
A N A P P R O X I M A T I O N T O { X , Y} 

B . B r o w n 

( r e c e i v e d J u n e 2 1 , 1 9 6 8 ) 

1 . N o t a t i o n and T e r m i n o l o g y . A l l h o m o l o g y and c o h o m o l o g y 

g r o u p s a r e r e d u c e d . Ç(p) i s t h e c l a s s of f i n i t e a b e l i a n g r o u p s w h o s e 
o r d e r s a r e p r i m e to p . (p < a i s t h e c l a s s of a b e l i a n g r o u p s w h o s e 

o r d e r s a r e p r o d u c t s of p r i m e ^ l e s s t h a n a . If G i s a f i n i t e l y g e n e r a t e d 

a b e l i a n g r o u p , G i s t h e q u o t i e n t of G b y t h e s u b g r o u p of G m a d e up 
P 

of a l l e l e m e n t s w h o s e o r d e r s a r e p r i m e to p . If X a n d Y a r e f i n i t e 
C - W c o m p l e x e s and Ç a c l a s s of a b e l i a n g r o u p s , (p s t e m { X , Y} = 

m a x { i I H ^ X J Z ) <{ $} m i n { j | H . ( Y ; Z ) <f $ } . 

If G i s a s t a b l e c o h o m o l o g y o p e r a t i o n of t y p e (k , Z , Z ), D( 6 ) 
P P 

i s t h e s t a b l e h o m o l o g y o p e r a t i o n of t y p e (k , Z , Z ) w h i c h f o r a n y f i n i t e 
P P 

C - W c o m p l e x X and n - d u a l X * of X m a k e s t h e f o l l o w i n g d i a g r a m 

c o m m u t a t i v e : 

H ^ ( X ; Z ) 
P 

D 

H (X* ; Z ) 
n - p p 

D ( 6 ) 

HP + k ( X ; Z ) 
P 

D 

•+ H , (X* ; Z ) 
n - p - k p 

w h e r e t h e v e r t i c a l m a p s a r e t h e d u a l i t y i s o m o r p h i s m s . N o t e t h a t 
" n - d u a l M i s u s e d i n t h e s e n s e of [ 1 ] . D i s w e l l d e f i n e d , and i s a n 
i s o m o r p h i s m f r o m t h e g r o u p of s t a b l e c o h o m o l o g y o p e r a t i o n s of t y p e 
(k , Z , Z ) to t h e g r o u p of s t a b l e h o m o l o g y o p e r a t i o n s of t y p e 

( k , Z , Z ) ( s e e [ 2 ] ) . 
P P 

5 i s t h e Z c o h o m o l o g y B o c k s t e i n and (3 t h e Z h o m o l o g y 
P P 

B o c k s t e i n . L e t h : Z -*• Z b e t h e c a n o n i c a l p r o j e c t i o n ; 

h „ : H . ( Y ; Z ) -*• H . ( Y ; Z ) i s t h e i n d u c e d h o m o m o r p h i s m a n d 
W i l p 
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h, : H J ( X ; H ( Y ; Z ) ) - H J ( X ; H ( Y ; Z )) is the h o m o m o r p h i s m induced 
* i p -

by h # . 
i P 

2 . S t a t e m e n t of R e s u l t s . 

T H E O R E M C. X and Y a r e f ini te C - W c o m p l e x e s , p a p r i m e , 
p * 2, s = <j;(p) s t e m {X , Y} . Let a(q) = 2q(p - 1)-1 . Then the 
s p e c t r a l s e q u e n c e with 

E * ' ° - S H ^ X j H ( Y ; Z ) ) 
1 t - r p 

E ^ ' q - 2 H\X; Z ) O H , . (Y; Z ) 
1 t p t - a ( q ) - r p 

q > 0 

E r ' q = 0 < 0 

r , q r , q r + 1 , q+1 
and d. : E, •* E , defined, for q = 0 , by 

1 1 1 ^ —L-

d r ' ° = (p 0 1 + 1 ® D C p 1 ) ) ^ a^nd, _for q > 0 , _by_ 

d r ' q 

1 
H . ( X ; Z ) ® H . . ( Y ; Z ) 

p t - a ( q ) - r p 

((q + l ) p Ô - qô p ) ® 1 + 6 ® D(p ) + ( - l ^ p €> (3 

+ ( " l ) t ® ( ( q + l ) D ( p 1 ) ( 3 - q p D ( p 1 ) ) 

: o n v e r g e s to {X , S Y} when r > s - 2p(p - 1) + 2 . Tha t i s , we can 

c o m p u t e {X , Y} if p > 
1 +\l 2s+5 

COROLLARY 1. Le t s = s t e m { X , Y } 

{ X , Y } = S H ^ X j H (Y;Z) ) mod $ < Ë | ^ - . 
t t z 
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COROLLARY 2. JLet s = stem {X, Y} . 

Suppose 

A : H2l(X;Z ) = H .(Y; Z ) = 0 for all i; 
P 2i p 

B : H2l+1(X;Z ) = H . ,(Y;Z ) = 0 for all i; 
p 2i+l p 

l+\T2s+5 
then if p >; ^ 

{X,Y} = S K\X;KAY;Z)) 
P t t p 

If either A £r B holds for all p such that 

i+sl 2s+5 s+3 
; 1 P £ ~T~ then 

{X,Y} = £ HViHfYjZ)) m o d < ( : < 1 - ^ ^ 
t l * 

COROLLARY 3. {CP(n) , CP(m)} is isomorphic mod (f < * + N / 4 n + 1 

to the free abelian group on min (m , n) generators. 

3. Proof of Theorem C. Y is a finite C-W complex so, for 

some n, it has an n-dual Y'. <£ (p) stem {X,Y} =<()(p) 

stem {X # Y1, S } . Theorem B of [4] is a special case of Theorem C 
and is valid when the image space is a sphere. Thus we have a spectral 

sequence with É? '° = H r + n (X#Y ' ;Z ) ; É?' q = H
r + n + a ( q ) (X # Y';Z ), 

1 p i p 

for q > o ; Ê^ q = 0 for q < 0; d*"' ° = p ' h^ ; d*"' q = (q +1) p'6 - q6 p» 

r "hn 
and this spectral sequence converges to {X # Y', S } when 

r > s - 2p(p- 1) + 2 . 

Now we will describe an isomorphism from this spectral sequence 
to the one described in the statement of Theorem C. Let # be the 
appropriate Kunneth isomorphism, X the diagonal map in the Steenrod 
Algebra and 9 the primary operation (q + 1) p'ô - qôp* . Then the 

q 
following two diagrams are commutative and the vertical maps are 

isomorphisms. 
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- r , o 
d , r . r + 1 , 1 

f r , o 1 E , 
E , • > 1 

1 

H n + r ( X # Y ' ;Z) ^ * H r + 1 + n + a ( 1 ) ( X # Y ' ; Z ) 
P P 

S H ^ X ; ^ " ' ( y ; Z „ ^ > S H W ) C H ^ 1 ^ , ^ 

t p
 t

 p (Y 'V 
i (D ).,. | 1 0 D 
* n * v n 

( 1 0 D ) \ ( p ' ) h , 
S H (X;H (Y;Z)) : y Z H (X;Z ) ® H , _M J Y Î Z ) 

t - r p t p t - ( a ( l ) + r + l ) p 

„ r , o „ r + l , 1 
E / — — > EA 

1 r , o 1 
d i 

Ër> q 1 > | , r + l , l , q + l 
1 1 

H n + r + a ( q ) { x ^ Y , ; Z Q „ R n + r +1 + a ( q + l ) # 

P P 

2 H ' l X i Z )®Hn+r+^-\Y',Z ) — ^ ^ H W ) ® H n + r + 1 + a < ^ >" \ 

t p p t p (Y :V 

I 1 8 D 1 1 e>D 
+ n v n 

( 1 ® D ) \ (6 ) (Y;Z ) 
S H ( X ; Z ) ® H ( Y ; Z ) » S H (X; Z ) ® H P 

t p t - r - a ( q ) p p t - ( r + 1 ) - a (q+ l ) 

E r , q > E
r + 1 . q + 1 

1 d r , q 1 
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So the s p e c t r a l s e q u e n c e s E and E both conve rge to { X # Y ' , S } 
Jr 

when r > s - 2p(p - 1) + 2 . But { X # Y ' , S r + n } S {X, S r y } (cf. [1]) 
and the proof of T h e o r e m C is c o m p l e t e . 

In each of the t h r e e c o r o l l a r i e s the hypo thes i s a s s u r e s us that 
o ,q o, o 

E = 0 except when q = 0 and that d = 0 . Consequent ly 

o ,o o , o ° , q / i \ 
E „ = E,. and E = 0 (q T 0). The conc lus ions then follow 
eas i ly . 
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