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Semi-Classical Behavior of the Scattering
Amplitude for Trapping Perturbations at
Fixed Energy

Laurent Michel

Abstract. 'We study the semi-classical behavior as h — 0 of the scattering amplitude f(6,w, A, h) as-
sociated to a Schrodinger operator P(h) = — % H2A + V (x) with short-range trapping perturbations.
First we realize a spatial localization in the general case and we deduce a bound of the scattering am-
plitude on the real line. Under an additional assumption on the resonances, we show that if we modify
the potential V(x) in a domain lying behind the barrier {x : V(x) > A}, the scattering amplitude
f(0,w, A, h) changes by a term of order O(h°°). Under an escape assumption on the classical trajec-
tories incoming with fixed direction w, we obtain an asymptotic development of f(0,w, A, h) similar
to the one established in the non-trapping case.

1 Introduction

The purpose of this paper is to study the asymptotic behavior when & — 0, of the
scattering amplitude f(0,w, A\, h) associated to the semi-classical Schrédinger op-
erator P(h) = —%th + V(x) with a short range potential satisfying |0V (x)| <
Col{x)7P~1l p > 1. We are interested in two problems. First, we examine how
the asymptotic behavior of f(6,w, A, h) changes when we modify the potential V
in a suitable region. Secondly, we wish to obtain an asymptotic development of
f(@,w, A, h) when h tends to 0.

The second problem has been treated by Vainberg [25, 26] for V € C{°(R"),
A > sup,cps V(x) and A non-trapping. Robert and Tamura, in [20], generalized this
result to the case where the potential does not have compact support, and the energy
level A > 0 is non-trapping (but not necessarily A > sup(V)) and 6, w are fixed so
that 6 # w. Moreover, the coefficients of this expansion depend only on the values of
V(x) in {x: V(x) < A}. It follows that if we modify the potential V in a region lying
in {x: V(x) > A}, the scattering amplitude remains unchanged modulo O(h*°).

The trapping case is more complicated and there are only a few works treating
this case. Let us mention two results dealing with the first problem. Nakamura [16]
studied the case of two short range potentials V and V, with p > 1, such that
V = V on the unbounded connected component of {x : V(x) < A + €}. Assum-
ing additionally that X is weakly trapping for both potentials, i.e., ||(P(h) — (A +
i0))~! ”L?ULL, = O(h™™) for some M € Rand o > %, he proved that f(0,w, A\, h) —

f(0,w,\,h) = O(e™ 7). Here L2 denotes the weighted L2 space L*(IR", (1+|x|?)*/?dx)
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and (P(h) — (A +10)) ! = limc_~0(P(h) — (A + i€)) !, where the limit exists in
the space of bounded operators £(L2, L% ).

On the other hand, Lahmar-Benbernou and Martinez examined in [10], the case
of “a well in an island”, where the existence of resonances converging exponentially
to real axis forbids a polynomial estimate of the resolvent. In this case, which will be
detailed below, their modified potential is non-trapping for A and it is equal to V on
the unbounded connected component of {x : V(x) < A+€}. Under these conditions,
they proved that f(8,w, \j,h) — f(0,w,\;,h) = ah'T + O(h'T) for some a # 0
and )\; converging to .

Concerning the second problem, we have two results according to Yajima [27]
and to the author [13]. In these papers, asymptotics in average forms have been
established, under an escape assumption in a fixed direction without any hypothesis
on the growth of the resolvent. The average avoids the problem due to resonances
converging exponentially to the real axis. For instance, in the general case, an integral

estimate of the resolvent has been proved in [13] and we have

Ao+e
(1.1) / IR\ £ 000 —ad) = O(h™), a > %
A

0—€

In the above estimate, R(z) = (P(h) — z)~!, z € C\ R is the resolvent of P(h)
and R(A £ i0) = lim._,o (>0 R(A &£ ie). Here we take the limit in the spaces of
bounded operators L(L2,L2 ), o > 1 and for ar, 8 € R, || - ||a,4 is the natural norm
on L(L2, Lé). The estimate (1.1) is one of the crucial points in the proof of [13], and
the fact that |[R(\ £ i0)|[a,—o = O(e“" ") when the energy \ is fixed at a trapping
level is one of the main difficulties.

One of the differences between the short-range case and the case where V' has
compact support is the form of f(6,w, A, h). If V is in C§°, we have a representation
formula which involves only the truncated resolvent. More precisely,

(1.2)  f(0,w, A\, h) =

b ([2A, 1 RO+ i0)[2A, xalxse ) xse 00y f
where x;, j = 1,2,3 belong to C§°(IR") (see [17]). In the short-range case, this
formula is not available and we are going to use the representation of Isozaki-Kitada
(see section 2 for more details) where the resolvent is applied to functions belonging

to L2. In the non-trapping case, the approach of Robert and Tamura is based on a
localization with principal term involving only the truncated resolvent [20];

(13) f(0,w, A\, h) = c,h " AT (RO +i0)g_pe" 2=0) g, o 00) 1 9(h)

This spatial localization was done by exploiting the resolvent estimate

1
(1.4) IRO£i0) o0 = OH7), @ > 5.
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In the general case (without the non-trapping assumption), this estimate fails to be
true. In a recent work, N. Burq [2] gave a polynomial estimate of the truncated
resolvent,

(1.5) X1 (R +i0)x2(x) [z = O(h ™),

where supp x; C {x: R; < |x] < Ry}, i = 1,2and 0 < R; < R, are sufficiently
large. Applying this estimate, we prove, in the general short-range case, that the
scattering amplitude can be written in the form (1.3). Moreover, we deduce from
this localization and from Burg’s estimate (1.5), that in the general case the scattering
amplitude is bounded by O(h="7"). This spatial localization is the main step in our
analysis of both problems that we deal with. In the case where we assume p > 1, such
localization permits to obtain a result similar to that of Nakamura. On the other
hand, using some ideas developed in [13], we extend the result of [20] to the case of
weakly trapping potentials.

Let us now state the problem more precisely. Consider the Schrodinger operator
P(h) = —%th +V,inR",n > 2, 0 < h < 1. The potential V(x) is assumed to
satisfy the following condition with p > 1:

Assumption (V,) V isareal C*°-smooth function such that
Vo e N, Vx € R, |02V (x)| < Co(x) 7711 where (x) = (1 + |x|2)%.

The operator P(h) with domain D(P(h)) = HZ?*(R") is self-adjoint in L?(R").
Moreover, we can define the scattering matrix S(\, h) related to Py(h) = —%th
and P(h), as a unitary operator:

SO\ h) ¢ LAH(S"H — L2(S"h).

Next, introduce the operator T'(\, h) by S(A\, h) = Id — 2i7 T (), h). It is well-known
(see [8]) that T(\, h) hasa kernel T(6,w, A, h), smoothin (§,w) € S""!xS" "1\ {0 =
w} and the scattering amplitude is given by

fO,w, A h) = (A, WT(0,w, A, h),

with »

cOh) = —21(20) T 2rh) T e

(n—=3)m
4

Robert and Tamura [20] have studied the asymptotic behavior of f(6,w, A, h) as
h — 0 for fixed §,w € "', 6 # w, in the case where the energy A is fixed in a
non-trapping interval. More precisely, denote by (q(t, x, &), p(t,x, f)) the solution
to the system

(1.6) =P
p= —VxV(q)7

with initial data (x, &) at t = 0, and recall the following non-trapping condition.
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Assumption (NT) We say that the energy X is non-trapping for the symbol 3 |¢|* +
V(x) if for any R > 0 large enough, there exists T = T(R) such that |q(¢,x,&)| > R
for |t| > T when |x| < Rand A = 1[¢[* + V(x).

For w and @ fixed in $"~! and for X satisfying the non-trapping condition, Robert
and Tamura obtained for f an asymptotics

I
(1.7) fO.0, X h) =" 6() 7" 57T £ O(h),

j=1

where &, 2/, S i and p; will be defined below.

In order to understand better what happens in the trapping case, let us introduce
the resonances by complex scaling as it is done in [2], [21] and [22]. For this, we
need an hypothesis of analyticity of V' at infinity.

Assumption (Hol,,) We assume that there exist 6y € [0, [ and R > 0 such that the
potential V extends holomorphically to the domain

Dy, ={z€C": |z]| >R, |Imz| < tanfy|Rez|}

and
33> 0,3IM > 0, Vx € Dgy,, |V (x)| < Clx|~".

Following [21], we define the resonances in the upper half-plane by complex scal-
ing. Recall that the resonances coincide with the poles of the meromorphic contin-
uation of the resolvent (P(h) — z)~": L%, — Li,. from the lower half-plane to a
conic neighborhood of the positive half axis in the upper half-plane. We denote by
Res(P(h)) the set of resonances of P(h).

One of the consequences of the non-trapping hypothesis is the estimate (1.4)
which is related to the fact that for non-trapping perturbations, there are no reso-

nances in
1
{zeC: 0<a<Re(z) <b,0<Im(z) < Nhlog(z)}, VN,0 < h < hy.

We refer to [11] for more details. In the trapping case, the resolvent is not necessarily
analytic in the above domain. Moreover, in many cases, there are resonances (that is
poles of the scattering amplitude) in any strip of width e~%". In the case where z;(h)
is a simple isolated pole of the resolvent, one can decompose the scattering amplitude
into a singular and holomorphic part around zy(h):

[0, w, h)

hol
Z—Z()(h) +f (9,&),271’1),

(1.8) f0,w,z,h) =
for z near Rezy(h). In particular if z = A is fixed and zy(h) tends to A exponentially
fast, the scattering amplitude could blow up exponentially (that is | f(0, w, A, h| ~
/" when h — 0). After a spatial localization in the general case, we prove that the
scattering amplitude can note behave as ¢“/". More precisely, we have the following
Theorem.
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Theorem 1.1  Fix an energy A > 0 and assume that the potential V satisfies (V,) with
p > 1 and (Holy,). Then we have

n—

21).

(19 V(w,0) €S xS\ {0 =w}, f(0,w,\h) =0

Remarks 1.1 In a recent paper, Stefanov [23] studied the behavior of f* and !
for a compactly supported potential V. Assuming that zy(h) is a simple isolated res-
onance, he proved that

|F(0,w, )| < Ch™"T [Imzy(h)| and | "0, w, 2, h)| < Ch~"T

in a neighbourhood of Rezy(h) containing zo(h). In [15], we use Theorem 1.1 to
generalize the result of Stefanov to the case of long range potentials.

For some special trapping potentials, it is possible to exhibit some new phemo-
mena. For example, Lahmar-Benbernou and Martinez [10], have studied the case
where there exist resonances converging exponentially fast with respect to h to real
axis. In a very particular situation, they showed that the presence of such resonances
leads to a different behavior of the scattering amplitude. More precisely they consider
the case where the potential V (x) is a “well in an island”, i.e., there exist A\g > 0, a
connected bounded open set O C R" and x, € O such that

i)  Vixg) = Npand V' (xy) > 0, .
(i) V>XonO\{x}andV < \jonR"\ O,
(iii) ) is non-trapping for V outside O.

V(x) V(x)

Figure I: A “well in an island” transformed into a non-trapping potential.

Starting with V, they construct a non-trapping potential V equal to V in R" \ 0
(see Figure 1) and they prove that for suitable §,w € S"~! there exists o € C \ {0}
such that:

n+2

£(0,w,Re(p;), h) — f(0,w, Re(pj),h) = ah's +Oh'T),

where p; = p;(h) is a resonance converging exponentially fast to A\¢ and f is the
scattering amplitude associated to V.

The second goal of this article is to show that if we modify the potential V in a
suitable region, then the scattering amplitude remains unchanged modulo O(h*),
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even for trapping potentials V, provided there is a resonance-free zone of width h™
near the real axis.

More precisely, introduce Wy = {x € RV (x) < A}. Aslimjy_ o V(x) = 0,
the domain W), has a unique unbounded connected component denoted by W,,,. Let
us set Wi, = W), \ Wy and let F be a compact set such that W;,; C F C R" \ Wey.
We assume that V € C>°(R") is a potential such that V = V on R" \ F. Let us denote
P(h) = —3h*A + V(x) and let f(0,w, \, h) be the scattering amplitude associated
to P(h). The following theorem compares f(6,w, A, h) with f(6,w, A, h) in the case
where we assume only p > 1.

Theorem 1.2 Assume the following conditions:

(i) (V) withp > 1.
(i) (Holy).
(iii) Thereexiste > 0,C > 0 and M > 0 such that

(Res(B(h)) U Res(P(h))) N ([X — €, A + €] +i[0,CH]) = 2.
Then for any (6,w) € "' x §"~1\ {0 = w} we have the following estimate
f(O,w, M, h) = f(0,w,\,h) + O(h™).

Remarks 1.2 (1) The assumption (ii) of the Theorem 1.2 allows us to use Burq’s
result [2], and to establish a spatial localization.

(2) Following the work of Lahmar-Benbernou and Martinez [10], it is obvious
that the assumption (iii) is necessary. If we make an hypothesis only on the reso-
nances of P(h) (and not on both Res(P(h)) and Res(P(h))), the result of Theorem 1.2
is not true.

The previous theorem does not give any asymptotic development of f. In the last
part of this paper we will prove an asymptotics similar to (1.7) for trapping potentials.
As in [13] and [20], we begin by some results of classical mechanics, and for more
details we refer to the books [3], [18]. Let (p(t), q(t)) be a solution to (1.6) and
assume that |g(¢)| — +oo as |t| — +oo. Then there exists (r1,v+) € R” x R" \ 0
such that

lim |g(t) — vat —ry|+[p(t) — vi| = 0.

t—+oo

From now up to the end of this paper, we will consider a fixed w € $"~! and we
denote by A,, the plane orthogonal to w and passing through 0. As w is fixed, we
can assume that w = (0,...,0,1) and we can write the coordinates in A, as z =
(z1,...,2,_1). We will also use the notation Z = (z, 0) for z € A,. Then there exists
a unique solution (qo (t, z, W), Poo(f, z,w)) of (1.6) such that

limy,—, oo |Poo(t, 2, w) — V2Iw| = 0,
(1.10) _
limy—, — oo |qoo (£, 2, w) — V2Awt — 2| = 0,
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which depends smoothly on the parameter z. Given A > 0, we will replace the con-
dition (NT) by the following weaker one.
Assumption (H,,) Forallzin A, lim; . |qoo(t,z,w)| = +00.

Let (doos Poo) be as above and take A > 0 satisfying (H,). Then, there exist
£oo(z) € 8"V and 1o (z) € R" such that

(1.11) {HmHm |poc(t, z,w) — V22X (2)| = 0,

1imt—>+oo |QOo(t7sz) - \/ﬁgoo(z)t - roo(z)| = 0

Moreover, one can show that A,» 3 z — &5.(2) € S"!is C™ (see [18]), and we
may define

6(z) = ‘ det(fom 8z1€<>07 cen 78z,171€oo)|~

Definition 1.1 ~ We will say that § € S$"! is regular for w, if § # w and Vz €
Ay, €o(z) =0 = 6(2) #0.

If 6 is regular for w, we deduce from the implicit functions theorem that there exists
a finite set {z',...,2z'} included in A, such that £, (2) = 0 <= z € {z',...,Z'}.
Now we can state our second result.

Theorem 1.3  Suppose that the potential V satisfies (V) with p > 1 and (Hol ). Let
w € 8" ! and X\ > 0. Assume the following conditions:

(1) (Hy).
(2) 0 is regular for w.
(3) Thereexiste > 0, C > 0 and M > 0 such that

Res(P(h)) N ([A — €, A + €] +i[0,ChM]) = @.
Then we have the following asymptotics

1
f0,0, 0, 1) =Y 6(2) "2 ST 4 0(h),

=1

where

(1.12) sj:/ Oo(%|poo(t,zj,w)\2—V(qoo(t,zj,w))—)\) dt — (reo(2'), V200)

— 00

and p; € 7 is the Maslov index of the trajectory (qoo(t,zj, W), poo(t, !, w)) on the
Lagrangian manifold

{(x,8) ER" X R" : x=qoo(t,z,w), § = poo(t,z,w), z€E€ A, t € R}
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Example There exist potentials satisfying our assumptions. For example for n = 2,
set Vo(x,y) = 1+ x* — y? and take p € C5°(R*) decreasing such that p(t) = 1
fort € [0,1] and p(t) = 0 for t > 2. Consider V(x, y) = Vo(x, y)p(x® + y*) (see
Figure 2). For A > 1 close to 1, there exist trapped trajectories for the potential
V. Indeed, for 0 < y < 1, the trajectory q(t, A, y) with q(0, A, y) = (0, y) and
4(0, X, ¥) = (v/2(X = 1), —v/2y) has the properties:

Vi >0, q(t, A, y) = (v/(A — 1)sin \/Et,ye_ﬁ’),[ lim [q(t, A, y)| = +o0.

Applying the work of Gérard and Sjostrand [5], one can also show that there are
no resonances in a box containing A and having size 4™, that is hypothesis (iii) of
Theorem 1.2 is satisfied.

Figure 2: A trapping potential satisfying Gérard-Sjgstrand’s assumptions .

The paper is organized as follows. In Section 2 we recall the representation for-
mula of Isozaki-Kitada [8] for the scattering amplitude. In Section 3 we establish
a spatial localization for the scattering amplitude, without any assumption on the
resonances and we prove Theorem 1.1. In Section 4 we use the hypothesis on the
resonances to get some resolvent estimate which is necessary for the analysis in the
next sections. Section 5 is devoted to the proof of Theorem 1.2 and in Section 6 we
complete the proof of Theorem 1.3. Finally, in the appendix we collect some results
concerning the semi-classical wave front set and the microlocal resolvent estimates.
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2 Review of the Representation of the Scattering Matrix

In this section, we recall some results concerning the representation of the scattering
matrix. In particular, we will try to emphasize the difference between the case where
the potential is short range with p > ! and the case where it is only short range
with p > 1.

Denote by 1)(x, A, w, h) the generalized eigenfunction to Py(h) = —h*A:
Yo(x, \,w, h) = exp(ih ™ 'V2\ < x,w >).

If the potential V' (x) satisfies (V) with p > "T“, then the function V (x)1y(x, A, w, h)

belongs to L2 (R"), where v = p — % > . Therefore, the outgoing eigenfunction of
Yy (x, A, w, h) of P(h) is given by

(2.1) Yy = 1o — RN +10)Vey
and the kernel T(0, w, A, h) is simply written as
(22) T(ev w, Aa h) = CO()\v h)2 <V’¢+( T Aa w, h)7 ,(/)0( B /\a 97 h))Lz(]R{")v

with
o\ h) = 2rh)~E2N) T .

In the general case p > 1, we cannot define T(6,w, A, h) as above. For example,
notice that R(\ + i0)V )y is well defined if and only if V belongs to L2 for some
a > %, ie, V(x) < C(x)~? with p > "T“ Thus, the first step towards the proof of
Theorem 1.1 and 1.2 is to establish a representation formula for T(6,w, A, h) in the
casel < p < %1 Such a formula has been obtained in [8], and it was used in [20] to
prove an asymptotic expansion of the scattering amplitude in the non-trapping case
with p > 1. We present below this representation formula as done in [20]. We begin
with some notations.

Definition 2.1 Let €2 be an open subset of R” x R" . For m,u € Rand k € Z, we
denote by A,'("’”(Q) the class of symbols a(x, &, h) such that (x, ) — a(x, &, h) belongs
to C*°(€2) and

Y(a,8) € N* x N", 3C > 0, ¥(x, &) € Q, 000/ alx, §)| < Ch(x)" 1ol (g) =Vl
and set A" () = (N, cp Ay " (Q), ie., alx, &) € A () if and only if
VL > 1,V(a, 8) € N x N 3C > 0, V(x,§) € Q,
1020 a(x, )] < CH ()1l (g) =",

In the case where Q = R" x R", we will write A;"" instead of A]"" ().
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We use also the incoming and outgoing subsets of the phase space having the form:

Fi(R,d,0) = {(x,&) ER" x R": |x| > R,d™" < |¢] < d,£cos(x, &) > +0}

forR > 1, d > land o € ]—1, 1], where cos(x, &) = |<;T|§§>|' For a > %, introduce
Fo(\, h) : L2(R") — L*(S"™ 1), by

(Fo(X\, ) f) (w) = co(A, h)/ eI VINEL) £) dx, A > 0.
R

The idea of Isozaki and Kitada was to approximate the Wave Operators by Fourier
Integral Operators I, (a1, @4 ) with phase @1 and symbol a. Formally, with

In(as, 4)(f)(x) = (27Th)_"/ exp(ih™ (@4 (x, &) — (3, €)))ax (x, ) f () dydg,
the phase ® . have to solve the eikonal equation
SV, OF + V() = 3¢
and the symbols a are solution to
(2.3) (—%h2A+V(x) - %\gﬁ) (azel ) ~ 0.

LetRy > 1,1 <dy <ds <dy <d; <dp,and 0 < 04 < 03 < 03 < 01 <
0o < 1. According to Proposition 2.4 of [7], we can find a real C*°-smooth function
4 satisfying the following properties:

(p1) @4 (x,&) is a solution of the eikonal equation 1|V, @ (x,&)[> + V(x) = 1[¢[%,
in F:l:(ROa dOv :l:O'()).
(p2) Py(x,€) — (x,&) belongs to Ag’o, foralle > 0.

(¢3) Forall (x,&) € R" x R", \gzq;f (x,8) — djx| < €(Ro), where §j; are the Kro-
g,
necker symbols, and €(Ry) can be made as small as we wish by taking Ry large

enough.

Next, we determine a- in the form

as(x,6,h) =) asi(x, OW.

j>0

Replacing a by this expansion in (2.3) and identifying the power of , we obtain the
following transport equations

2 4) <vx(1):|:7 vxa:i:0> + %qu’iﬂio =0

(Vi®i, Viasj) + 30:Prasj =1 sy, j>1
with the conditions at infinity

S5 atg — landay; — 0, 7 > 1as|x| — 0.
(2.5) landas; — 0, j > 1 0

These equations are solved by the standard characteristic curve method (see [20])
and finally, we find some symbols a4 ; such that:
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(s0) a.; belongs to A(;j"oo.

(s1) supp(as;) C I'L(3Ro, di, Fo1).

(s2) a4; solves equation (2.4) with (2.5) in ' (4R, 45, F073).
(s3) ay; solves equation (2.4) in I'1 (4R, dy, F03).

Now, fix an integer N large enough (to be chosen in the following) and set

N
ap(x,&h) = aii(x O € AF®.

=0
Then the operator Ji,(h) = Iy(ay, @) is well-defined and the operator K, given
by Ky, = P(h) J1a — J£aPo(h) is also a EL.O. In fact, Ky, = I(ki,, 1) with

k:tu _ e—ih71¢i (—%th + V(x) _ %|§|2) (eihflq)iai)_

It follows that the symbol k1, has the following properties:

(k0) k., belongs to Al_l’oo.
(k1) supp(kia)) C I'£(3Rg, d1, Fo1).
(k2) ki, belongs to Ay N2 (DL(4Ry, dy, Fo)).

Similarly, we define J1, = I (by, @) for the region
'L (5Ry, d3, +04) C I'£(3Ro, dy, Fou),

where the symbol by (x,&,h) = Z]N:O byj(x, &)W satisfies (s0) and (s1) for
'L (5Ry,ds, +04) and (s2) for I'1 (6Ry, ds, +03). Following the same argument as
above, we define Ki4(h) = P(h) J+p(h) — Jeo(h)Po(h) = In(ksp, P ), with

o1 1 1 -1
kyp = e 0 (—Eth +V(x) — E|§|2) (e 'epy).
Then k4 satisfies (k0), (k1) for I'+(5Ry, d3, £04) and (k2) for '+ (6Rg, d3, +03).
Now, the Isozaki-Kitada formula is stated in the following proposition.

—2 2
Proposition 2.1 (Isozaki-Kitada [8]. ) For A € ] d“T, dz—“ [, we have

T()\7 h) = T+l()\> h) + T*l()\7 h) - TZ(A7 h)7

with
T11(\ h) = Fo(A\, ) JT, (WK (R)EG (A, h)

and
To(\, h) = Fo\, K, (MR + 0, 1) (Koo (h) + K_y(1) O\, ).

Remarks 2.1 The above formula is available provided the symbols a, by are con-

structed by the process that we have described above. In particular, the integer N
used to define a and b can be chosen as large as we want.

https://doi.org/10.4153/CJM-2004-036-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-036-2

The Scattering Amplitude for Trapping Perturbations at Fixed Energy 805

Denote by T4(6,w, A, h) the kernel of Ty (A, h) and by T5(0, w, A, h) the kernel of
T,(A, h). It is easy to see that

Tar(0,w, A\, h) = co(\, h)2 / e VRO (0 oNw)E, (x, V2N) dx,

where ¥4 (x, 0, w) = O (x, V2Aw) — D4 (x, V2A0). For § # w, one can integrate by
parts, to get T11(0,w, A, h) = O(h*°). In a such way, assuming 6 # w, we need only
to study T5(0,w, A, h) = (T4 + T )(0,w, A, h) where T, is given by

TZ,:E(97 W, >\7 h) = CO()\> h)2

X (RO +i0)kip(+, V2Aw)H B2 0 VB e (/209 =0 V2D,

3 Spatial Localization

The results in this section are established without any assumption on the distribution
of the resonances of the operator P(h). We use the following result of Burg.

Theorem 3.1 (Burq [2])  Assume that the potential V satisfies (V,) with p > 1 and
(Holy). Let K C R} be a compact set. Then, there exists Ry > 0 such that for any
R, > Ry, there exist C > 0 and hy > 0 such that for any 0 < h < hg and any X € K,
we have

(3.1) 1R, <jx| <R, RO £ i0) 1, <|x)<r, || < Ch™1.

Take x(-,R,R’) € C§°(R") such that 0 < x < 1, x = 1for |x| < Rand x = 0 for
|x| > R’ and denote x(x,R) = x(x,R,R + 1). Then, Bruneau and Petkov [1] have
proved the following.

Lemma 3.1  Under hypothesis (V,), p > 1, there exists py > 0 such that for R > p,
\ is a non-trapping energy level for the operator P(h) = —%hZA + (1 — x(x,R))V (x).

Set xa(x) = x(x,20Ry) and xp(x) = x(x,10R). Using Lemma 3.1 and the estimate
(3.1), we can prove the following.

Proposition 3.1  Assume the hypotheses (V,) with p > 1 and (Hol, ) fulfilled. Then
for a > 5 we have the following assertions:

(1) HKIa(h)R(/\ + iO)Ker(h)H—a,u = O(h%), .
(i) K2, (ORO+i0)(1 = x0)K-s(h)| a0 = OCHT),
(i) [[((1 = Xa)Ksa)* (MR + i0)XpK_p () ||~ = O(h7).

Here N is given by the construction of the symbols ay, by and can be chosen arbitrarily
large.
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Remarks 3.1 The above estimates have been proved in [20] under the assumption
that X is a non-trapping energy level. Here we prove that these estimates hold for all
energy levels.

Proof Take Ry > po, where py is given by Lemma 3.1. Let x;(x) = x(x, Ry, 2Ry),
x2(x) = x(x, 2R, %Ro) and x;(x) = x(x, %RO, 14—1R0). Using the fact that

P(h)(1 = x1) = P(h)(1 = x1),
we obtain the following identity,
R(2)(1 = x2) = (1 = x1)R(@)(1 = x2) + R(@)[Po(h), x:]R(2)(1 = xa),
where R(z) = (P(h) —z)~!, ¥z € C\R. Therefore, the limiting absorption principle
yields
(3.2) RA+i0)(1 — x2)
= (1 —x1)R\ +i0)(1 — x3) + R(A +i0)[Py(h), x1]R(\ +i0)(1 — x3)

Similarly, we have
ROA=i0)(1=x3) = (1= x2)RA=i0)(1 = x3)+R(A=i0) [Py (h), x2]R(A—i0) (1= x3)

and by taking the adjoint, we get

(3.3) (1 - y3)RO\ +i0) =
(1 = x3)R(A +i0)(1 — x2) + (1 — x3)R(A +i0)[Py(h), x2]*R(A + i0).

Then, multiplying (3.2) by (1 — x3) and using (3.3) in the right-hand side of the
equation obtained, we have

(1= x3)RA+i0)(1 — x2) =
(1 = x3)ROA +i0)(1 — x2)[Po(h), X1 JR(A +70)(1 — x2)
+(1— x3)1?()\ +10)[Po(h), x2]* R(\ + i0) [Py (h), Xl]l?(/\ +10)(1 — x2)
+ (1= x3)(1 = xR +i0)(1 — x2).
Recall that y, = 1 on supp(x;) and 3 = 1 on supp(x,), so the above equation
yields
(34) (1= x3)RA+i0)(1 = x2) = (1 = x3)ROA +i0)(1 = x2)
+(1— X3)R(/\ +10)[Py(h), x2]*R(\ +i0) [Py (h), Xl]R(A +10)(1 — x2)
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which we will use frequently in the following.

This formula is interesting for the following reasons. A priori, the resolvent
(1 = x3)R(A +10)(1 — x2) could behave as /", The right member of equation
(3.4) involves only the modified resolvent R(\ + i0) and the truncated resolvent
[Po(h), x2]*R(A + i0)[Po(h), x1]. The energy A being non-trapping for P, we will
be able to apply the result of [20] to treat the term containing R(\ + i0). Moreover,
the coefficients of the operators [Py(h), x;], i = 1,2 are supported in rings as far as
we need from the origin. Therefore, we will be able to apply Theorem 3.1 to get a
bound of [|[P (), xa]*R(A + i0)[Po(h), x11|| by O ).

Proof of (i) Recall that supp(k:s;) C T'y(3Rg,d;, —o) and supp(x;z) C {|x| >
%RO}, hence (1 — x3)Ky, = Ky, similarly (1 — x,)Ky, = Kip and we can multiply
(3.4) by K}, and K, to obtain
K, RO\ +i0)Kyy, = KR\ + i0)K 1+
K, RO\ +i0)[Py(h), X2 "R(A +i0) [Py (h), x11R(A +i0)K .

By Lemma 3.1, ) is non-trapping for V and we can apply (i) of Lemma 7.3 to obtain
. A ) N
IKE RO +i0)Kyp || —g0 = O(h2).

Hence it suffices to estimate the second term of the right-hand side of the previous
equation. Take ¢y and 1), in C§° such that ¢); = 1in {x: Ry < |x| < 2Ro}, ¥y =0

in R"\ {x: % < |x| < 3Re}, ¢, = lin {x: 2Ry < |x| < 2Ro} and ¢, = 0in

R™\ {x : Ry < |x| < 3Ro}. Itis clear that [Py(h), x;] = ¥j[Po(h), x;l, Vj = 1,2
and we must estimate

KRN+ i0)[Po(h), X211 R(A + i0)1 [Py (h), X11R(A + i0)Kyp.

According to Proposition 3.1, we deduce ||1,R(A + i0)¢|| = O(h™'), and by the
construction of x; and x, we can apply the results concerning the non-trapping case
described in Lemma 7.2 to obtain

(3.5) I[Py (), X1 1R(A +i0)Kyp || —0.0 = O(A™)  and
I[Po(h), x2]R(A = i0)K y4lla.0 = OCH).
Using these estimates, we get
K5 RO +i0)Kop || —aa < [IKER +i0)[Po(h), X2 [la.a [ 02ROA + i0)1) [|a.a
% [[[Po(h), X1 1RO\ + i0)Ksp| .0 + O(h7)
< CII[Po(h), x2]ROX = i0)K gl [[02ROA +i0)91 [0,
x [[[Po(h), x1 JRO + i0)Kp || —a0 + O(h?)
< Ch ' x Ch™ x Ch™® + Ch> < Ch~.
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Proof of (ii) Our aim is to estimate the operator K ,(h)R(A+i0)(1—x;)K_p(h) and,
as in the previous case, we use equation (3.4) and the fact that (1 — x3)K;, = Ky
and (1 — x2)K_, = K_;, to write

KR\ +i0)(1 — x)K_p = KR\ +i0)[Py(h), x21*R(X + i0)[Po(h), X1]
X R\ +1i0)(1 — xp)K_p + K7,R(O\ +i0)(1 — x)K_p.
As above, A being non-trapping for V, we deduce from (ii) of Lemma 7.3 that
1K RO+ i0)(1 = Xp)K—p| e = O(h?)
and it remains to estimate

K% RO +i0)[Po(h), xa] “R(A + i0)[Po(h), x1 JR(A +i0)(1 — xp)K .

Now we use the functions v, and v, defined previously, and the proof is reduced to
the analysis of

I(h) = ||KE,RO\ +10)[Po(h), x2]*th2R(X +i0)31 [Py (h), x1]
X ﬁ()\ + 10)(1 - Xb)K—bH—a,a
< K5, RO+ i0)[Po(h), X21*[|asa [|02R(A + i0)1 || a0
X [[[Po(h), x1]R(A +i0)(1 = x4)K—p]|—aa-
We have already seen that |[t),R(\ + i0)t || = O(h™!) and
IK7,RON +i0)[Po(h), x2]* || —aa = O(h™),
consequently
I(h) < Ch™?||[Po(h), x11R(A +i0)(1 — Xxp)K_p||—a,a,
and it suffices to estimate ||[Po(h), x1]R(A +i0)(1 — Xb)K_p||—a.a- Let us introduce
a function w € Ag’oo(]R{Z”) such that w(x, &) = 1if (x,£) € T'_(10R, d3,0;) and
supp(w) C I'_(10Ry, d5, 03) and write
[Po(h), x11R(A +i0)(1 — xp)K_p = [Po(h), x1]R(X +i0)w(x, hDx)K

+ [Po(h), x1 RO\ +0) (1 — w(x, hDx))R

where Krb = (1 — xp)K_; is the Fourier Integral Operator with phase ®_ and
symbql k_p(x,6) = (1 — xp(x))k_p(x, £). Using the definition of k_j, it is clear that
supp(k_p) C I'_(10Ry, d3, 04) and

(3.6) k_p € AZN(0_(10Ry, ds, 03)).
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Using the fact that w(x, hD,) localizes exactly in I'_ (10Ry, d5, 03 ), we get

I[Po (), 11RO\ + i0)w(xt, AD)K —p |0, —a = O(HY).

On the other hand, (1 — w)(x, hD,) localizes in outgoing domain of the phase space.
Then Lemma 7.2 gives

[I[Po (), X1]R(A +i0)(1 — w(x, AD)K |0, —a = O(h™)
and the proof of (ii) is complete.

Proof of (iii) It is very similar to the proof of (ii) and we just sketch it. We want to
estimate ( (1 — x4)Ka(h)) "R(\ + i0)x,K_(h), and taking into account (3.4), one
can write

(1 = Xa)Kra) "R +10)xpK—p = (1 = Xa)Ka) "ROA +10) xp Ky
+ (1 = Xa)Ksa) *RON +70) [Py (h), x21*
x R(\ +i0)[Py(h), x1]R(\ +i0) XK _p.

From (iii) of Lemma 7.3 we deduce

(1 = Xa)Kea) RO+ i0)X4K 4| a0 = O(h?)
and it remains to estimate
I(h) = [[((1=x0)Ksa) ROFO) [Py (1), X21* ROHO) [Py (1), X1 IROHO) 6K 3 |~
Once more using the functions v and 1),, we get
(37) 1) <[[((1 = X)Ksa) RO +i0) [Po(), xa1* | v [ RO+ i0)s | o

X ||[[Po(h), X1 1R\ + i0) XK _p]| 0 —a-

We know that |4 R(\ + i0)2]| —a.—a = O(h™') and, from Lemma 7.2, as in the
proof of (ii), one easily obtains that ||[Py(h), x1]R(A + 10)XsK_p||—a.—a = O(h™Y).
Therefore, we have the estimate

(3.8) I(h) < Ch2[|((1 = xa)K1a)*R(A +0) [Py (), x2)* || - aca-
On the other hand,
||((1_Xu)K+a)*lé(A+i0) [Po(l’l), XZ]* ||—a,a = H [PO(h)a XZ]IQ()\_I.O)(I_Xa)KJraH—a,a-

Let w(x, &) € Ag’oo be such that w = 1 on I'}(4Ry,d;, —0;) and supp(w) C
F+(4R07 dl - 0'2) then

H((l - Xa)KJra)*ﬁ()\ + 10) [pO(h)7 XZ]*H—a,u S
[[[Po(h), X2]1R(A — i0)(1 = Xa)w(x, hDx)Kia|| —aa
+ [[[Po(h), x2]ROA — i0)(1 — Xo) (1 — w(x, hD))Kyal| — .-
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As supp((1 — x,)(1 —w)) Nsupp(ky,) C ' (10Ry, dy, —0y), Lemma 7.2 yields

|| [PO(h); XZ]R(A - 10)(1 - Xa)(l - w(x, th))K-*—a”fa',a = O(hoo)

Moreover, by construction, ki, € Ay +12\7+2) "* on supp(1 — xa4)w, then

[[[Po(h), X2 1R\ — i0)(1 — Xa)w (%, hD)Kial| a0 = O(HY)
and we have proved that
1((1 = Xa)Kia) RO +i0)[Po(R), X21* || e = O(R?).

This estimate combined with (3.8) yields I(h) = O(h*) and the proof is complete.
|

Let us denote ¢ (x) = P, (x,vV2A0) and ®_(x) = ®_(x, V2 w). The Proposi-
tion 3.1 and a simple calculation yield the following theorem

Theorem 3.2 Assumme (V,) with p > 1 and (Hol.. ). Then for every N € N, Ry can
be chosen large enough so that

(3.9) F(0,w, M, 1) = e\, ))Go (68, w, A, ) + O(h),
with

GBI G A = (RO g6 g,
(3.11) L0 B = 2m(2N) 13/ () 1) /2 =i 5
and

(3.12) go =" D, oW (b-(-, V2Dw)e ),
(3.13) Ga =" " [y, Po(h)] (a+( V20" <r>+).

Notice that g_; and g, have compact support included in rings which are situated as
far as we want from origin. Therefore, modulo some error terms of order O(h>°), we
established a representation formula for the scattering amplitude, involving only the
truncated resolvent. Now we are in position to prove our first result.

Proof of Theorem 1.1 Because of equations (3.10) and (3.11), the proof is reduced
to show that |Gy(0, w, A\, h)| = O(h). Let us choose R; > 1 so that estimate (3.1)
holds for any R, > R; and assume Ry > R;. Then g, = 1{g <|x<30r,}&—b>
S+a = L{Ry<|x|]<30R,}&+a> and ONe can write

[Go(6, w0, A W) < llgralles 11 gRy<iot<somg} RO\ + 10D y<iaf<a0m oo 185112
< Ch_IHgfb”LZ”ngaHLz’
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where the last inequality comes from estimate (3.1). Moreover, a simple calculation
yields

g = W (Axbb, +2(Vxp, Vb,>) +2ih(Vxp, VO_)b_,
Ga=H (Axum +2(Vxa, Va+>) + 2ih{V x4, VO, )a,.

Using the fact that Ay, and V', are compactly supported, it is clear that ||g_p||;2 =
O(h) and ||g+all;z = O(h). Therefore, we obtain |Gy(6,w, \, h)| = O(h) and the
proof is complete. ]

4 Resolvent Estimate in the Trapping Case

For the proofs of Theorems 1.1 and 1.2, as in [13] and [20], we need an estimate of
the resolvent on the real axis. In this section we prove the following.

Proposition 4.1  Assume (Hol,) and hypothesis (5) of Theorem 1.3. Then there ex-
ists i € N* such that

- 1
a,—a — o(h—n)’ a >~

IROA £ i0)| :

According to the work of Bruneau and Petkov [1], it suffices to show that a such
estimate holds for the truncated resolvent yR(A £ i0)y, for suitable y € C5°(R").
More precisely we have the following proposition.

Proposition 4.2 Let d > 0. There exists p > 0 large enough such that for all x €
C(R"), x =1 on B(0, p) and for h small enough we have

1
Va > 3 [R(2)]|a,—a < Ch™? (1 + ”XR(Z)X”) )

uniformly forz € By = {z € C: (Rez, +Imz) €]d~',d[x]0,1]}.

Remarks 4.1 Notice that the functions x satisfying the hypotheses of the above
proposition do not vanish near 0, so that we can not apply Theorem 1.5.

We need two Lemmas due to Tang and Zworski [24] which are essential to obtain an
estimate for the truncated resolvent. For completeness we state these Lemmas below.

Lemma 4.1 ([24]) Let F( -, h) be a family of functions such that F( -, h) is holomor-
phicin Q(h) = [\ — 5ShT"0 X\ + 540 4 j[—h1* 330 pat3+20] for some q,6 > 0 and
assume that F satisfies the estimates

(4.1) |F(z, h)| < Aexp(Ah*%zog%) in Q(h),
c .
(4.2) |F(z, h)| < )] ™ Q(h) N {Im(z) < 0}.
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Then there exists C > 0 such that

(4.3) Vh < 1, Yz € Qh), |F(z,h| < Ch 175

3n

where QU(h) = [\ — BT, X+ hT70] 4 i[—h1+ 3430 pav3e30],

Lemma 4.2 ([24]) Let U be a compact neighborhood of A in Re(z) > 0, and let
g(h) < 1. Then there exists C > 0 such that for h < 1 we have

(4.4) IR (z,h)|| < C&" 850 forze U\ U B(E, g(h)),
£ERes(P(h))

where for x € C5°(R") we set R, (z, h) = xR(z, h)x.

Proof of Proposition 4.1 We have already seen that it is sufficient to show that
IRy (X £i0)|| = O(h™") and we may apply Lemma 4.1 to F(z, h) = R, (z, h). Take
0 > 0 and let g > 0 be given by hypothesis (5) of Theorem 1.3. The estimate (4.1)
is trivially satisfied. To establish (4.2), we apply Lemma 4.2 with g(h) = 1h? and
it suffices to show that Q(h) N U/\jeRes(P(h))B()\j,g(h)) = @&. For £ € Q(h) and
Aj € Res(P(h)), by assumption (5) of Theorem 1.3 we have

€= Al > A= Ajl = Je = X > 1 — 57 > bt = g(h)

and the proof is complete. u

5 Proof of Theorem 1.2

We start with a representation formula for T(\, i), where obviously T is defined by
S\ h) = Id — 2irT(\, h). We know from Proposition 2.1 that there exist some
phases @ (x, £) and some symbols @, by such that

T h) = T\ h) + Ty (A h) — To(A, h)

with )
T11(A\, h) = Fo(A, h) Ji;(h)K 5 (h)Fy (A, h)

and
To(X, h) = Fo(A\, WK ;(W)R(X +i0, h)(K 5 (h) + K_j(h))F5 (A, h).

On the other hand, the proof of Isozaki-Kitada [7], shows clearly that the phases
4 (x,€) and the symbols d-, by depend only of the potential V outside a fixed
compact set as large as we want. As V. = V in R" \ F, one can take &, = &,
dr = ag and by = by. The same argument as for Ty, shows that the kernel
of Ty1(\, h) satisfies Ty, (0, w, A\, h) = O(h*>) for any § # w. Moreover, we can
compute exactly the same spatial localization for T, as that we have done for T, in
section 3. Hence we obtain

(5.1) F(0,w, A h) = c1(\, 1) Go(6,w, A, h) + O(h?)
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with
(5.2) Go(0,w, X, h) = (RO +i0)g_pe™ *=, gyae™ ®0),

where ¢_; and g,, are given by formulae (3.12) and (3.13). Let us take x1,x2 €
CP(R™) such that 1r < x1 < x2 < Lpn o ie, x1(x) = 1 forx € F, x,(x) = 1 for
x € supp(x1), X2(x) = 0 for x € W,,;. With this construction we have

P()(1 = x1) = (=R A+V)(1 = x1) = (=K A+ V)(1 = x1) = P(W)(1 — x1),
and working as in the previous section, we easily obtain

(5.3) RA+i0)(1 —x2) = (1 — x1)RA +i0)(1 — x2)
+ RO\ +i0)[Po(h), x1]R(A + i0)(1 — x2).
This identity combined with equations (3.9) and (5.1) gives
(54)  f0,w,\h) — f(0,w,\ h) =
a1\ I RO +i0)[B(h), xa IR(A +i0)g_pe™ = grae™ @+,

Recall that supp(g—p) C {10R; < |x| < 10Ry + 1} where Ry can be chosen as
large as we need. In particular we may assume R” \ W,y C {|x| < Ry} and take
1 € CP({|x| < 5Ro}) such that ¢; = 1 on {|x| < 4R }. Then, we easily get

f0,w, N\, h) — f(B,w,\, h) =

1O B (RO + i0)3, [Po(h), xa 1RO +i0)g_pe™ = gpae™ ).

Let us denote Vo = R(\+i0) g beih71¢* and notice that according to hypothesis (iii),
Vo is in DZ.(R") (see the appendix for the definition). Indeed, we can apply the result
of the previous section to V and we obtain ||R(A +i0)||a,—o = O(h~™). The notion
of semi-classical wave front set WF* will permit us to control V, (see section 7 for a
precise definition of WF*). By definition,

(P(h) = NV = gy -
Applying (iii) of Proposition 7.1, we deduce that
WF*(Vy) C WF*(g_;) U Char™(P(h) — \)
and using (ii) of Proposition 7.1 we get
WF*(Vy) C T*(supp(g_4)) U Char(B(h) — ).

By construction, we know that supp(g_j) C {4Ry < |x| < 5Ro} and Char*(P(h)) C
T*(W .y U F). Therefore,

WF*(Vy) C T*(W, UE).
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Moreover, by construction,
supp([Po(h), x1]) N (Wey UF) = &

and we deduce from (ii) of Proposition 7.1 that

WF([Po(h), x11V0) = 2.
Using (i) of Proposition 7.1, we obtain
(5.5) |Po(), xa]ROA + i0)g-pe™™ = || = O().
On the other hand, combining hypothesis (iii) and Proposition 4.1, we get
(5.6) I geaRON+ 0}y || = O(H™),
Taking together equations (5.4), (5.5) and (5.6) we have

fO,w, A h) = f(0,w, A, h) = O(h™)

and the proof is complete. ]

6 Proof of Theorem 1.3
6.1 Short Time Localization
Starting with (3.10), we wish to replace R(\ + i0) by the following representation.
T
(6.1)  R(A+i0) = ih™! /0 &M NP gy 4 oMTTAR(N +i0)e T TR,

Our goal is to show that for T > 0 large enough, we have
(6.2) (RO +i0)e™ TR0 g o0 g ™00 = O(hY).

Asin [13] and [20], the proofis based on an judicious application of Egorov’s lemma.
For this purpose we need to study the Hamiltonian flow ®,(x,&) = (q(¢,x,&),
p(t,x,&)) associated to op(x,£) = %|§ |> + V(x). This analysis is essentially the same
as that given in [13]. For reader’s convenience we recall the main steps. Let us denote

Th={(x& eR" x R": %|§|2 +V(x) = A},

and for subsets W of $"~! let
YaW) ={(x,¢) € 3y : % e W}l

As a preliminary step, we check that the assumption (H,,) is an open condition. More
precisely, we have the following.
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Proposition 6.1  Assume that (H,,) is satisfied. Then there exists a neighborhood W
of w such that

Yw' €W, Vz € A, tg?oo |900 (£, 2,w")| = +00.

Proof The proof is split into two steps.

First step Assume that (H,,) is satisfied. We begin to prove that for all R > 0, we can
find a neighborhood W of w such that

Vw' € W, Vz € By,(0,R), tlir+n |goo (t, 2, w")| = +00.
—+00

First, it is not difficult to verify that we can find Ry > 0,d > 0 and ¢ > 0 such that

V(X, 5) € F+(R0>d7 U) N E/\7 tl{l;rnoo |Q(t7x7 5)‘ = t+00.

It follows that it suffices to find T > 0 and a neighborhood W of w such that
(63) vw/ EW, VZEBAW(O,R), (QOO(Tazaw/)vaO(TaZaw/)) € F+(R0,d,0').

From assumption (H,,), we deduce that for all z € B, _(0, R), there exists T(z) > 0
such that (§eo, Poo)(T(2),2z,w) € I'y(Ry,d, o). For all z € By (0, R), we can use the
continuity of the Hamiltonian flow with respect to initial data on every compact time
interval to find r(z) > 0 and a neighborhood W (z) of w such that

Vz' € By, (2,1(2), V' € W(2), (qoo, Poc)(T(2),2",w") € '+ (Ro, d, 0).

Moreover the open sets (BAW, (z, r(z))) recover By_(0,R). Using the com-

z€Ba,, (0,R)
pactness of By_ (0, R), we easily find T > 0 and W satisfying (6.3).

Second step ' We will prove that we can find R > 0 and an neighborhood W of w such
that

(6.4) Vw' € W, Vz € A, N {|z| > 4R}, lim g0 (t,z,w")| = +00.

First, we easily verify that if the potential V' (x) belongs to C§°(R"), one can find R > 0
and a neighborhood W of w such that

(6.5) Vw' €W, Vze A, N{lz| >2R}, VteER, qoolt,z,w’) = V2 't +2z.

Particularly, if V' € €3°(R"), then (6.4) is satisfied. In the case where we assume only
that V satisfies (V,) with p > 1, we proceed by approximation. Given 1 < p’ < p
and R > 0, we can find V € C°(R") and W € C>°(R") such that

(6.6)

V =V+W, suppV C B(0,R),
Vo e N, Vx € R, |9, W (x)| < CRP' —¢(x)="~lol,
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Letw € §"71,z € A, and denote by (foo, Goo)( -, 2, A, w) the solution to
qioo = p~oo>
ﬁoo - _vxv(qoo)

lim; s oo |Poo(t, 2, A, w) — V2Aw| = 0,
limy—, — oo |Goo (£, 2, A\, w) — V2Dwt — z| = 0.
We chose W and R > 0 such that (6.6) holds. Using (6.5) we can prove that

such that

1
V|z| > 4R, Vw' € W, Vt € R, |goo(t,z,w’) — Goo(t,z,w")| < 1+ Eq”oo(t,z,w').

Using (6.5) again, it follows that (6.4) holds in the general short range case and the
proof is complete. ]

Using Proposition 6.1, we can copy the proof of Lemma 4.3 in [13], to obtain the
following Lemma.

Lemma 6.1 Assume (H,) with X\ € |d=', d[. Then there exist Ry > 0 large enough
and a neighborhood W of w such that for all R > 0 there exists To(R) > 0 satisfying

V(x, &) € Xy(W), 5Ry < |x| < 6Ry = Vt > TH(R), P;(x,£) € T+ (R, 4, 0).

We recall also a weighted Egorov Lemma, whose proof can be found in [13], [14].

Lemma 6.2 Letw € C°(R"xR"), and p € A" (R" xR"), (m,u,k) € RxRxXZ.
Assume that for t > 0, p(x, &) vanishes on ®,(supp(w)). Then we have

Va e N, ||p(x, th)e*"thflP(h)w(x, hDY)||— a0 = O(h™).
Applying Lemmas 6.1 and 6.2, we are able to prove the following.

Proposition 6.2  There exists Ty > 0 such that VT > Ty, we have

T
(RO +i0)g e = giae ®) = / MRt 0, w, h) dt + O(hY)
0

with F(t,0,w, h) = <e—ifh71P(h)gibeih*1<p, ,g+ue"h71q)*> )

Proof Introducew € C°(R"xR")sothatw = 1in U = X(W)N(C(Ry) x R") and
w = 0 in the complementary of an open neighborhood V of U. Setting w, = xpw,
we have

<R(/\ + io)g—beih71¢_ ag+a€ih71q>+> =
(RO +i0)wy(x, hD)g_pe™ =, grae™ ®+)

+ (RO HI0)(1 — wy)(x, AD)g—pe™ 2= grge™ )
= I(h) + J(h).
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Clearly,

(1 — wp)(x, ADg—pe™ = = 3 BN — w) @ (x, V@ _)ga(x) + HM Ry (x)

la]<M

with supp(g,) C supp(g_p), and |[Ry(x)] < C{x)~™ uniformly with respect to
h. On the one hand, without a loss of generality, we can assume that V|x| >

Ry, % € W and we get Vx € C(Ry), (x,V,®_) € U. On the other hand,

we have supp(g_p) C C(Ry), and consequently g, (x)(1 — W) (x, V,D_) =0, Va.
Moreover, for any M large enough, we have ||[Ry|lo = O(1). This estimate combined
with Proposition 4.1 yields

()| = [ (RO i0)(1 — wy)(x, hD)g—pe™ =, grae™ ®*)

= WM (R(A +i0)Ryr, g™ )

< hM”RM”aHgM”aHR()‘ +10)[la,—a < ChM",

As we may take M as large as we wish, we obtain J(\, h) = O(h*°) and it remains to
treat I(h). For this purpose write

T
1(h) :/ ei}f‘z,\<efihfltp(h)wb(x7 th)g_beih’ltb_’g+aeih’1<1>+> dt
0
+ <efih_‘T/\R(>\ + io)efih_lTP(h)wb(xv th)gibeih_llbf ’g+aeih_‘tl>+>
=L(T,h) + (T, h).

From the estimate |(1 — wy)(x, th)(g,beih_l‘p* )| < Cuh™{x)™™ for every M, we
deduce

T
II(T, h) = / eih”tx\<e—ihfltP(h)giheih’qu ,g+ueih’l<l>+> dt + O(hoo),
0

and it suffices to show that I, (T, h) = O(KY).
Let B € C* be such that

_ [1inT,(R.d,0),
blx &) = {0 in T4 (R, d, —0)°

and write
L(T,h) =
(e TR +10)3(x, hD)e ™ TP Wy (x, hDy)g e =, grae™ )

(™R i0)(1 = B) (e, hD)e ™ TP Wy (x, hD)g e gae™ )
= Lo(T,h) + Lo(T, ).
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We begin to estimate I,,(T, h). Choosing R > 20Ry + 1 > max(py, R;), where py is
given in Lemma 3.1 and R; in Theorem 3.1, and working as in Propoosition 3.1, we
verify that

[XaR(A +i0)3(x, hDy)|| —a,a = O(h™).

Moreover, using the continuity of e~ TP on the weighted Sobolev spaces (see

[13], Lemma B.1 and [14], Proposition 1.3), we know that
e TP My (x, hD)(g—pe™  ®)z = O(1).
Hence
Lo(A\, T, h) =

(e ™ORN +i0)B(x, hDy)e " PPy (x, D )g_pe P, grae™ P

< IXaROA +i0)B(x, hDY)|| —aalle™™ TP My (x, hD,) (g_pe™ ®)

2
L(h

X |lgra€™ ||l < CyHY, YN,
It remains to estimate I_,(\, T, h). Recall that we have the estimate
IR +10)[|a,—a = O(h™T).
Moreover,

[T_2(M)] < [|[R(A+ io)”@,*ﬂc”gm

L
% [|(1 = B)(x, hD)e ™™ TP Wy (x, hD,)|| —aallg—s 2 .

< C||(1 = B)(x, hDe)e™ ™ TPW iy (x, hD)|| — o [IRON + 50) |,

< Ch (1 = B)(x, hD)e ™™ "Wy (¢, DY)
and it suffices to show that
(6.7) (1= B)(x, hD)e " TP gy (x, hD)||-a.0 = O(h™).

By the construction of w and from Lemma 6.1 we deduce the existence of T, > 0

such that
VT > TOa V(X,f) € Supp(wb)v @T(xvf) € F+(Ra dvo)
Then
VT > Ty, V(x,§) € supp(ws), B(Pr(x,§)) =1,
and for T > Ty, Lemma 6.2 implies (6.7). [ |
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6.2 Second Localization

In this subsection, we follow exactly the same construction as that of [20]. Introduce
Zi={ze A, |z—zj| <e}, 1 <)<
for € > 0 small enough, and set
Y; ={y €supp(g—s) : ¥ = 4o (s, 2), s < 0}.
For Ry large enough, one can find §; > Sy > 1 such that
Vi CIl_j={y:y=qol(s,2), =S <5< =S, z € Z;}.
Let m_; be in Cg°(I1_;), such that 0 < 7_; < l,and 7_; = 1'in Y;. In [20] and
[13], using Hamilton-Jacobi theory and Lemma 6.2, it is shown that

1 To .
Go(ﬁ,w,A,h):ih”Z/ e F_(t,0,w, k) dt + O(h™)
j=1 70

with 1 1 1
ih™ ih™— &_ ih— &
Ffj(t7 97 W, h) = <elh 1‘P(h)ﬂ-fjgfhelh >g+uelh +> .

Similarly, we define
Xj = {x € supp(gia) : x = q(t,y,Vi®_(y)), y €Y, t >0}
and there exists Ty > T; > 1 such that
XiClj={x:x=q(t,y,Vi®.(y), yeIl_j, Ty <t < Top}.
Thus we may construct 7y ; € Cg°(Il,;), such that 0 < m,; < land 7,; = 1in X.
Repeating the above argument, we obtain

1 Ty L
(6.8) G0(97w,>\,h):ih‘12/ " AFi(t,0,w, h) dt + O(h™)
=170

with o N N
Fi(t,0,w,h) = bigl(elh tP(h)ﬂ._jg_belh é’,m]‘gme’h q>+>.

6.3 Approximation of the Unitary Group and Stationary Phase Method

In this section, we repeat without changes the proof given in [20] and we recall only
the main steps. First we construct an approximation for

. -
pi(t,x,h) = et tp(h)w_]-g_be’h *- xe IL;, Ty <t < Tp.
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Lemma 6.3 The pointx = q(t, y, V. ®_(y)) € IL;; with y € I1_}, is non-focal, i.e.,
0
D(t,y) = det(a—yq(t,y, Vi@ () #0, Ty <t < T

From Lemma 6.3, we deduce the following representation of ¢;(¢,x,h), T} <t <
To, x € I (cf. [12], sect. 12):

(6.9) Vit x, A\ h) = eh” ity =i s p(e, y)|-%ih7r,j(y)go,,(y) +O(h),

forx = q(t, y, Vx®_(y)), y € II_;. Here S; is the action along the trajectory joining
the points x and y, i.e.,

2!
610) iy = () + [ (31proy Va@F = Viatr, V,0-)) dr.
0

pj € Z is the Maslov index of this trajectory and go,, go» € C5° depend on g,,and
g—p. We insert (6.9) into the expression of F;, and after a change of variables x =
qlt,y, Vi®_) — y, we get

(6.11)

l To p—1 o — T 1
GO(H,w,/\,h):ihZ/ e M/ éh N TIE M (¢, )| DA, )| ? dydt + O(H)
j=1 T, R#

where
¢i(t,y) = Sit,y) — 1 (q(t, y, V:@_), V2)0)

and
M;(t,y) = 7—;(3)806(¥)msj (q(t, y, Vi®_)goalq(t, y, ViP_)) .

Thus, the proof of the theorem is reduced to the study on the asymptotic behavior of
the integral

T
N;(0,w, h) :/

o L — )
el / MO M (¢, )| DG, y)|F dydi, 1< <L
T, R#

The direction 6 is regular for w, hence we can make a change of variables
(z,5) € Z; X |=81, =So[ — y = goo(s,2) € II_;.

We obtain

To o o —So
N](L‘),w,h):hz/ elh [)\_Wji/ Ij(t,S,e,W,h)det,

T =S
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with
Ij(t,5,6,0,h) = / e £(t,5,2) Do (t 4 5,2)|F Do (5, 2)| 2,
Z;
®i(t,5,2) = Sj(t,4oo(5,2)) — P1(qoo(t +5,2), V2A0),
fi(t,5,2) = 1 (oo (5, 2))806 (oo (5, 2)) T4 j(qoo (£ + 5, 2))80a(qoo (£ + 5, 2)).

Now let us apply the stationary phase method to the integral I;. As in [20], for (¢, s)
fixed, the only stationary point of the phase ®;(t,s, z) is z/. We refer to Theorem
7.7.6 in [6] for the stationary phase method for integral depending on parameters.
We apply this theorem at each z/ and we use Lemma 4.5 of [20] to get

Ni(0,w,h) = (), h)eih"sf—iw%&,-(zf)—% +0O(h),

with
n—3

o\ k) = —(2\) T (21h)"T KT,
This equality combined with (3.9) and (6.2) completes the proof of Theorem 1.3.

7 Appendix
7.1 Semi-Classical Estimates in the Non-Trapping Case

In this section, we recall some results proved by Robert and Tamura and we refer to
[19] and [20] for the proofs. Let P(h) = —H*A+V(x)bea short-range perturbation
of the Laplacian (i.e., V satisfies (V,) with p > 1) and let A > 0 be a non-trapping
energy level for the potential V. We have the following lemmas.

Lemma 7.1 Let A(x, hDy) be a p-order h-admissible differential operator, p < 2 and
let oo > % Then we have the following semiclassical estimate

|A(x, AD)R(A £ 00|, —o = O(h™1).
See [1] for the proof.

Lemma 7.2 Letwy € Ag’oo be such that supp(wy) C 't (R,d,o4). Thenfora > 1
we have the following assertions:

(i) RO+ i0)ws (x5, AD|| ars,—0 = OCH), ¥ > 1.
(i) Ifoy > o, then

Hw:F (x7 th)lé()\ + io)wi (x7 th)H—a,a = o(hoo)
(i) Ifw € A", m € R and supp(w) C {|x| < R}, R > 0, then

[|w(x, ADy)R(A £ i0)w (x, hD)|| a0 = O(h™).
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Remarks 7.1 This Lemma is the same as that used by Robert and Tamura in [20],
with exception of (iii) where we establish the same estimate for symbols w € Ag"m,
Vm, instead of w € A3*°°, but the proof works with the same argument.

As a direct consequence, we have the following.

Lemma 7.3  Under the same assumption as those of the precedent Lemma and for
a > 3, we have the following assertions:

(i) K5 (RO + i0)Kyp ()| —a0 = O(h?), )
(if) K, (MR +i0)(1 = xp) Ky (W)]| 0.0 = OhZ),
(i) [[((1 = Xa)Ksa)* RO +i0)x6K_p(1)|| —aa = O(h?).

7.2 Semi-classical Wave Front Set

The aim of this section is to recall briefly a notion of semi-classical wave front set ap-
propriate to our problem and to give the basic properties that we need in the proof of
Theorem 1.2. We refer to [14] for demonstrations and to [4], [9] for other definitions
of semiclassical wave front set.

Definition 7.1

(1) We denote by D.(IR") the set of distributions u(x, h) belonging to D'(R") such
that for any x € C§°(R"), there exists N € N such that

|gh(Xu)(§7 h)| S CNh7N<€>Na

where

Fn(w)(&,h) = (2nh) "% / e ) y(x, h) dx.

:RH
(2) Givenm,u € R, we set A" = (J, o, A{"" and we denote L% = Opj(Am5).
Definition 7.2 Let p € A;"’“ and (x9,&) € R" x R". We say that the operator

P = p(x, hDy, h) is elliptic in (xo, &) if there exist a neighborhood Vj of x; and a
conic neighborhood I'y of &, such that

¥(x,€) € Vo x Ty, |p(x,€,h)| > CHE(E)".
We denote by Char™(P) the set of all points (x, £) where P is not elliptic.
Definition 7.3 Let u € D..(R") and let (xo, &) € T*(IR™). We say that (xq, &) does
not belong to WF*(u) if there exist a neighborhood V) of x; and a conic neighbor-

hood I'y of &, such that for all x € C3°(V,) satisfying x(xy) = 1 and forall N € N,
there exists Cy > 0 such that

Vx € Do, |Fulxuw) ()] < CyhN(€)~N.
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As for the classical wave front set, one has the following proposition.

Proposition 7.1

(i) Let u(x,h) € DL(R") and assume that WF*(u) = &. Then for any k,m € N,
u € WH (R"), that is

Yx € CP(R™),3C > 0,Y0 < h < 1, ||xu( -, h)||gmeey < CH.
(i) Let u(x,h) € DL.(R") and x € C§°(R"), then
WF*(xu) C T*(supp(x)) N WF*(u).

(iii) Let u(x,h) € DL(R") and P € L, then

WF*(Pu) C WF*(u) C WF*(Pu) U Char*(P).
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