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Abstract

We study the distribution of the orbits of real numbers under the beta-transformation 7 for any 5 > 1.
More precisely, for any real number 8 > 1 and a positive function ¢ : N — R*, we determine the Lebesgue
measure and the Hausdorff dimension of the following set:

E(Tg, @) ={(x,y) €[0,1] x[0,1] : |Tl’;x —y| < ¢(n) for infinitely many n € N}.
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1. Introduction

In 1957, Rényi [13] introduced the beta-expansions of real numbers as a generalisation
of the familiar integer base expansions. Since then, the study of the beta-expansion has
attracted considerable interest. The corresponding beta-dynamical system has recently
received much attention. One of the most important problems of the beta-dynamical
system is to study the distribution of the orbits.

Let 8 > 1 be a real number and T : [0, 1] — [0, 1] the transformation defined by

Tp(x) =Bx (mod 1) forany x € [0, 1].

This map generates the beta-dynamical system ([0, 1], 7). Since T} is ergodic for the
well-known Parry measure vz on [0, 1] (see Section 2), equivalent to the Lebesgue
measure £, Birkhoff’s ergodic theorem yields that for £-almost all x € [0, 1], the orbit
is normally distributed in [0, 1] with respect to vg. Therefore, for any x, € [0, 1] and
L-almost all x € [0, 1],

liminf|Tzx — xo| = 0. (1.1)

n—oo

It is a natural question to ask about the speed of convergence in (1.1). This leads to
the study of the Diophantine properties of the orbits in the beta-dynamical system
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in analogy with the classical theory of Diophantine approximation. This study
contributes to a better understanding of the distribution of the orbits in the beta-
dynamical system.

In 1967, Philipp [12] proved that for any § > 1, the transformation T is not only
strongly mixing, but also the dynamical Borel-Cantelli lemma holds. More precisely,
given a sequence of balls {B(xy, r,,)},>1 With centre x( € [0, 1] and shrinking radius
{}" n }nzl ) let

D(Tg, {ra}ns1,X0) = {x € [0, 1] : ITg‘x — xo| < ry, for infinitely many n € N}.
Philipp proved that

+00
0 if Z Fo < 400,
n=1

+00
1 if Z r, = +0o.
n=1

This is a typical example of the shrinking target problem [6] related to the Diophantine
properties of the orbits in a dynamical system.

In the case that ),'°] r, < +oo, the set D(Tg, {r4}n=1, X0) consists of points whose
orbits have good approximation properties near the point xy and has null measure.
Inspired by the Jarnik—Besicovitch theorem [1, 7], Shen and Wang [17] studied the
Hausdorff dimension of the set D(Tg, {r,},21, Xo) when + ra < +00, and found that
its size is related to the sequence {r,},>; in the sense that

L(D(Tg, {ru}n=1,X0)) =

logg 1"

1
dimgy D(T/g, {ru}ns1,x0) = —— with @ = liminf

1+a n—co
Notice that in the above results about D(Tg, {r,},>1, X0), the point xy is always
assumed to be fixed. One can then ask, what will happen if the point x; is not fixed?
In particular, what can one say about the metric properties of the set

{(x,y) €[0,1] x[0,1]: |Tgx —y| < r,, for infinitely many n € N}

in the sense of measure and in the sense of dimension? Let 8 > 1 be any real number
and let ¢ : N — R* be a positive function. In this note, we determine the Lebesgue
measure and the Hausdorff dimension of the set

E(Tg,¢) ={(x,y) €[0,1] x [0, 1] : |T[’;x —y| < ¢(n) for infinitely many n € N}.
The main results are the following theorems.

TueoreMm 1.1. Let ¢ : N — R* be a positive function. For any 8> 1,

0 if Z p(n) < +co,
LAE(Tg, ¢) = .
L ) gln) = +oo,

n=1

where L? denotes the two-dimensional Lebesgue measure.
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Tueorem 1.2. Let ¢ : N — R* be a positive function with Y’ ¢(n) < +oo. For any

B>1,

-1
dimy E(Tg, ) =1 + ! ,  Where a =lim infw.
1+a n—o00 n
We would like to make a remark about our motivation. Besides the Jarnik—
Besicovitch theorem, many classical results of metric Diophantine approximation can
find their traces in the beta-dynamical system. For any xo € [0, 1] and ¢ : N —» R* a
nonincreasing positive function, let

FQp, x0) = {x € [0,1] : |[nx — x0|| < Y(n) for infinitely many n € N},

where ||x]| denotes the distance of the real number x to the closest integer. By appealing
to Schmidt’s very general form of the Khintchine—Groshev theorem (see [15] and
[16]), the Lebesgue measure of F (i, xo) can be determined by

0 if ) y(n) < +oo,

LF(W, x0)) = "
1 if Z W(n) = +oo.

n=1

In the case ), % ¥(n) < +oo, Levesley [8] proved a general inhomogeneous Jarnik—
Besicovitch theorem, namely
()

2 1
dimy F(J, x0) = ——  with y = liminf ~&2
1+vy n—oo logn

When the point x is no longer assumed to be fixed, Dodson [3] studied the set
f(w) ={(x,y) €[0,1] x [0, 1] : |[nx — ¥|| < ¥(n) for infinitely many n € N}
and proved that

-1
_ Jim inf 128¥ "

~ 2
dimy F(Y) =1+ —— withy
1+vy n—00 logn

The above discussion indicates that there is a natural correspondence between the
metrical properties of the sets in metric Diophantine approximation and those for the
beta-dynamical Diophantine approximation.

For more results related to the orbits in the beta-dynamical system, the reader is
referred to the papers of Schmeling [14], Persson and Schmeling [11], Tan and Wang
[18], Li et al. [9] and the references therein.

The rest of this paper is organised as follows: in the next section, we give some
basic facts about beta-expansion and the beta-dynamical system. Theorems 1.1 and
1.2 will be proved in the last section.
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2. Properties of beta-expansion and the beta-dynamical system

Let 8 > 1 be a real number. The beta-expansion of a real number x € [0, 1] in base 8
is an infinite sequence &(x, 8) = (g1(x,5), £2(x, B), . ..) of integers with 0 < g;(x,8) <
for all i, defined by

&i(x,B) = LﬂTé_li foralli>1,

where | x| denotes the integral part of the real number x.
For any x € [0, 1] and n € N, by the definition of beta-expansion (see [13]),

awh)  awph | awp T

. 2.1
B B B B
Let QZ ={0,1,...,[ B} forall n € N and
ZZ ={(e1,...,&y) € Q/’; : there exists x € [0, 1] such that g;(x,8) = g; forall 1 <i < n}.
Lemma 2.1 [13]. Forany 8> 1,
n+1
B <H#Sp < £
B—1
where # denotes the cardinality of a finite set.
Foranyn e Nand w = (wy,...,w,) € EE, write
L(w)={x€[0,1]: &(x,B) =w; forall 1 <i<nj;
then
(011 = fu(w). 22)

wEZ;

For the corresponding beta-dynamical system, it is well known (see, for example,
[2, 5, 10, 13]) that for any real number 8 > 1, there exists a unique probability measure
vg, equivalent to the Lebesgue measure .L on [0, 1], which is invariant under the beta-
transformation 7. Moreover, the transformation T is ergodic for the measure vg,
which is usually called the Parry measure.

3. Inhomogeneous Diophantine approximation

Proor oF TueoreM 1.1. Fix an arbitrary point y € [0, 1]. We consider the sequence of
balls {B(y, ¢(n))}y=1. Let

D(Tp, {p(m)}z1,y) = {x € [0, 1] : [Tzx = y| < ¢(n) for infinitely many n € NJ.
By Philipp’s result (see Section 1),

0 if Z p(n) < +oo,

LID(Tp, (M1, ) = g
1 if Z p(n) = 400,

n=1
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Thus, if we write £ = E(Tg, ¢) and Dy = D(T, {¢(n)},»1,y) for simplicity, by using
Fubini’s theorem,

1l N 1
LYE) = f f xe((x,y)dxdy = f f Xp,(x)dxdy = f L(Dy)dy,
0 Jo 0 Jo 0

where y4 is the characteristic function of the set A. Therefore,

+00
0 if > @(n) < +oo,

LAE(Tp.9) = LXE) = e
1 if ) g(n) = +oo. 0
n=1
In the case Y%} ¢(n) < +o0, by the result of Shen and Wang (see Section 1), for any
yel[0,1],
1 logg @(n)™!
dimy D(Tg, {¢(n)}y>1,y) = —— with @ = liminf gﬁL
1+« n—co n

Then [4, Corollary 7.12] implies that

1
dimy E(Ts,0) > 1 + .
imy E(Tg, ¢) 7 a

Therefore, in order to prove Theorem 1.2, we only need to prove that

1
dimy E(Tg, ) <1+ .
imyy E(Ty0) < 1+ -—

Proor or TheorEM 1.2. For simplicity, we write E = E(Tg, ¢). For all n € N, let

Ep ={(x,y) € [0, 1] X [0,1] : [Tgx — y| < p(n)};

E= ﬁ 0 E,. (3.1)

N=1 n=N

then

For all n €N, let J,(i) = [ip(n)/B", (i + De(m)/B"] N[0, 1] for all 0 <i<
LB"/¢(n)]. Then
0.1=[J %o
O<i< /()
Thus, by (2.2),
0.10x0,10={) ) &Lx5L.

WeX} 0<i<| B /p(n)]

Therefore,

Eq= U U {(x,y) € L(w) X Jy(i) : | Tjx = ¥l < ().
weZy; 0<i<| B"/p(n)]
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Given w € EZ and 0 <i<|B"/¢(n)] and any x € I,(w) and y € J,,(i), if (x,y) € E,,

then
ig(n) p(n)
Thx — slT"x—y|+’y p(n)
B B B ﬁ B!
Hence,
_ ip(n)
E, <240
wLE-J” 0<i<| B /p(n)] F
7 O<is
_ LGOI 2¢(n)} x J,,(i)). (3.2)
wez 0<i<| B/ p(n)) P

Notice that for any w = (w1, ws, ..., wy) € ZZ and x € I,(w), by (2.1),

w; Wy Wy, T/’;x
X:—+—2+"'+7+ wal
B B BB
Then
j 4
{ n_ W) _ Zso(n)} < so(n),
B B
where |A| denotes the diameter of the set A. Thus, for any w € ZZ and0<i<|B"/o(n)],
1 5
{ —l‘p()<2()x1()‘ #n) (3.3)
B
By (3.1) and (3.2), it is clear that for any N € N, the family
_ ip(n)

< 2g0(n)} XJu()):nzNweXs0<is LDIEZ)J}

i >

is a cover of the set E. Recall that a = liminf,_ (logﬁ @(n)~'/n). Thus, for any
s>14+ 1/ + a)), by (3.1)~(3.3) and Lemma 2.1,

H(E) < liminf y > { - W(: !l < Z‘P(”‘)}
N—eo n>N we):.z 0<i<| B /p(n)] ﬁ
5 s
<liminf ) %N (M)
N=eo nzN weX 0<i<| B /o)) ﬁ
n+1 n s
< liminf B . 25 '(5¢(n)) < +o00.
N—oo nzNﬁ -1 ¢(n) B
This gives that
1
E(T, = E<1l+——
dlmH ( B> QD) dimpy + 1+a =
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