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Bump Functions with Holder Derivatives

Thierry Gaspari

Abstract. 'We study the range of the gradients of a C!**-smooth bump function defined on a Banach
space. We find that this set must satisfy two geometrical conditions: It can not be too flat and it
satisfies a strong compactness condition with respect to an appropriate distance. These notions are
defined precisely below. With these results we illustrate the differences with the case of C!-smooth
bump functions. Finally, we give a sufficient condition on a subset of X* so that it is the set of the
gradients of a C1"!-smooth bump function. In particular, if X is an infinite dimensional Banach space
with a C!!-smooth bump function, then any convex open bounded subset of X* containing 0 is the
set of the gradients of a C!*! -smooth bump function.

1 Introduction

A function from a Banach space X to R with a bounded nonempty support is called
a bump. For a € ]0,1] we say that a map with bounded support g: X — X* is
Holder(«) if there exists K > 0 with ||g(y) — g(x)|| < K[|y — x||* for all (x, y) € X>.
We then denote by w,(g) the smallest constant K satisfying the above inequality. A
Holder(1) map g is just a Lipschitzian map and then w;(g) is Lip(g). We say that a
function f: X — Ris C**-smooth if f is C'-smooth and f’ is Hélder(«r). We define

8o ={f'(X); f: X — RisaC"*-smooth bump},

§={f'(X); f: X — RisaC"'-smooth bump}.

We notice that these sets can be empty. In fact, there exists a € ]0, 1] such that §,
is not empty if and only if X is superreflexive. This follows from Lemma IV.5.3 and
Theorem V.3.2 of [6]. The set § has been studied by many authors during the last
years. A set F in § is a connected subset of X*, compact if X is finite dimensional and
analytic if X is infinite dimensional. Moreover, it can be proved, with Ekeland’s vari-
ational principle ([6], Theorem 1.2.4), that the norm closure of F is a neighbourhood
of 0. It was shown by D. Azagra and R. Deville in [1] that X* € 8, provided X is an in-
finite dimensional Banach space which admits a C!-smooth and Lipschitzian bump.
Sufficient conditions on bounded closed subsets of X* to be in § were obtained by
J. M. Borwein, M. Fabian and P. D. Loewen in [4] when X is infinite dimensional,
and by the same authors and I. Kortezov in [3] in the finite dimensional case. These
results have been improved by D. Azagra, M. Fabian and M. Jimenez-Sevilla in [2].
The results of [2] will be detailed in the following of this paper. If X is infinite dimen-
sional, there exist analytic subsets of X*, neither closed nor open, which belong to S.
This was first done for convex sets by T. Gaspari in [8] and then with more general
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conditions by M. Fabian, O. Kalenda and J. Kolaf in [7]. We recall the extension of
Darboux’s theorem by J. Maly in [10]: If f: X — R is Fréchet differentiable, then
f’(X) is connected. This property does not remain true if the function is not real val-
ued, as remarked in Problem 8.5.4 in [5] (see also [10] and [12]). We now introduce
some notations.

B(x, r) denotes the closed ball of center x and radius r, S(x,r) is the sphere of
center x and radius r. We sometimes write By instead of B(0, 1). The convex hull of
a set M will be denoted by co(M). We recall that a function f: X — R is said to be
Fréchet differentiable at x, € X if there exists f’(x,) in X* such that
[l +h) = flxo) = f'Gxo)(B) _

lim
h—0 [|A]]

0.

Then f'(xo) is called the derivative, or the gradient, of f at xo. The set f'(X) =
{f'(x) ; x € X} is the range of the derivative of f. If f is a function from X to IR, the
support of f is Supp(f) = {x € X : f(x) # 0}. As said before, f is called a bump if
its support is nonempty and bounded.

The symbol N means the set {1,2,...}. We denote by N<V the set of finite se-
quences of natural numbers and NV the set of infinite sequences of natural num-

bers. If s = (s1,...,s1) € NV, k is called the length of s and we write k = |s|.
Ifk > 2weputs. = (s,...,51). Ifj e {1,....k},s|j = (s1,...,5). If
r=(r1,...,rm) €E NN thens'r = (s;,...,5,7,....,1m). Ifoc = (0j)j>1 € NN and

j€N,thenolj = (01,...,0).

Section 2 is devoted to the study of 8. Sufficient conditions on closed subsets of X*
so that they belong to 8§ have been obtained by D. Azagra, M. Fabian and M. Jimenez-
Sevilla in [2]. We observe in our two results of Section 2 that these conditions are
almost optimal.

In Section 3 we study the sets S, o € ]0, 1] and their differences with 8. We find
two necessary conditions on a subset A of X* containing 0 so that it belongs to 8,,.
The first one deals with the a-flatness of A.

Definition 1.1

(i) Fu(A) =sup { [Fag=as (L e) € R**? such that there exist z* € A and e € Sy
with B(z",) N{y* € A5 |(y* —z",¢)| = e} =02
and 0 ¢ B(z*,) N {y* € A; |(y* —z*,¢)| < e}}.

(i) F,(A) is called the a-flatness of A.

This definition is not translation-invariant, hence we should have called it the «-flat-
ness of the set A according to the point 0. But for clarity we will simply write the
a-flatness of the set A. The following picture illustrates the meaning of the flatness.
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We prove thatif A € S, then the a-flatness of A is finite (Theorem 3.1).
For the second condition we need the following definitions. If y: [0,1] — X* is
continuous we define, for o € ]0, 1], the a-length of v by

n

() =sup { (D Iyt —vti)l|7) “sneN0=tg <ty <+ <t =1}.

i=1

When a = 1, IV(y) is the usual length of the arc ([0, 1]) and will be written (7).
Now, for x and y in A we define

dff) (x,9) = inf{ l(“)('y) ;7: [0,1] — Ais continuous and (y(0), v(1)) = (x, y)} .

Clearly, for all a € ]0, 1], dﬁf) is a distance on A and we have, forall0 < < a < 1,
dff) (x,9) < dff) (x, y). For n > 1 we define the index

M) = sup {inf{d (i) 51 <0 < j<n}}
(ylw---:)/n)eA”

which measures the degree of precompactness of A for the distance dﬁf). In particular
the condition M{®)(A) — 0 means that A equipped with the metric d;f‘) is precom-
pact. If & = 1 we will write da(x, y) = dgl)(x, y) and M,,(A) = MV (A). In Theorem
3.2 we obtain that if A € §, and X is finite dimensional, then M,(f‘) (A) = O(n—*/9)
with d = dimX. When X is infinite dimensional we obtain that (Mff‘)(A)),1 is
bounded. Finally, with the results of Section 2 and Section 3 we construct subsets
of X* which are in 8§ but not in §,.

In the last section we find a sufficient condition to be in §; when X is an infinite
dimensional separable Banach space (Theorem 4.1). In particular we show that if
there exists a C1!-smooth bump on X, then any convex open bounded subset of X*
containing 0 belongs to &;.

2 The Set S

First, if A is a subset of X* we define, for x and y in A,
palx,y) = inf{ diam(~([0,1])) ;5 v: [0,1] — A is continuous
and (7(0), y(1)) = (x, )} .
Then p, is a distance on A and if 0 < & < 1, pa(x,y) < dﬁf)(x, y). Forn > 1 we
denote

R,(A) = sup {inf{pa(yi,y));1<i<j<n}}.

The condition R,(A) — 0 means that A equipped with the metric py4 is precompact.
We notice that foralln € Nand 0 < o < 1, R,(A) < M,(f‘) (A).
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Theorem 2.1 Let X be a finite dimensional Banach space and U be a connected open
subset of X* containing 0. We consider the following assertions:

(i) U es.
(iii) lim,_, 00 Ry(U) = 0.

Then (i) = (ii) = (iii).

Proof Step 1: lim, . o R,(U) =0 = U € 8. We fixe > 0. There exists N € N
such that Ry(U) < e. Let (y7)ier be a maximal set in U with the property that
foralli,j € I'withi # j, pu(y;,yj) = €. By the choice of N, Card(I) < N.
Then, by maximality, (y});c; is a finite e-net in U for the distance py. Fori € I
we define V; = {z* € U ; py(z*, y¥) < €}. Then (V)¢ is a finite family of open
connected subsets of U, covering U, each one with diameter less than €. According to
Theorem 2.4 of [2] this implies the existence of b: X — R a C!-smooth bump such
that b’ (X) = U.

Step2: U € § = lim, 4o R,(U) = 0. Let b: X — R be a C'-smooth bump with
b'(X) = U. We fix e > 0. Since X is finite dimensional, b’ is uniformly continuous
on Supp(b) and hence we find § > 0 such that ||b’(x) — b'(y)|| < eif ||x — y|| < 6.
We take a finite §-net in Supp(b) for the norm. Then its range by b’ is a finite e-net
in U for the metric pg. We call N its cardinal; then Ry (U) < 2e. Since (R,(U)), is
decreasing, this proves that lim,, .., R,(U) = 0. [ |

The conditions are not equivalent since there exists an open subset A of R? satis-
fying (iii) but not (i). Here is a representation of such a set:

(—0.2,1) (2,1)

0 I I i | l l
) (

2,—0.2)

(—0.2, =02

A is the open rectangle without the black pieces. Clearly lim,, .o, R,(A) = 0 whereas
R,(A) > 1forall n > 1. We do not know if A is in 8. In infinite dimensions we have:

Theorem 2.2  Let X be a infinite dimensional Banach space with a separable dual and
U be a connected open subset of X* containing 0. Let us consider the following assertions:

(i)  Forall y* € U, there exists a continuous path from 0 to y* through points of U.
(i) U €Ss.
(iii) For all y* € U, there exists a continuous path from 0 to y* through points of U.

Then (i) = (i) = (iii).

https://doi.org/10.4153/CJM-2004-032-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-032-3

Bump Functions with Holder Derivatives 703

Proof The difficult implication (i) = (ii) has been proved in [2, Theorem 2.3]. Let
us prove that (ii) = (iii). Let y* € U = b’(X). There exist xy and x in X such that
b’(xo) = 0and b’(x) = y*. Then the path ~ defined by v(¢) = b'(tx + (1 — t)xo),
t € [0, 1], is a continuous path from 0 to y* through points of b’(X) = U. ]

The previous example shows that (iii) and (i) are not equivalent. Indeed the point
(2,1) can be joined to 0 by a continuous path in the closure of A, but there is no
continuous path from 0 to it through points of A.

We remark that, if X = R? with d € N, the positive results deal only with subsets
of R? which are the closure of their interior. In fact, it is an open question if this
condition is necessary. This question was written in [3] and was partially answered
in [8] where it was proved that if f: R* — R is a C*-smooth bump, then f’(R?) is
the closure of its interior. J. Kolar and J. Kristensen have recently proved the same
result with weaker assumptions on the regularity of f: R — R (see [9]). On the
other hand, L. Rifford has shown in [11] that if f: R? — Ris a C*'-smooth bump,
then f’ (R4) is the closure of its interior.

Now we give an example from [8] which illustrates the differences between the
finite and the infinite dimensional cases. Let H be a separable Hilbert space and
define

Pl :(]—1,2[ X ]—1,0[)U(]1,2[ X ]_171[)7

Py=({J127 #4279 =87927 . +2794879) x [0,1[ (comb’s teeth)

and

P=((-2,0)+(P,UPy)) X intBy.

The comb in R2.

Then the comb P is an open subset of X = R? x H. If dim H = +oo then P € § since
P satisfies the condition (i) in Theorem 2.2. But if H is finite dimensional, P ¢ §.
Indeed R, (P) > 1 for all n and so P does not satisfy (iii) of Theorem 2.1.

3 Necessary Conditions to Be in S,

Theorem 3.1 Let X be a Banach space, A be a subset of X* and o € 10, 1]. IfA € 8,
then F,(A) < +oc.
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Proof Let f bea C'“-smooth bump such that f'(X) = A and Supp(f) C Bx. We
are going to prove that

4.«
FulA) < 3(5) (1+ o) wa (f").
We fix f/(x0) € A, e; € Sx, 1> 0and e > 0 such that

B(f'(xo0), DN {y" € A5 [(y" = f'(x0),e1)| =€} = @

(3.1)

and 0¢ B(f'(x0),D)N{y* € A5 |{y* — f(x0),e1)] <e}.
We will show that
(3.2) wolf') > 3—1(%)”‘(1 + o)~ () rag—a,

In the following we write w = w,(f’). We take § € (0, 1) and we define
C = B(f'(x0),0) N {y* € X*; |(y* — f'(x0),e1)| < e}and D = f’_l(C).

Since f”(xy) € C, xo belongs to D. Now 0 ¢ C, hence D is a subset of Supp(f) C By.
So we can define s = sup{t > 0 ; [xp, %o + fe;] C int D} and notice that s < 2. We
denote

X1 = Xo + sey.

Then x; € 0D = ([’ ~1(C)), and it follows with the continuity of f’ that
f1) € 0C = (9B(F/ (), 0D N {y" € X" 5 |{y" = f'(x0), )| < <}
U (BU Go,aD 0y € X751 = £ )] = €}).

Now f(x;) € Aand AN (B(f'(x0), D) N{y* € X* 5 |(y* — f'(x0), &1)| = £}) = &,
because of (3.1). Therefore f'(x;) € OB(f'(xy), 1) and so

I f'Ger) = f'(xo)|| = Ol
Now we fix 5 € (0,6) and e; € Sy with (f'(x;) — f'(x0),e2) = Bl. We put ¢ =
('yl/w)l/", where « is taken in (0, 1 — ¢). The numbers §, 3 and -y will be optimized
at the end of the proof. We denote

X) = X1 +cep and X3 = Xp + ce; = X — seq,
z1 = (f'(x0), e1) and 2z, = (f'(x0), e2).

Then we have

(3.3) [f(x2) — f(x1) — za¢] < [f(x2) — fx3) — zis| + | f(x3) — f(x0) — 2ac]
+ ‘f(X()) — f(xl) + Z]S‘.
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We are going to apply the mean value theorem on each side of the parallelogram
(x0,x1,%2,x3). This will give an estimation of each member in the inequality (3.3),
and then we will prove (3.2).

First we apply the mean value theorem to the function g,(t) = f(x; + te;) — zot,
t € [0, c] and we obtain t; in this interval such that

fx2) = f(x1) — zac = g{(to)c = (f'(x1 + toe2) — f'(x0), e2)c.
Now, if x € [x;, x,], we have
[(f'(x) = f'(x0), )| = [{f"(x1) — f'(x0),€2)] = || f' (1) — f'(x)]]
> Ol —wl|x —x1||* > (B =)L

With this inequality we get
(3.4) |f(x2) = f(x1) — zac] = (B —)le.

If x € [x3,x,] then |(f'(x) — f'(x0),e1)| < €. Indeed let x = x3 + te; € [x3,x;]
with t € [0,s]. If we put w = xq + te; = x — cey, then w € D hence f'(w) € C.
Moreover, for all y € [w,x], || f'(y) — f'(W)|| < w|ly — w||* < we® < 4l. Therefore
f'([w,x]) C B(f’(x0), 61+~1) C B(f'(x0), 1), sincey € (0,1—45). Then f'([w,x])N
{r* € A; |{(y* = f'(x0),e1)| = e} = @. Recall that f’ is continuous, thus f'([w, x])
is connected. Since f'(w) € CNA C {y* € A; |[(y* — f'(x0),e1)| < e}, f'(Iw,x]) is
also included in {y* € A; |(y* — f'(x0),e1)| < e}. Thus |{f'(x) — f'(x0), e1)| < €.
With the mean value theorem applied to the function g () = f(x; + te;) — zit,
t € [0,s], we obtain that

(3.5) |f(x2) — f(x3) — z15] < e

Forall x € [x0, ], |(f/(x) = f(x0), e2)| < wllxs — x| < 4L Then the mean
value theorem gives that

(3.6) |f(x3) — f(x0) — zo¢] < Ale.

We now apply the mean value theorem to the function g;(t) = z;t — f(xo + tey),
t € [0,s]. It gives ; € [0, s] such that g5(s) — g3(0) = gj(#1)s. Consequently

[f(x0) — f(x1) +z1s| = |g5(t1)s] = |(f' (x0), e1) — (f'(x0 + t1e1), €1)|s
= [(f"(x0 + t1e1) — f'(x0), e1)]s.

But xy + t1e; € D, hence f'(x + t1e;) € C. Thus we obtain that
(3.7) |f(x0) — flox1) + 21| < es.
Now we use the inequalities (3.4), (3.5), (3.6) and (3.7) in (3.3) and we get

(B—lc<es+vlc+es <4de+~ic
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and hence (ﬂ—Zv)l(wl/w)ﬁ < 4e. Wechoose d € (0,1),8 € (0,6) and~y € (0,1-9)
to maximize (3 — 2y)“. For this we put

o
|

3(1+ ),ﬁ dandy —1-6

and we obtain
w > ll+a(45)—a3—laa(l + a)—(lJr(y).

This gives (3.2) and this proves that
4,0 I+
F.(A) < 3(—) 1+a) ™ w.
o

In particular F,(A) < +o0. [ |

This theorem allows us to build simple examples of subsets of X* which are in the set
S butnotin §,.

Example 1: The drop too flat. We fix o € ]0, 1] and a Hilbert space H and we build
a subset of R? x H which is in 8 but not in Uﬁe]a,l] S3. We put

1 y
Dy = (BRz U{lx,y)5y € [5,2] x| < Col2 - y)1+1/(1}) « By

with C, = 21/@3=0+1/®)_ Here is a representation of the drop D, in the two-dimen-
sional case.

If B € Ja, 1], F3(D,) = +oo, since the quotient y'+7/(y1*1/@)f = y1=F/% goes to
+00 when y goes to 0. Therefore, for all 3 € ]a, 1], D, ¢ S3. However D, € § since
D, satisfies the conditions (i) in Theorems 2.1 and 2.2.

Example 2: The comb with flat broken teeth. We construct a comb in R? x H which
is in § but not in any 8, because its teeth are too flat. For n > 1 we denote

= [—1+Zzl k 1*221 kyo- } x [471, 47 + 072,

C=(([-1,1] x =47, a7 "D JJ Dw) x By.

n>1

https://doi.org/10.4153/CJM-2004-032-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-032-3

Bump Functions with Holder Derivatives 707

Then, for all @ € ]0, 1], F,(C) = +o0, since the quotient (n~2)'"*/(27")* goes to
infinity when n — +o00. Now C satisfies the conditions (i) of Theorems 2.1 and 2.2.
Consequently, C € $butC ¢ (J,¢)9.) Sa-

We now establish the second necessary condition which is an adaptation of the
condition (iii) in Theorem 2.1 in the case of Holder derivatives.

Theorem 3.2  Let X be a Banach space, A be a subset of X* and o € 10,1]. IfA € §,
and dimX = d < +oo, then

M{(A) = O(n=/9).
IfA € S, and X is infinite dimensional, then the sequence (M,S“)(A))n is bounded.

Proof Letb: X — RbeaC"*-smooth bump such that b’(X) = A. We can suppose
that Supp(b) C Bx. We fix n > 1, we take (y{, ..., y;) in A" and we write

M= inf{df,f")(yf,y;‘) ;1<i<j<n}

Foralli € {1,...,n}, there exists x; € Bx with b’(x;) = y7. We fix i and j and we
denote by ; j the path defined by v; ;(t) = b’((1 — t)x; + tx;), t € [0,1]. Then

n

Dy ) < sup{ (D IB'((1 = )i + i) — B'((1 = ti1)x; + 1))
k=1

1\«
« N
) s

I’lGN,OZt0<t1<"'<tn:1}

n

< sup { (D (@a It = 1) = %))

k=1
nEN,O=t0<t1<-~-<tn:1}
n
1 «
< sup{ (wa®)® i = x| > (e — 1)) " 5
k=1
neN,0=1t <t <"'<tn:1}

< W(y(b/)Hxi - xj”a'
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Thus
M < wo(b")inf{||x; —xj[|*;1 <i<j<n}

We first assume d = dim X < +oo and we put 5 = inf{||x; —x;j[|* ;1 < i < j < n}.
Then the disjoint union of the B(x;,27!3%),1 < i < n, isincluded in (1+2~'3%+)By,
and then n(27!3%)? < (1 +2713%)%. It follows that

and hence M < wa(b’)(Z/ﬁ — 1), Finally, M®)(A) = O(n=%/%). Now, if d = +00,
inf{||xi — xj|| ; 1 <i < j < n} <2andhence M < 2%, (b’). Thus the sequence
(M,(f’)(A))n is bounded. [ |

Example 3: The spiral with infinite a-length. For all o €]0, 1] there exists a set V,
with a finite a-flatness such that Mff) (Vo) = 400 for all n € N. For example we can
take

l —_—
To = (—5,0) + U(B" UC,) where
n>0
B, = [amarﬁl] X [_an — En+l, —an Tt €n+1]a

C,= [anJrl — Entl1;An41 T EnJrl] X [_am _aﬂ+1]7

n
a=0, a,= Z(—l)kilk*“ and ¢, = %nil*“ forn > 1.
k=1

Then T, is a spiral in R? which contains 0 and has an infinite a-length, since

Z |an1 — an|% = +00.

n>1

@

If H is a Hilbert space we define V, = T, x By. Since the distance dﬁ,(j ;) is unbounded,
we have M,(f‘)(Va,) = +oo for all n € N and hence V,, ¢ 8,. On the other hand,
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F.(Vy) < 400 because the quotients |a,1 — a,|'*® /2 are bounded by the constant
(29)2. Now we claim that V,, € 8. Indeed lim, ..o R (int V) = 0 and then Theo-
rem 2.1 gives the conclusion if H is finite dimensional. If H is infinite dimensional,
for all y* € V,, there exists a continuous path from 0 to y* through points of int V,.
So Theorem 2.2 proves that V,, € S.

We remark that none of the two necessary conditions implies the other. Indeed,
let « € ]0,1]. Then Example 3 shows a set V,, with a finite a-flatness such that
MY (V,) = +oc for all n. On the other hand, if 3 € ]a, 1], the drop D,, in Example 1
has an infinite 5-flatness but clearly M,(f)(DQ) = O(n—?/%) where d is the dimension.

4 Sufficient Conditions to Be in §;

We have shown that a set A of §; satisfies two conditions: It must have a finite flatness
and it cannot have too many points far away from each other for the distance d/&l) =
da. We now find a sufficient geometrical condition on a subset A of X* so that A
belongs to §;.

Theorem 4.1  Let X be an infinite dimensional separable Banach space with b: X —
R a C'-smooth bump. There exists a constant K > 1 so that if U is an open subset of
X* satisfying

(J) There exista € (0,1) and C > 0 such that for all y* € U, there aren € N, and
Y&,y yE) € U™ where yi = 0and yi: = y* with
coB(yi_p,ally —yiaDu{yih cU
and ||y; — yi_ || <C(&) foralli € {1,...,n}.
Then U € 8;.

We notice that the existence of a C'-smooth bump on X and the separability of X
imply that X* is separable ([6], page 58). The condition (J) means that any point in
U can be joined to 0 by a “good” path, that is a finite union of drops which are not
too flat, as it is shown in the following picture:

This condition is stable by finite superpositions. Indeed if F;, F, satisfy (J) and y7 €
Fy, then F; U (¥ + F,) also satisfies (J). We give examples of subsets satisfying this
condition.

Definition 4.2 Let U be a bounded open subset of X*. We say that U is uniformly
star-shaped if there exists a > 0 such that co(aBx~ U {y*}) C U forall y* € U.
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For example, convex open bounded subsets of X* containing 0 are uniformly star-
shaped. Clearly uniformly star shaped sets satisfy condition (J), so Theorem 4.1
yields the following result.

Theorem 4.3 Let X be an infinite dimensional separable Banach space withb: X — R
a CY'-smooth bump. Let U be a bounded open subset of X*. If U is uniformly star-
shaped, then U € 8.

The star-shaped condition must be uniform. Indeed let us consider the set

D= (int(Be) U{(x, )3y € (32,16 < -2~ »)*}) x int By

where H is an infinite dimensional Hilbert space. This drop was introduced in Exam-
ple 1 of Section 3. Clearly, for all y* € D, there is a > 0 (which depends on y*) such
that co(aBx» U {y*}) C D. Nevertheless D ¢ 8 because D has an infinite 1-flatness
(see Theorem 3.1).

We are now going to prove Theorem 4.1. First we need the

Lemma 4.4  Let X be an infinite dimensional separable Banach space with b: X — R
a CH-smooth bump. There exists Ky > 1 such that for all y* € X* and e € (0, | y*|]),
there exists a C''-smooth bump f: X — R such that

(i) f'(X) Cco(eBx« U {y*}),
(i) f'(x) = y* forallx € (Ki|y*||) " 'eBy,
(iii) Supp(f) C Bx and f’is (Ki|y*||*c~!)—Lipschitzian.

This lemma is a variant of a lemma from [4]. We give its proof for the sake of com-
pletness.

Proof We take by: X — R a C"!-smooth bump. Without loss of generality we may
assume that by > 0 and by(0) = 1. There is M > 3 such that bj(X) C MBx-,
Supp(by) C MBy, Lip(b{) < M and by(X) C [0, M]. The function defined by

b(x) = M 2eby(Mx)

satisfies b’(X) C eBx~, Supp(b) C By, Lip(b’) < Me, b(X) C [0,M~'e] and
b(0) = M 2. We fix
r=6"'6(0)=6""'M ‘.

Clearly there exists a C*°-smooth function ¢: R — [r,+00[ such that ¢’(R) C
[0,1], 9"/ (R) C [—r~',r7'] and p(t) = tift > 2r. There exists also g: R? — R
a C*-smooth function such that ||g"’(t,s)|| < 2r~! for all (¢,5) € R? ¢/(R?) =
{(t,1—1¢);t€[0,1]} and

(t.5) = t ifs>t+r,
g8 = s ifs<t—r.
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The construction of g is written in [4]. We define
flx) = g(b(x), o({y*, x) + 3r)) ,X€EX.
Let us check that f satisfies the required properties. Clearly f is C'-smooth. If
b(x) = 0, then ({y*,x) + 3r) > b(x) + r and hence f(x) = b(x) = 0. So f is
a bump and Supp(f) C Supp(b) C By.
Let x € r||y*||~'By. Then (y*,x) + 3r € [2r,4r] so f(x) = g(b(x), (y*,x) + 3r).
With the mean value theorem,
b(x) > b(0) — ¢l|x|| > 6r —r > 5r.
Thus (y*,x) + 3r < b(x) — r and hence f(x) = (y*, x) + 3r. Consequently,
f'(x) = y* forallx € r||y*|| 'Bx = 6 'M2¢||y*||~'Bx.

Let x € X. There exists t(x) € [0,1] so that g’(b(x),go((y*,x) + 3r)) =
(t(x),1 — t(x)). Thus

(%) =g"(b(x), o((y*,x) +3r)) (b'(x), 0" ({y*, x) + 3r)y")
=t(0b'(x) + (1 — ()’ ((y*, x) + 3r)y”"
= t(x)b’(x) + (1 — t(x))a(x)y* with a(x) € [0,1].

Then f'(x) € co(b’(X) U {a(x)y*}) C co(eBx» U {y*}). Therefore
f'(X) C co(eBx= U {y*}).
We are going to prove that
(4.1) f’is Ky|ly*||e~" Lipschitzian with K; = 62M?.
We take x; and x, in Supp(f) C Bx. We write a(x) = (y*,x) + 3r. Then

fea) = f1x) = g’ (bx), pla(xy)))
x (b'(x2) = b'(x1), (¢ (alx)) — 9" (a(x1))) y*)
— (&' (b(x1), p(alx)) — ¢'(b(x2), p(alx2))))
X (b'(x1), @' (alx1))y") -

Using this and the mean value theorem we obtain

1" Ge) = £/ Geo)ll < 118" oo ( Lip (@) + 0" oo lly*I1?) Iz — 1

+ 118" Moo (18 lloo + [l lloolly* D122 — 211
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With the hypotheses on g, ¢ and b this gives
£/ Ge2) = f/Ge)ll < 2(Me+ =y + = e + 1y (D) llaee — x|
and hence f’ is Lipschitzian. Recall that e < ||y*||, thus
Lip(f') < 2(M + 6M? +24M?)||y*||*e ™" < Ki|y*[|Pe~".

Consequently (4.1) is proved and the proof of the lemma is complete. ]
We now put K = 6K, where K; is the constant given by Lemma 4.4.
Proof of Theorem 4.1 Let U be as in the theorem. For i > 0 and y* € U we define
Ti(y*) = {z" € U co(B(y*,alz" —y*|)U{z*}) C Uand ||z" —y*|| < C(%)i“} .

The condition (d) is clearly open. It means that if D is a dense countable subset of U,
then for all y* € U therearen € N, (y5 =0,...,yi_1,ys = y*) € D" x {y*} such
that foralli € {1,...,n}, y¥ € T,_1(y}_,). We now fix a dense subset D of U and
q > 1. We define
U, = {y* € U; thereexistn > 1,(yg =0,...,ys =y*) € D" x {y*}
such that foralli € {1,...,n},y] € T,_1(y/,)
and dist ( U [yi_1,yf1,0U0) > q_l} .

i=1

Step 1: We code U, with multiindices. We define a mapping ¢ on N<" by induction.
We first put

{o(s);s€ NNand |s| = 1} = DN To(0) N U,.

Then, if (s) is defined for s € N<N, we denote
{QD(SA]) > ] € N} =DnN T\s\(@(S)) N Uq-
Now, if o € NV, (p(a|k))y is clearly convergent. Moreover,

(4.2) Uy € { lim(p(olk) 5 0 € NV}

Indeed welet y* € Uy, n > 1and (y5 =0,...,y; = y*) € D" x {y*} such that for
alli € {1,...,n},yf € Tim(yr_ ) anddist(U", [y7_,,»7],0U) > g~ '. Then there
exists s = (s1,...,8,—1) € N"" ! such thatforalli € {1,...,n— 1}, y¥ = ¢©(s]i).
Since y* € T,_1(y;_,) N U, we can find s, € Nwith ||y* — ¢(s"s,)|| small enough
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to have y* € T,(p(s"s,)). By induction, for all k > n, there is sy € N such that
y* € Te(p((s1,...,5¢))) and hence

* a
ly* = (s1,. .o < C(E)"“.

Then y* = limg ¢((s1, - . ., 5)) and (4.2) is proved.
In the following, if |s| = 1, we will denote ¢(s_) = 0 and x,. = 0. We remark that,
by construction, for all s € N<N we have

(4.3) [p(s) — (sl < C(%)m,

We are now going to construct the required bump. First, since X is infinite dimen-
sional, for a given x € X and § > 0, there exists a sequence (wx)ken in B(x, %) such
that [|wp — wg|| > g if k # q. We write wy = wyi(x, §). We will proceed by induction
over k := |s|. We define 8 = aK~! = a(6K;) ! and remark that 3 < 6.

For k € N, denote by P(k) the following statement: For all s € N*, there are
x; € Bx and a C"'-smooth bump k,: X — R such that

(i) h!(x) = @(s) — p(s_) for all x € B(x;, 1).

(ii) Supp(hs) C B(x,_, 81=1) C By.

(iii) If |r| = |s| and r # s, then Supp(h,) N Supp(hs) = &.

(iv) Lip(h{) <C.

(V) p(s) + h{(X) C co(B(p(s2), allp(s) — ()| U {p(s)}) C Uy .

Step 2: P(k) holds for all k > 1. We first show that P(1) holds. Let s € N<N
with |s| = 1. We obtain with Lemma 4.4 a C'!-smooth bump g;: X — R such

that g/(X) C co(B(0,alj¢(s)|]) U {e(s)}) C U, Supp(gs) C Bx, g (x) = ¢(s) if
[x|| < aK; " and Lip(g!) < Kia~'[j¢(s)]| < 67'C since [|p(s)]| < C& (see (4.3)).
We define

hy(x) = 6~ g(6(x — wy1)(0,1))) .
Then Supp(hs) C B(wy1)(0,1),67!) C By. Furthermore there exists x; € By so

that h/(x) = ¢(s) for all x € B(x,, ). If s # rand |s| = |r| = 1, then Supp(h;) N
Supp(h,) C B(wy1)(0,1),6™") N B(w,(1)(0,1),6~") = &. Finally,

Lip(h!) < 6Lip(g)) < C

and hence P(1) holds.
We now fix k > 1 and assume that P(k) holds. Let s € N<N with [s| = k + 1.
We apply Lemma 4.4 and obtain a C"!-smooth bump g;: X — R such that ¢(s_) +

g(X) C co(Blp(s-),allp(s) — w(s)])) U {p(s)}) C U, Supp(g:) C Bx, g/ (x) =
o(s) — o(s) if ||x|| < aK; ' and Lip(g!/) < Kia'|¢(s) — o(s))||. We define x, =
Wiken) (%, B171) and

h(x) = 67168 1g (681 (x — x,)) .
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Then Supp(h;) C B(x,,6'F1~1) c B(x,,3~') C By. Forall x € B(x, 3",
68" Fl(x — x,)|| < 68 < aK; ' and hence h/(x) = ¢(s) — ¢(s_). Clearly, if s # r
and |s| = |r| = k + 1, then Supp (k) N Supp(h,) = @. Finally, with (4.3),

Lip(h!) < 63" M Lip(g)) < [lp(s) — p(s)[| 871 < C.

So P(k + 1) holds.

Step 3: The function F; = 37,5, 37 _; s is a C''-smooth bump. For k > 1 we

put Hy(x) = Z‘S‘:k hs(x). Then Hy is C'- smooth since it is the sum of C'-smooth
functions with disjoint supports. For all x € X,

IH [ < sup{[[h ()| 5 |s| = k} < €6~

since, for all s € N¥, k" is C-Lipschitzian and has its support in B(x,_, 35~1). By the
mean value theorem, and using Supp (Hy) C By, we get

|Hi(x)| < 2C3*.
Therefore F, is a C'-smooth bump. Moreover
Lip(F}) < sup{Lip(h}) ;s € N""} < C.

Step 4: U; C Fy(X) C U. Itis clear that Fi(X) C U, C U. Now let G(x) =

Y i<j<x Hix). Foralls € N°%, B(x,, f1) € B(x,,87"). Thus, if k > 1 and

Is| =k, H]{(xs) = @(s]j) — p(s|j — 1) forall 1 < j < kand hence G[(x;) = ¢(s).
We fix y* € U,. By (4.2) there exists 0 € N¥ with y* = lim; (o). We take x

in (s B(Xg (ks (3%). Then (X4(%)x converges to x and since (Gy) is uniformly conver-
gent, we have

Fy(x) = likm Gi(xo%) = likm ololk) = y*.

Step 5: The sum of the F, is the desired bump. We consider a 3-separated sequence
(ug)g>1 in 7Bx and we denote

F(x) = ZFq(x —uy),x € X.
q>1

Then F is a C!!-smooth bump and Up1Ug CF(X) CU hence F/(X) =U. ™

In the finite dimensional case, there exist some partial results obtained with finite
constructions. For example, any compact convex polyhedron P in IRZ, with 0 € int P,
is the range of the derivative of a C°*-smooth bump f: R* — R, and hence is in §;
(see [3]). We can ask the following question: “Does a uniformly star-shaped compact
subset of R? belong to $,?2”
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