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ON BASIS-CONJUGATING AUTOMORPHISMS OF 
FREE GROUPS 

J. McCOOL 

1. Introduction. Let X = {x]9. .. 9 xn} be a free generating set of 
the free group Fn9 and let H be the subgroup of Aut Fn consisting 
of those automorphisms a such that a(xt) is conjugate to xt for each 
/ = 1, 2 , . . . , n. We call H the Z-conjugating subgroup of Aut Fn. In [1] 
Humphries found a generating set for the isomorphic copy Hx of H 
consisting of Nielsen transformations 

{ul9...9u„} -> {u\,...,u'„}9 

where each u[ is conjugate to ut (see remark 1 below). The purpose of this 
paper is to find a presentation of H (and hence of Hx). 

Let i ^ j be elements of {1, 2, . . . , «} . We denote by (xf9 xA the 
automorphism of Fn which sends xt to x~ xtX: and fixes xk if k ¥= i. Let 
S be the set of all such automorphisms. It is easy to check that the 
following aire relations satisfied by the elements of S, provided that, in 
each case, the subscripts i9j9 k9 . . . occurring are distinct: 

( Z l ) (Xi9 Xj)(xk9 Xj) = (Xk\ Xj)(xi9 Xj) 

(Z2) (*,.; Xj){xk\ xt) = (xk\ Xt)(xi9 Xj) 

(Z3) (xt\ Xj)(xk\ Xj)(xi9 xk) = (xi9 xk)(xf9 Xj){xk\ Xj). 

We denote by Z the set of all relations of the above forms. Our result is 

THEOREM. The group H has presentation (5 ; Z) . 

2. Proof of the theorem. We shall assume familiarity with the notation 
and results of [5] (see also [2] ). We shall use the improved version of 
Theorem 1 of [5], as outlined in Section 4 of that paper. We take U to be 
the tuple {JC ,̂ . . . , xn}9 where x® denotes the cyclic word (i.e., conjugacy 
class) determined by xt. It is clear that U is a minimal tuple. We have to 
construct the complex K2 described in Section 4 of [5]. The vertices of K2 

will clearly be the n\2n distinct tuples Uo9 where a belongs to the extended 
symmetric group Çln. There will be a (directed) edge labelled (Uo9 Uor; r) 
joining Uo to Uor, for each pair a, T G 2n. In addition, there will be a 
number of 'type 2 whitehead edges'. In fact, it is not difficult to see that 
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the type 2 edges originating at the vertex V will correspond to the set W of 
Whitehead automorphisms of the form 

v**!» Xit » • ' * ' Xir->
 Xir » xik9

 xik)> 

where {/ls . . . , ir9 k} Q {1, 2, . . . , n}9 ix ¥= i2 ¥*...¥* ir =£ k, and 
€ = ± 1 . 

We denote this automorphism by (xt,. . . , xt ; x€
k) and recall that 

Xj(xt 9 . . . , xt; ; x£) is X^X-JX^ if 7 G {/b . . . , ir) and is xy otherwise. We 
have VP = V for all vertices V and all P ^ W. Thus the type 2 edges 
originating at vertex F consist of the loops (V, V; P) , where P G W. 

Summarising, the 1-skeleton K2 of K2 consists of 
(a) the vertices Uo, (o G Qn) 
(bl) the edges (Uo9 UOT; T), (a, T G QW) 
(b2) the loops (I/a, £/a; P), (a G Qn, P G JF). 
Following the recipe of Section 4 of [5] we must now attach 2-cells to K2 

corresponding to the relations R1-R10 listed in [4]. Let C be the complex 
obtained by adding 2-cells corresponding to the relations R7 to K2. Note 
that if C is obtained from C by deleting the edges of type (b2) above, then 
C is just the Cayley diagram of Qn (on the generating set consisting of all 
elements of Qn), with the 2-cells corresponding to R7 added, and hence 
fl"i(C", U) is the trivial group. 

We now examine the relations R1-R5 and R8-R10 to see which of these 
give rise to 2-cells of K2. A straightforward examination shows that we use 
the following relations: 
From R l : 

(Ql) (xi]9 . . . , xt\ x\)"x = (xl]9 . . . , xt\ xk% 

From R2: 

(Q2) (xl]9. . . , xt\ x\)(xJi9 . . . , xj\ 4 ) = (xZi,. . . , xir, xJ]9 . . . , xj\ x\) 

if { / „ . . . , i r } n {jl9...js} = 0. 

From R3: 

(Q3) (xi]9. . . , xt\ xe
k)(xj)9 . . . , xj\ x1}) 

= (xj^9 . . . , Xj\ Xi)(xii9 . . . , x{\ xk) 

if {il9...9ir9k} n {j\,... Js91} = 0. 

From R4: no relations arise, since if (A; a)9 (B; b) G W9 where 
A n B = 0, a~l £ B and Z?_l & A, then a ¥= b~l (otherwise 
a - = b ^ B)9 so b~ ^ A — a. However A — a is closed under 
inversion, so that Z> G 4̂ — a, which contradicts A n P = 0). 

From R5: no relations arise, since no type 2 of the form (A — a + a~ ; 
b) with a ¥" b9 b can be in JF. 
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From R8: we obtain only relations which are consequences of (Ql) and 
(Q2) above: 

From R9: 

(Q4) (xx, . . . , *,-_,, x / + 1 , . . . , * „ ; x})(xjx,.. . , xjr\ 4 ) 

X (xx, . . . ,x y_i , x/ + 1, . . . ,xn; xt
 v) 

= (xjt, . . . , Xj\ xk) 

if/ « {y/9 . . . ,yr, k). 

From RIO: no relations arise (for the same reason as R4). 
We now take each instance of a relation in the set 

Q = Ql U Ql U 63 U g4, 

rewrite it in the form 

PXP2...PS = 1 (i^-e WO, 

and for each vertex £/a of C, attach a 2-cell with boundary 

(2.1) (Uo, Uo; Px)(Uo, Uo; P2). . . (Uo, Uo; Ps). 

Let us denote the resulting complex by K2. 
To obtain K2 we add to K2 2-cells corresponding to the relations R6. 

The relations arising here are all of the form 

T~ (A; a)r = (AT; ÛT), 

where (A; a) e W and T e Qn. Thus we attach to K2 all 2-cells with 
boundaries 

(2.2) (Uo, UOT~1; T~X)(UOT~\ Uar~l; (A; a)) 

X (Uor~\ Uo; T)(UO, UO; (AT; a r ) - 1 ) , 

where (A; a) e W. The resulting complex is K2. 
Let 7 be a maximal tree in K2. We compute a presentation of 

H = yx(K2, U) using T. Note that T consists of edges of the form 
(Uo, UOT; T) for o, T <E Qn. We have a generator (Ua, UafS; ft) for each 
edge of K2. Since C is simply connected, we will have (Uo; UOT; T) = 1 in 
H for o, T e £2n. Taking a = T in (2.2) (and using the fact that 

(Ua, Uafl; (3)~l = (Uap, Up; P~l) in H for any (Ua, Uap; p) ) 

we obtain 

(2.3) (U, U; (A; a)) = (Uo, Uo; (Ao; ao)) 

in H, for all o e Qn and (A; a) e W. It follows that / / is generated by the 
elements (U, U; P) for P ^ W. This tells us that / / is generated by the set 
W, and that the 2-cells (2.1), interpreted as relations on W, merely give us 

https://doi.org/10.4153/CJM-1986-073-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1986-073-3


1528 J. M c C O O L 

back the relations Q1-Q4. Any other relation arising in our presentation 
will be an instance of a relation arising from the 2-cells (2.1). Using (2.3) 
(and interpreting (U, U; (A; a) ) as being (A; a)), this will yield a relation 
on the generating set W. However, it is clear that the relation obtained will 
actually be an instance of one of Q1-Q4 (essentially because in Aut Fn we 
have oWo~x = Wfov all a e Î2„, and the set Q = Ql U Q2 U Q3 U QA 
is closed under conjugation by o e Qn). 

Thus we have established that H has presentation (W; Q). To obtain 
the presentation of the theorem, we proceed as follows: 

From Q2 we have 

(2.4) (xlV . . . , xt\ xk) = (xh; xk)(xl2; xk). . . (xt\ xk\ 

and it follows from Ql that H is generated by the (xt\ Xj). Starting with the 
presentation (S; Z) , it is clear that if we define (JCZ- , . . . , xt ; xk) by (2.4) 
and define (xi;, . . . , xt\ xk

x) to be (xi9 . . . , xt\ xk)~\ we can then 
recover the relations Q2 and Q3. It only remains then to show, with these 
definitions, that Q4 holds. We may clearly assume in Q4 that e = TJ = 1. 
We thus consider 

L = (•*!, • • • , -X/-1? xi+\> • • • » xtv xi)\xj^ • • • •> xjs Xk) 

X ( X j , . . . , Xj_l, Xj+ ] , . . . , Xn\ X;) 

Using Z2, we have in (S, Z) , 

L = (Xj^ . . . , Xjr, Xk\ X;)(Xji9 . . . , Xj\ Xk)(Xj^ . . . , Xjj Xk\ Xt) 

= (XJ2> ' ' ' ' XJr> XiXXk> Xi)(Xj^ Xl) 

X (Xj}; xk)(xj2, . . . , Xj\ xk)(xj^ . . . , xJt? xk\ xt) 

= (xJ2,. . . , Xj\ Xi)(Xj^ xk)(xk; XjXxj^, xf) 

X (Xj2, . . . , Xj\ Xk)(Xj]9 . . . , Xjj Xk\ Xj) 

(using Z3) 

= (Xjs Xk)(xj2> • • • » xjr->
 xk> xi)(Xj2> • • • » xj\ xk) 

X (Xj29:..,XJr,Xk'9 Xj)"1 

and it follows, by induction on r, that 

L = (Xj^ . . . , x-\ xk) 

in (S, Z) , as required. Thus the theorem is established. 

Remark 1. Let T be the set of all «-tuples of Fn, and let a e Aut Fn. The 
Nielsen transformation â corresponding to a is defined to be the element 
of the symmetric group S(T) on T given by 
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where 

(Xi)a = w^xj, . . . , xn) (1 ^ / ^ n). 

It is then easy to check that afi = «/?, and that we obtain an isomor
phism of Aut Fn with a subgroup of S(T) (note that we apply elements of 
S(T) on the left, and elements of Aut Fn on the right, unlike the 
convention of [3] pp. 129-131, where an anti-isomorphism is obtained). 
This isomorphism then induces an isomorphism from H to the group 
Hx. 
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