. 

But this is true if and only if p (y ) + p(z ) •= p(y + z ) . 

2 
Theorems 1.6 and 1.7 show that every local near-ring of order p 

determines a function p : C(p) -* C(p) satisfying certain conditions (S) 
and conversely every such function determines a local near-ring of order 
2 

p . We next show there exists a bijection between the set of functions 

satisfying (S) and the set of isomorphic classes of local near-rings of 

, 2 
order p . 

LEMMA 1.9. Every map p : C(p) -*• C(p) satisfying conditions (S) 

determines a set of isomorphic local near-rings. 

2 
Proof. Let N and N be local near-rings of order p with 

multiplications * and * respectively, given by p . Let e. denote 
i ù i 

the identity of N. and £. a generator of L. in N., i = 1,2. The map 

0 : N -> N given by 0 (e ) = e and 0(i ) = I is a group isomorphism. 

It remains to show that 0 is a near-ring homomorphism. To this end 
let x = x e + x i and y = y e + y J in N . Then x * y = 

J- i. Ct 1 1 1 Ci u X. \ 

X i y i 6 l + ( X1Y2 + X 2 P ( y l ) M l a n d 0 ( X *1 y ) = X i y i 6 2 + ( X1Y2 + X 2 P ( y i ) ) i 2 = 

0 (x) * 2 0 (y). 

Let N = <N . +, * >, N E <N O , +, * > and 0 : N -> N be a 
1 1 1 2 2 2 1 2 

near-ring isomorphism. Suppose further that * . determines pi , 
i x 

i = 1,2. As observed above, p£ is independent of the choice of generator 

of L and so without loss of generality we use {e , 0(i )} as a basis' of 
^ 2 1 
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<N , +> w h e r e {et,JLt\ is a b a s i s of <N , +>. Hence 0(<1,O>) = 
2 1 1 1 

< 1 , 0> € N and 0 (<0, 1>) = <0, 1> € N9 . Thus for e v e r y x e C(p) , 
2 ^ 

<0, p (x)> = 0(<O, p (x)>) = 0(<O, 1> * <x, 0>) = 0(<O, 1>) * 0(<x, 0>) = 

<0, 1> * <x, 0> = <0, p (x)>; i . e . , p = n . Toge the r with L e m m a 1.9 

this e s t a b l i s h e s : 

THEOREM 1 .10 . Jf N = < N , +, * > a r e loca l n e a r r i n g s of o r d e r 
2 - i i i 

p w h e r e *. d e t e r m i n e s p . , i = l , 2 then N, == N <=> p , = p^ . 
l r i 1 2 r l r 2 

Thus , to d e t e r m i n e the n u m b e r of n o n - i s o m o r p h i c loca l n e a r - r i n g s 
<N, +, • > with <N, +> =<C(p) X C(p), +> , which a r e not n e a r - f i e l d s , 
i t suffices to find the n u m b e r of m a p s p : C(p) -*• C(p) sa t i s fying condi t ions 
(S). This is p r e c i s e l y the c a r d i n a l i t y of End (<C(p) - {0} , •>) which is 
we l l -known to be p - 1 ([5]). 

COROLLARY 1 . 1 1 . Up to i s o m o r p h i s m there a r e p - 1 loca l n e a r -
r i n g s N = <N, +, •> with addi t ive group i s o m o r p h i c to <C(p) X C(p), +> 
which a r e not n e a r - f i e l d s . 

In p a r t i c u l a r , loca l n e a r - r i n g s N of c a r d i n a l i t y | N | = 4 which 
a r e not n e a r - f i e l d s a r e loca l r i n g s . F o r p > 3 the m a p s p : C(p) -> C(p) 
given by 

)(x) 

0 , 

o t h e r w i s e , 

2 
d e t e r m i n e loca l n e a r - r i n g s of o r d e r s p which a r e not r i n g s . 

2 . F in i t e loca l n e a r - r i n g s with | L | = p . Let y be an a r b i t r a r y 
e l e m e n t of a n e a r - r i n g N. It is eas i ly ver i f ied that the left ann ih i l a to r 
of y, A (y) = {x € N | xy = 0} , is a left i dea l of N. 

Let N denote a f ini te loca l n e a r - r i n g (not a near - f ie ld ) and let 
y e L, y ^ 0. The m a p 0 : N -• Ny given by 6 (x) = xy, x e N is an 

N - e p i m o r p h i s m of N and Ker 9 = A (y). Hence N , ^ Ny and 

consequen t ly | N | = | A (y) | * | Ny | . But y e L i m p l i e s Ny C L and 

s ince A (y) i N we have A (y) C L . This p r o v e s : 

THEOREM 2 . 1 . ]£ N is a f inite loca l n e a r - r i n g which is not a 
o 

n e a r - f i e l d then | N | < | L | . 
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COROLLARY 2 . 2 . | L | = p <=> | N | = p 2 . 

P roof . If | N| = p then | L | = p s ince we a r e a s s u m i n g | L | > 1. 
2 2 

Conve r se ly if | L | = p then | N | < p imp l i e s | N | = p s ince we know 

| N | = p for some pos i t ive in teger n. 

Hence our r e s u l t s of § 1 d e t e r m i n e al l loca l n e a r - r i n g s N with 
| L | = p which a r e not n e a r - f i e l d s . 

COROLLARY 2. 3 . If N is a finite local n e a r - r i n g with | L | = p 
then < N , +> is an abe l ian g roup . 
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