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C3-ACTIONS AND ALGEBRAIC THREEFOLDS WITH
AMPLE TANGENT BUNDLE

TOSHIKI MABUCHI*®

0. Imtroduction

One of the most challenging problems in complex differential geometry
is the following conjecture of Frankel [3].

(F—n) A compact Kaehler manifold M of dimension n with positive
sectional (or more generally, positive holomorphic bisectional) curvature
18 biholomorphic to the complex projective space P™(C).

There are also algebraic counterparts:

(G-n) A non-singular irreducible n-dimensional projective variety
M with ample tangent bundle and the second Betti number 1 is isomorphic
to P"(C).

(H-n) A non-singular irreducible n-dimensional projective variety
M with ample tangent bundle is isomorphic to P"(C).

The last (H-n) known as Hartshorne’s Conjecture obviously implies
(G—mn). The first remarkable fact is that, for each n, Conjecture (G-n)
implies (F-n); this is a consequence of the theorem of Bishop-Goldberg
[11 and the celebrated theorem (“Every Hodge manifold is projective
algebraic”) of Kodaira [20]. (See also Goldberg-Kobayashi [9].)

We here give a historical sketch: (H-1) is straightforward from the
fact that P(C) is the only compact Riemann surface with positive Euler
number. Conjecture (F-2) was proved by Frankel and Andreotti [3],
whereas Hartshorne [13] gave a purely algebraic proof of (H-2). Their
proofs essentially depend on the classification of the rational algebraic
surfaces.
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Some progress has been made on (H-3): Let M be a non-singular
irreducible 3-dimensional projective variety with ample tangent bundle.
Then,

(0-i): (Kobayashi-Ochiai [19]) The group Aut(M) of biregular auto-
morphisms of M satisfies:
1) dimgAut(M) = 7.

(2) M can be embedded into PY~Y(C) for some N in such a way that

Aut (M) acts on M as o closed algebraic subgroup of PGL(N, C).

(2) follows from the ampleness of —K,, whereas the proof of (1) is
essentially an estimate of the Riemann-Roch formula for the tangent
bundle.

dimgs Aut (M) = dimgy H' (M, T(M)) = y(M, T(M))
- {%(c? 26,0, + ¢) + —Z?Icl-cz}[MJ >7,

where each ¢; is the i-th Chern class of the tangent bundle of M.
(0-ii): (litaka [14]) M is rational.

As for (F-3), Kobayashi-Ochiai [19] reduced the proof of (F-3) to
the existence of a compact Lie subgroup of Aut (M) of real dimension
>7, which can be obtained if, for instance, there exists an Einstein-
Kaehler metric on M (see Ochiai [24]).

In a series of papers we shall give a slightly different approach to
(F-3), making an essential use of noncompact-group actions.

Consider the following three standard group actions on a non-singular
irreducible 3-dimensional projective variety M with ample tangent bundle.
In §1, we shall show that the study of such standard actions will suffice
to prove Conjecture (H-3).

) (G’ < Aut (M),

where (G,)° is a three-dimensional abelian unipotent group (as a complex
Lie group, C%.

i) (G’ < Aut (M),

where (G,)* is a three-dimensional algebraic torus (as a complex Lie
group, (C*)).
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iii) Aut (M) contains a semi-simple algebraic group isogenous to either
SL(B; C) or SL(2; C) x SL(2; C).

In this paper we shall study C*-actions on M, and prove Conjecture
(G-3) in case i): C*C Aut (M). The remaining cases will be treated in
separate papers [21,22,23]. More precisely we prove the following:

THEOREM. Let M be a 3-dimensional non-singular irreducible pro-
jective variety with ample tangent bundle and the second Betti number

1. If C® acts on M holomorphically and effectively, then M is algebraically
isomorphic to PC).

The proof depends essentially on the following two facts:

THEOREM A (Fujita [56], Kobayashi-Ochiai [16]). Let M be a 3-
dimensional irreducible non-singular projective variety with ample tangent
bundle. Assume that, in H M) (=H*M; Z)/torsion classes), the first
Chern class ¢, of the tangent bundle is written in the form:

¢, =79 for some 2 < reZ and some gc H (M) .
Then M is isomorphic to P3(C), (cf. (5.4) below).

THEOREM B. Let M be a non-singular irreducible 3-dimensional pro-
jective variety with ample tangent bundle and the second Betti number
1. Assume that there exists a section

0+ se H'(M, T(M))

whose zero locus contains a non-empty 2-dimensional component. Then
M s isomorphic to P3(C) (cf. (6.1) below).

In concluding this introduction, I wish to thank all those people who
encouraged me and gave me suggestions, and in particular Professors
S. Kobayashi, S. S. Roan and I. Satake who helped me again and again
in the preparation of this paper. I was also stimulated by the recent
work of T. Fujita, with whom I have had many valuable discussions by
correspondence. One of his results (Theorem (5.4)) is crucial in our
approach. (I understand that T. Fujita has also obtained an inequality
similar to ours in Theorem (4.1).)

NOTATIONS AND CONVENTIONS.

(0.1) All varieties are defined over the complex number field C.
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(0.2) For every non-singular irreducible projective variety X,

i)

ii)

iii)
iv)

V)

vi)

HYX) denotes HYX; Z)/torsion classes, and H,(X) denotes

H (X ; Z)/torsion classes.

ot Hy(X) X H(X) > H,(X) denotes the intersection pairing

which is dual to the cup product operation.

Div (X) denotes the set of all divisors on X.

For any closed subvariety Y of X, [Y] denotes the homology

class carried by Y (with multiplicity 1).

For every F ¢ Div(X),

(1) supp (F) denotes the support of F.

(2) [FleH,, XX) (where dim X = n) denotes the algebraic cycle
carried by the divisor F.

B) O(F) denotes the line bundle over X associated with the
divisor F'.

4) c¢,(IF]) e H(X) denotes the Poincaré dual of [F] in X which
is at the same time the first Chern class ¢ (O(F)) of the
line bundle O(F). Note that for any F and F/ in Div(X),

o((FD) + e(lF'D) = e([F + F']) .

Given an embedding ¢: X =— PY(C), and given a divisor F e
Div (X), we denote by degpr (F') the degree of the algebraic cycle
1,([F]) in H,(PY(C)), where i, is the canonical homomorphism
iyt H (X) — H (P¥(C)) induced from i: X =—> P¥(C).

(0.3) For any vector bundle n: E — M over a non-singular irreducible
projective variety M,

i)

ii)

iii)

iv)

7: E* — M denotes the dual vector bundle of n: E — M.

for each peM, E, (resp. E}) denotes the fibre z7'(p) (resp.
z7(p)).

pr: P(E*) — M denotes the associated projective bundle of E*
over M, which is, by definition, the quotient of E* — (zero sec-
tion) by the group C* = C — 0 acting on E* — (zero section)
by complex (scalar) multiplication. =z’: L(E*) — P(E*) denotes
the associated line bundle of the C*-bundle #: (E* — (zero sec-
tion)) — P(E*).

for every pe M, P(E*), denotes the fibre pr~ (p) of the projec-
tive bundle pr: P(E*) — M. Note that P(E*), is canonically
identified with P(E}).
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v) for each g e P(E*), L(E*), denotes the fibre »’'~!(q) of =': L(E¥*)
— P(E*) over q. One can see that L(E*), is regarded as the
complex line ¢, in E¥, corresponding to ¢ by the canonical
projection:

B — 0 —> PEL ) = PE*)yq

U [O)
by —0—mq

vi) for any D = f a,-D; e Div(M) (where a,¢Z — 0, and D, is a
=1

prime divisor on M), pr~(D) denotes i} a;-pr-i(D,) € Div (P(E*)),
i=1

where each pr-!(D,) is regarded as a prime divisor on P(E*).

Note that:

(1) for any F and F’ in Div(M), pr'(F + F’) = pr ' (F) +
pr~* ().

(2) for any F e Div (M), ¢, ([pr~ (F)]) = pr* (c.([F]).

(0.4) A vector bundle n: E — M is said to be ample, if L(E*)"! is an
ample line bundle over P(E*), (ef. Hartshorne [12]).

1. Reduction of the problem

In this section, making a detailed study of linear algebraic groups
of dimension = 7, we shall show that a consideration of four standard
types of group actions on projective threefolds with ample tangent bundle
will suffice to prove Conjecture (H-3).

(1.1) THEOREM. Ewvery linear algebraic group G of dimension =7
contains a closed subgroup which is isomorphic to one of the following
four algebraic groups:

i) The 3-dimensional algebraic torus (G,)* (=(C*), as a complex

Lie group).

ii) An (8-dimensional) algebraic group which 1is isogenous to
SL(3; C).

iii) A (6-dimensional) algebraic group which is isogenous to SL(2; C)
X SL(2; C).

iv) The 3-dimensional connected unipotent abelian group (G,)* (=C?,
as o complex Lie group).
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Proof. Without loss of generality, we may assume that G is con-
nected. Now, by Levi decomposition of connected algebraic groups, there
exists a semi-simple closed connected subgroup H of G such that:

G =H-Rad(G) and H N Rad(G) = a finite group,

where Rad (G) denotes the radical of G, that is, the maximal connected
normal closed solvable subgroup of G. Then the following three cases
are possible:

(1) rank (H) > 3,
(2) rank(H):Z,
(3) rank () <1,

where rank (H) is the common dimension of the maximal tori in H.

Case (1). Since rank (H) =3, H (and hence G) contains a closed
subgroup isomorphic to (G,)%.

Case (2). Since rank (H) = 2, the classification table of semisimple
algebraic groups says that H is isomorphic to one of the following four
types of algebraic groups:

(a) An algebraic group of type A, (=an algebraic group which is
isogenous to SL(3; C)).

(b) An algebraic group of type 4, X A, (=an algebraic group which
is isogenous to SL(2; C) X SL(2; C)).

(¢) An algebraic group of type B,.

(d) An algebraic group of type G,.

Therefore, noting the fact that:

(«) an algebraic group of type G, always contains an algebraic group
of type A, xA,, and

(8 an algebraic group of type B, always contains an algebraic
group of type A, X 4,, we finally obtain:

In this Case (2), G contains a closed subgroup which is isogenous
to either SL(8; C) or SL(2; C) X SL(2; C).

Case (8). If rank(H) =0, then H = {e}, i.e., G is a connected
solvable subgroup of dimension > 7. If rank (H) = 1, then H is isogenous
to SL(2; C), and therefore, it follows that:

(a Borel subgroup of H)-(Rad (@)
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is a connected solvable closed subgroup of G of dimension = 6. Thus,
we have:

In Case (3), G always contains a connected solvable closed subgroup
(which is denoted by S) of dimension > 6.

Now, by Chevalley decomposition, S is written as a semidirect pro-
duct of two closed subgroups:

S=T.-U and TNU={e},

where U is the unipotent group consisting of all unipotent elements in
S, and T is an arbitrarily chosen maximal torus in S. Since dim S = 6,
it follows that:

3.1) either dim7T =3,
3.2) or dimU = 4.

In case of (8.1), T (and hence () contains a closed subgroup isomorphic
to (G,)}, whereas in case of (3.2), (G,)® is shown to be contained in U
(and hence in () as a closed subgroup by the following lemma. (Thus,
the proof of Theorem (1.1) is reduced to that of Lemma 1.)

LEMMA 1. Ewvery connected unipotent algebraic group U of dimen-
sion = 4 contains o closed subgroup isomorphic to (G,).

Proof. Let L be the Lie algebra of U. Note that:

(1) By the unipotency of U, there is a one-to-one correspondence
between the Lie subalgebras of L and the closed (=algebraic) subgroups
of U.

(2) Every connected unipotent abelian 3-dimensional algebraic group
is isomorphic to (G,)°.

(8) L is nilpotent and dim L = 4.

By (1) and (2) above, the proof is reduced to showing the existence of
a 3-dimensional abelian Lie subalgebra of L. By Lie’s Theorem (cf. (3)
above), there exists a chain of ideals of L:

O=L,cLclL,cL,cL,c...cL,=1L,
such that dimL; =4¢ (¢ =1,2,-..,n). The nilpotency of L implies

1) [L} Ll] ; Ll’ i'e-; [L’ Ll] = 0-
i) [L/Ly, L,/ L) © L,/ Ly, i.e., [L, L, S L,.
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Choose a C-basis {z, 2, - - -, &,} for L such that {z,, x,, - - -, x;} is a C-basis
for L;, 1+ =1,2,.--,n. Then, by i) above,

[ﬂ?l, .’762] = [xn 5(?3] = [.’El, 904] =0.

By ii) above, for some linear combination ax; + pz,+ 0 of x;, and x,,
we have:

[2,, ay + [894] =0.

Therefore the Lie subalgebra Cx;, + Cx, + C(ax, + px,) of L is 3-dimen-
sional and abelian, which finishes the proof of Lemma 1, and hence that
of Theorem (1.1).

Now, combining Theorem (1.1) above and (0-i) of Introduction, we
obtain the following reduction of (H-3) to four standard cases.

(1.2) THEOREM. Let M be a non-singular irreductble 3-dimensional
projective variety with ample tangent bundle. Then we have one of the
four following situations:

) (G,)? acts on M regularly and effectively.

i) SL@3; C) acts on M regularly and essentially effectively.

i) SL@2;C) X SL2; C) acts on M regularly and essentially effec-
tively.

iv) (G,)? acts on M regularly and effectively.

2. Zeroes of a section to a vector bundle of rank r = 2 over an irreducible
non-singular projective variety

Throughout this section, let =: F — M be a vector bundle of rank
r = 2 over an n-dimensional irreducible non-singular projective variety
M with dim H'(M, E)>0.

(2.1) We have a natural isomorphism:
H(M,E) = H(P(E*), L(E*)™") .

(See, for instance, Kobayashi-Ochiai [17].) It is given by the 1-1
correspondence :

se H'M,E) <> s’ ¢ H'(P(E*), L(E*)™)
which is determined by the following relation:

(@), by = {s(pr (), k),
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where, on the left-hand side, h is regarded as an element of L(E*),
and on the right-hand side, » is regarded as an element of E} . (pr is
the canonical projection: P(E*) — M.)

Remark 1. In the above, L(E*), is regarded as the complex line ¢,

in E% , which corresponds to ¢ by the canonical projection:
E;’kl‘(q)
U w
£, —0——q

— 0 — P(E%,,,) = P(E*)pr(q)

pr(q)

Remark 2. In the above, let 0~ sec H'(M,E). Then U={peM;
s(p) # 0} is an open dense subset of M. Defining a subset {C-s} of E*
(resp. {C-sly} of E*[p) by

{C-s} = pgd {heEf;<s(p), h)y = 0}
(resp. (C-sut = U {he By (sio), by = 0}>
we obtain:
(i) {C-s}t ={C-sy}+ U # ! (zero locus of s),
where #: E* — M is the canonical projection.

(i) Z|icspyt: {C-sp}t — U is a rank (r — 1) vector sub-bundle of
ﬁl (E*11) N E*IU b U.
(iii) (zero locus of &) = P({C-sy}*) U pr~* (zero locus of s).
where P({C-.sy}t) is the projective bundle associated with the vector
bundle {C-s}+ over U.

(i) and (ii) are obvious. We explain (iii). Let q¢e P(E*). Then
s'(¢) = 0 if and only if 4, {C-s}*. Thus from (i) above, we obtain:
§’(q) = 0 if and only if g e P{C-s}") U pr~'({s = 0}).

(2.2) DEFINITION OF S, S AND D,. To each 0=secH(M,E), we
associate SeDiv(M) and S, D,eDiv(P(E*)) by the following three
steps:

Step 1. Let s’ e H'(P(E*), L(E*)™") correspond to s € H'(M,E) by the
isomorphism: HYP(E*), L(E*)™") = H'(M,E) in (2.1). Since L(E*)"'is a
line bundle, we can define S’ e Div (P(E*)) by

S’ = the zeroes of s’ counted with appropriate multiplicities.
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Step 2. Let {F,F,, ---,F,;} be the set of (»n — 1)-dimensional irre-
ducible components of the zero locus of s. By (iii) of Remark 2 of (2.1),
pr! (zero locus of s) C zero locus of ¢,

and therefore,
pr-t (F,) < supp (S) for 1 =1,2,.--, k.
We define Se Div (M) by

S: iui'Fi )
i=1

where v; is the multiplicity of pr=!'(¥,) in §’. (If the zero locus of s
contains no (» — 1)-dimensional components, we simply put S =0.)
Clearly S is either 0 or an effective divisor.

Step 3. From Step 2,
k
proi(S) = Zi v P (EY) .
We define D, e Div (P(E*)) by

D, =8 —pr*(S).

Then D, is either 0 or an effective divisor which has no pr-!(F,)-terms,
(t=12,.--,k). In particular,

codimp g+ {supp (D, N pri(supp (SN} = 2.

(2.2.1) DEFINITION. For each 0 == se H'(M, E), we call

(i) SeDiv(M) the divisor part of the zeroes of s.

(ii) S’ e Div (P(E*)) the divisor of zeroes of s'.

(iliy D, e Div (P(E*)) the difference divisor on P(E*) associated with
s. Note that S = pr=*(S) + D, can be taken as the definition of D,.

(2.3) Horizontal-vertical decomposition of S’.

(2.3.1) PROPOSITION. For each 0 = se H'(M, E), the difference divisor
D, satisfies:

(i) D, is an effective divisor consisting of only one component,
1.e., supp (D,) is irreducible.

(1) PY|supp 0p & SUPP (D) — M s generically o P *C)-bundle over
M. In fact, if U ={peM; s(p)# 0}, then
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prl supp (Ds) : (prl supp (D,))_1 (U) - U
18 o P C)-bundle over U.

Remark 1. It is not hard to see that D, is even a prime divisor.
(We do not use this fact later.)

Remark 2. This proposition shows that: §’ = pr=*(S) + D, gives a
decomposition of S’ into the “horizontal component” D, and the “verti-
cal component” pr—! (S).

Proof of (2.3.1). We use the same notation as in Remark 2 of (2.1).

Step 1. By (iii) of Remark 2 of (2.1),
(zero locus of &) N pr~* (U) = P({C-s|y}Y) .
On the other hand, pr='(S) N pr*(U) =@ and D, = S — pr~1(S) imply
supp (DY N pr=* (U) = supp () N pr* (0) .
Therefore, P{C-sly}*) = supp (Dy) N pr~" (U) = (O |suppny) " "(U). This shows
@ii).
Step 2. Note that: M — U = supp(S) U F', for some F with
codim, F' = 2. Therefore,

supp (D) N pr~' (M — U) < {supp (D, N pr~! (supp (SH} U pr* (F),

where 1) codimpgs, {pr—! (F} = 2, and
2) codimp g+ {supp (Dy) N pr' (supp (S))} = 2, (cf. Step 3 of (2.2)).

Thus, codimp g, {supp (D) N pr* (M — U)} = 2.

Step 3. By Steps 1 and 2, noting that P({C-s|y}}) is irreducible and
1-codimensional in P(E*), we obtain:

supp (D,) = (closure of P({C-s|y}") in P(E*)) = irreducible.

Since D, #+ 0 in Div (P(E*)), D, is also an effective divisor, (cf. Step 3
of (2.2)). This finishes (i).

3. Positive polynomial @, = @ (u;, uy, - - -, Uy)

In this section, we make a quick review of the polynomial @, studied
by several people. (See, for instance, Griffiths [10,11], Gieseker [8],
Kobayashi-Ochiai [17].) Also a slightly modified version of the formula
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in Gieseker [8; Lemma 1.8] will be given for our later purpose.

(3.1) DEFINITION. Let u,u, ---,u, be indeterminates, where & is an
arbitrary positive integer. Consider the polynomial:

JeX) = X — u, X570 4 0, XP7% oo - (=D,
and split it into factors:
JilX) =X — ) (X — 1) - (X —t) .
Now we define @, = @, (u;, Uy, + - -, Uy) € QLUUy, Uy, + -+, U] DY

Op= 3 tpetpetp, k>0,

q1+ gzt tqr=k

where the summation is taken over all non-negative integers q,, ¢, * -+, s
such that ¢, + ¢, + -+ + ¢, = k. Also put

@02162.

Since the right-hand side is a symmetric polynomial of ¢,t,, ---,t,, the
@, above is a polynomial of wu,, u, - - -, us.

(3.2) DEFINITION. Let u;,u,, -+, U,,1, --- be a sequence of indetermi-
nates. Fix re¢Z,. Consider the subring R, = Zlw, Y%, ---,u,] of R
= ZlUyy Ugy + -+ Upy Upyqy -+ -1  Also put By=Z. Let f(X) be the poly-
nomial X* — 4, X" ' + 4, X% — ... (=D, in R,JX]. For each keZ,
U {0} (and re Z,), we define @,,, = @y, (u;, Uy, - - -u,) € R, by

.., = the coefficient of X" in the remainder of
X*t+r=1 when divided by f(X) .

(Put @,y =1eZC R.) Then the following are straightforward from the
definition above:

D X0t = (@ XD A e (mod. f,(X)) ,

where the dots denote a polynomial in X of deg < v — 2 with coefficients
in R, = Z[u,, 4y, + -+, 1,].

ii) For any non-negative integer +, @,, = 1.
iii) For any k, ¢ Z, satisfying r = I,

@Ic;r = @k;k

iv) For any k, v ¢ Z, satisfying k = »,
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@k;'r = Qk;k (uv Uy * v vy Uyy O’ 0} °r ’O)
\——_—Y-_/

k~7r pieces

v) For any non-negative integer k,
D€ Ry = Zlug, uy, + -+, U] S QLutgy sy - -+, U] -
3.3) LEMMA. @, =@, for all k= 0.
Proof. Since @, =1=0@,, we may assume ke Z,. Since
Dy Diir € Qluy, Uy, - -+, U]
it suffices to show that
O (Uyy Upy =+ oy Ug) = Dy (g, Uy + + +, Uy)

holds for all complex numbers u, u,, - - -, u;. Let t,¢t, ---,t,€C be the
roots of the polynomial: X% — 4, X%t + 4,X*2 — ... 4+ (—1D*u, (= f(X),
where u,, - .-, u; are arbitrarily fixed complex numbers. Then

Qk(uu ) ulc) = Z tih'tgz tre tl%k

q1+qa+ere+qr=k

(the coefficient of 27! in ]

=l b (B (fi)s)J
i=1 ¥4 z ¥4
(the coefficient of z7! in the Laurent series

= | of z*!. ﬁ (1 — (t—i»_l expanded for
2

i=1

Lpp < |2] < 400, where p, is large enough.

- sl D 6= )
=51 sz i]l 1 - dz for any p > o, ,

1 j‘ sz—l d f >
= 2z, or an
2r4/ —1 Jiai=o fL(2) oo
_ 1 Dp.-2* 4+ (lower degree terms in 2) dz
2n4/ —1 Jizi=s i)

for any p > p, .

Therefore, letting p — + co, we obtain:
Doty Ugy -+ =5 Ug) = Do (thay Uy, + -, Up) Q.E.D.

Remark. From the above lemma and i-iv of (3.2), it follows that:
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3.3.1) For any keZ, U {0} and any re Z, with » > k,

XE=U = @, (Uy, Uy, + -, U) - X771 + lower degree in X
mod. (X" — u, X"t 4+ ... + (=Du,) .

3.3.2) For any ke Z, and any re Z, with k = »,

Xetr=t =@ (Uyy ++ -y %y, 0, -+ +,0). X7 + lower degree in X
mod. (X" — u, X"V 4+ oo 4+ (=D"u,) .

We here give @, for the first few values of k:
0, =1

D, = u,

3.3.3
( ) D, = ui — u,

D, = ud — 2uu, + U, .

(3.4) We interpret the definition above in terms of the geometry of
vector bundles. Let n: E — M be a vector bundle of rankr =2 over
an n-dimensional non-singular irreducible projective variety M. Let
g € H(P(E*)) denote the first Chern class ¢, (L(E*)™") of the line bundle
L(E*)~' over P(E*). For each i =1,2,..., we denote by d, the i-th
Chern class ¢;(E) of the vector bundle . Now we shall show the fol-
lowing integral formula (see Gieseker [8]):

(8.4.1) For any g-dimensional (irreducible) subvariety F' (of multiplicity
=1) of M and any e H***(}) with 0 <k < g < n,

{pr* () - g** " Hpr~ (F)] = {y- O (dy, dy - - -, AIHFT,
where pr: P(E*) — M is the canonical projection.
Proof. First note that, in H”(P(E*)),
9" —pr*(d)-g" + pr*(d)-g* — -+ + (=D pr*(d,) =0.
From (3.8.1) and (3.3.2), it follows that, in H**¥-}(P(E*)),

gFTt = @y (pr* (d, - -+, pr (dy)- 9"
(a polynomial in g of deg < r — 2)
with coefficients in pr* (H*(M))

Therefore, in H?+¥~2(P(E*)),
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pr* () - g* " = {pr* (y)- @i (dy, Ay, - - -, dp)}- 97
(a, polynomial in g of deg < r — 2)
with coefficients in pr* (H*(M))

We integrate both sides over pr~! (F). Since

f g,-:{O fori<r—2
fibre 1 for ’L.I’i"'—‘l,
we obtain:

{or* (y) - g** " Hpr~ ()] = {$-y(dy, dy, - - -, AIF] . Q.E.D.

(3.5) DEFINITION. Let M be a non-singular irreducible projective variety.
A class we HYM)(0 < q < dim M) is said to be numerically positive, if
olF] > 0 for every ¢-dimensional irreducible subvariety F' of M.

ExXAMPLE 1 (Bloch-Gieseker [2]). Assume that z:F — M is an ample
vector bundle of rankr over an n-dimensional irreducible non-singular
projective variety M. Let d; = ¢;(E) and I = minimum (n,#). Then,

d; e H*(M) 1=20,1,..-,h
are numerically positive.

EXAMPLE 2 (Fulton [7; Proposition 2]). Under the same assumption
as in Example 1, if o ¢ H %*(M) (0 £ k < ¢ < n) is numerically positive,
then

- @k(dv gy - -y dlc)

is also numerically positive. (In particular, @k(dl, dyy - -+, d) is numeri-
cally positive for £k = 0,1, .-.,n.)

4. Inequalities associated with a section to an ample vector bundle of rank
r=2

Combining the previous two sections, we now prove the following:
(4.1) THEOREM. Let n:E — M be an ample vector bundle of rankr = 2
over an irreducible non-singular n-dimensional projective variety M with
dim H'(M,E) > 0. Let d, denote the i-th Chern class of the vector bundle

E, and ¢,k =0,1,2, ... denote the polynomials defined by §3. Fix an
arbitrary irreducible subvariety F of M and an arbitrary numericolly

https://doi.org/10.1017/50027763000017931 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000017931

48 TOSHIKI MABUCHI

positive cohomology class w ¢ H 2 * (M) with 1 < k <qg=dimF <n. Then,
for any mon-zero section se H'M,E) with F & (zero locus of s), the
corresponding S e Div (M) (= the divisor part of the zeroes of s) satisfies
the following inequality :

{0 @(dy, dyy - -+, AIIFT > {0 Dy _i(dyy dyy « + -, diy DYIF] < [SD)
where [Flo[S1e H,,_, (M) denotes the intersection of the homology classes
[Fle H,(M) and [S] e Hy,_o(M).
Proof. Step 1. Recall that in (2.2) we defined S’ € Div (P(E*)) and
D, e Div (P(E*)) (associated with 0 = se H'(M, E)) by
S’ = the zeroes of &’
D, =8 —pr' (S,

where s’ is the element of HY(P(E*), L(E*)™?) corresponding to s ¢ H(M, E),
(cf. (2.1)). The first Chern class g ¢ H(P(E*)) of the line bundle L(x*)™!
over P(E*) is given by g = ¢,(IS’]). Therefore

g = ¢(fpr™ (S) + DD = allpr™ (O + (D)
= pr* (IS + (DD .

On the other hand, L(E*) ™ is very ample for a sufficiently large posi-
tive integer m. Therefore, P(E*) is embedded into some PY¥(C) so that

(1)

(2) g=2L.c@H) (mez),
m

where H e Div (P(E*)) is a generic hyperplane section on P(E*).

Step 2. Now we make a computation. (For convenience, we write
O.(dy, -+-,dy) and @, _(d,, ---,d,_,) simply as @, and @,_, respectively.)

(0-OIF] — (-0, _)([F][SD
= {pr* (w) - g**"}pr— (F)] — (0 ,_)(FI-[SD (cf. (3.4.1)
= {pr* (o) g** " (pr* ¢,([SD + c.(IDNpr~* (] — {w-c,(ISD - D, _}F1]
(cf. (1)
= {pr* (w)-g** . ¢,(IDD}pr~* (F] (Apply (3.4.1) to ¢ = w-¢,(IS]).)
= m F " {pr* (w) - c([H)** 7% c,(ID ,D}pr= ()] (cf. (2)
=m " prt (W) ([H 1o [Hy o - o [Hy,, 5]o [D]o[pr= (A,
where H,,H,, --+-,H,.,_, € Div (P(E*)) are generic hyperplane sec-
tions on P(E*) .
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=m " ofpry ((Ho[Hy)o - - - o [Hy,, o] o [Dl o [pr= (F)D} .
Step 3. Since F ¢ (zero locus of s), it follows that
supp (D) N pr' (F) # pr~ (F) .
Hence, by the irreducibility of F', supp (D,) and pr~! (F') intersect properly.
Let U= {peM;s(p) #=0}. Since U N F is non-empty,
O lgpr) U NF) Z5U N F

is a P"~%C)-bundle over UNF, (cf. (ii) of (2.3.1)). Therefore, letting Y
be the closure of (Prluypw,) ™ (U N F) in supp (Dy) N pr~* (F), we have

(3) prly: Y > F

is generically a P72 (C)-bundle over F', so that Y is an irreducible com-
ponent of supp (D, N pr~'(F) with codimy,-14 Y = 1. Let ec Z, be the
multiplicity of Y in the intersection of cycles D, and pr~' (") in P(E*).
Then

[Dolprt (F)] — e-[Y] = either 0 or an effective cycle .

Thus, noting that H,H,, ---,H,,.,_,e Div(P(E*)) in Step 2 are generic
hyperplane sections and that o is numerically positive, we have:

ooty (H]o[Ho - - o [Hy,, o [D,]o [pr~ (FD}
= e-ofpry ((Hi]o[Hylo -+ o[Hy,, 5] [YD} .

Step 4. First note that, by (3), Y is an irreducible (¢ + r — 2)-
dimensional subvariety of P(E*). Since k < ¢, there are two cases.

Case 1. k=gq: Then,

[Ho[H,o---o[Hy,,_]o[Y] = (degpr (Y))-[a point]
= an effective cycle .

Therefore, by the numerical positivity of w,
ofpr, (Hlo[Hslo -+ o[Hy,, o]o[YD} > 0.
Case 2. k<q: Then, for any j <k 4+ r — 2,

dm@ENHN - NH N Z@+r—2 —j
=@-kb+E+r—-—2-7D=2.
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Therefore, by the irreducibility of F, applying Bertini’s theorem step
by step, we obtain:

i) First we can choose (r — 2) hyperplane sections H,, H,, - -,
H,_,e Div (P(E*)), such that H N H,N .-- H,_,NY is a g-dimensional
irreducible subvariety of P(E*). Since prly:Y — F is generically a
P ¥ C)-bundle over F, (cf. (3)),

HNHN.-. -NH_ ,NY2F

is a subjective regular map with generically finite fibres, because of
dm@H, NH, N ---NH,_,NY)=¢q=dimF.

ii) By i), we can choose k additional generic hyperplane sections
H. . .,H -, H, , ,eDiv(PE*)), such that

HNHN-.--- NH,, ,NY =irreducible and (¢ — k)-dimensional ,
dim{pr(H,NH,N---NH;,,,NY)}=q—Fk.

Thus, pr, ((HJo[H,Jo - o[H,,,,1o[Y]) is an effective cycle.
Since w is numerically positive, we have:

ol{pry ((H]o[HJo -+ o[Hy,, ,]o[YD} > 0.
Therefore, in both cases 1 and 2,
o{pr, ([Hlo[Hyo -+ o[Hyy, ,]o[YD} > 0.
Step 5. By Steps 2,3, and 4, we obtain:

{0-@u(dy, -+ -, AHF] — {00y s(d,, -+ -, dip D}[FT[SD > 0.
Q.E.D.

(4.2) COROLLARY. In Theorem (4.1) above, we furthermore assume that
F N supp(S) # ¢. Then

(d)UF] > {(d) e, (ISDIEF] > 0 .

Proof. Note that {(d)? ' c,(ISDHFT = (dP*'([F]-[S]). Therefore it
suffices to show:

D (d)UF] > (d) X ([F1-[SD,
i) (@) (F][SD > 0.

Since E is an ample vector bundle over M, d, = ¢,(F) = ¢,(L"F) is
represented by a positive definite (1,1)-form. Therefore,
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(d)?™! = numerically positive .

Now i) is straightforward from an application of Theorem (4.1) to w
=(d)? ! and k = 1.
ii) Note the following facts:
(1) F is irreducible,
(2) F is not contained in the zero locus of s,
() F N supp (S) # ¢.
These imply that F and support (S) intersect properly, i.e.,

[F1-[S] = an effective cycle .
Thus, ii) follows from the numerical positivity of (d,)? 1. Q.E.D.

4.2.1) Remark. When F = M, Corollary (4.2) is stated as follows: Let
7:E — M be an ample vector bundle of rankr = 2 over an irreducible
non-singular n-dimensional projective variety M. Suppose E admits a
non-zero section se H'(M,E) whose zero locus contains an (n — 1)-
dimensional component. Then the corresponding S e Div (M) (= the di-
visor part of the zeroes of s) satisfies the following inequalities:

@O*M] > {[@dP™*-e,(ISDHM] > 0, where d, = C(F) .

5. Theory of polarized varieties

Recently Fujita has developed a theory of polarized varieties intro-
ducing the notion of 4-genus. Since some of his results have been un-
published, we briefly discuss the related part of his work and give a
proof (due to Fujita) of a theorem which we shall need later. See, for
reference, Fujita ([41[51[6]).

(5.1) DEFINITION. A polarized variety is a pair (M, L) consisting of an
irreducible complete algebraic variety M (defined over C) and an ample
line bundle L over M. For a polarized variety (M,L) of dim M = n, he
defined three invariants, which are, when M is non-singular, given by
the following formulas.

i) AM,L) = n + ¢,(L)"[M] — dim H'(M, L).
This is called the 4-genus of (M, L).
i) dM, L) = c,(L)"[M].
i) gM,L) =1 + ¥He(Ky) + (n — Dey(L)}- e(I)"[M],
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(= “adjunction formula”), where K, is the canonical bundle of M.

(5.2) Let |L| denote the complete linear system of Cartier divisors as-
sociated with L, and B,|L| denote the set of base points in M of the
linear system |[L|. A basic tool of his theory is the following inequality:

dim (B, |L) < 4(M, L)
where dim (B;|L)) < 0 means: B,|L|=¢. (See Fujita [4].)
(56.3) He also proved the following facts:

Let (M, L) be a polarized variety satisfying the following three conditions:
(1) M is non-singular,
(2) dim (B, |L}) <1,
3 9, L) =z A4M, L).

Then,

i) “Bertini-type theorem”: If d(M,L)=2-4(M,L) —1 and dim M
= 2, then a general member of |L| is irreducible and non-gingular. (See,
for non-gingularity, Fujita [6]. Connectedness follows from Fujita [4;
Lemma 6.1].)

i) If diM,L) = 2-4(M, L), then B |L| = ¢.

iii) If dM,L) =2-4(M,L) + 1, then L is very ample.
Now we state the theorem we need.

(5.4) THEOREM. Let M be o 3-dimensional irreducible non-singular pro-
jective variety with ample tangent bundle T(M). We denote by ¢, (i =1,
2, ) the i-th Chern class of the tangent bundle T(M). Assume that,
wn H¥(M) (= H*(M ; Z)/torsion classes), c, is written in the form:

¢ =71y for some 2 < reZ and some ge H (M) .
Then M is isomorphic to P(C).

Remark. 1) In the above, the case » = 3 is due to Kobayashi-Ochiai
[16]. 2) The case r =2 is due to Fujita. Note that the proof of 2)
(which we are going to give now) is much harder than that of 1), al-
though Fujita proved 2), stimulated by the work of Kobayashi and
Ochiai.

Proof of Theorem (5.4). Assuming 1), we shall prove 2) of Remark
above. TFirst note that the ampleness of 7(M) implies that ¢; is re-
presented by a positive definite (1,1)-form. Therefore, by Kobayashi
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[15], H,(M,Z) = 0. In particular,
H'M,0%) = H(M ; Z) = H*(M) .

By this isomorphism, we identify each line bundle on M with its first
Chern class. Let L be the line bundle corresponding to g ¢ H(M). Since

L =0 = —%-Cl .
L is ample and (M, L) is a polarized variety.
Step 1. We compute three invariants of (M,L). Note that:

AM, L) = 3 + L¥M] — dim H'(M, L)
d(M, L) = L[M]
9, L) = {}(—e, + 2D)LAM]) +1  (See (5.1).)

Since ¢, = 2-L, we immediately obtain:
gM,L)=1.
Since L is ample, we have:
dM,L) =1,

Now we compute 4(M, L). The Riemann-Roch theorem for an algebraic
threefold asserts that

1M, L) (= >3 (=1)* dim HYM, L))

1 1
=04+ =
ot

Li.c, + i];Z—L.(CI)Z + il—éL'cz + icl'cz}[M] ’

1M, 0) (= 2 (=D*dim HYM, 0)) = glicl'cz[M] .

Noting that ¢, = 2-L, we obtain:

@® xM, L) = L)[M] + 2-4(M, 0) .

Since L — K, = L + ¢, = 3L, Kodaira’s Vanishing Theorem says that:
dim HM,L) =0, i=1.

Thus,

€2 M, L) = dim H'(M, L) .

On the other hand, the negativity of K, = —2.L implies that
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dim H M, 0) =0, 1=1.
Therefore, we get:
(€459 1M, 0 =1.
Thus, from (#), (#%) and (###), we obtain:
dim H'M, L) = L’ [M] + 2,
ie.,
AM,L) = 1.

Step 2. Consider the complete linear system |L| of Cartier divisors
associated with the line bundle L. By Step 1 and (5.2), we have:

dim (B, |LD) <1,
dM,L) =1 =2.4M,L) — 1.

Therefore, by (5.3), a general member S of |L| is non-singular and ir-
reducible.

Step 3. Consider the embedding: S G M. Since Se|L|, we have:
Ks= Ky + L)ig=(—c¢,+ L)js = =Ly,

which is a negative line bundle over S. Therefore, by Kodaira’s Vanish-
ing Theorem,

) qWS) (= dim HS, 0)) = 0,
ii) PyS) (= dim H(S, 2Ky)) = 0.

Thus, by Castelnuovo’s criterion, S is a rational surface.

Step 4. We claim that S is a relatively minimal model. For con-
tradiction, assume that there exists an exceptional curve C of the first
kind on S. (.e.,C = P{C), and (C,C)s = —1.) By Adjunction formula,

0 = genus of C = 3{(C,C)s + Ks[CI} + 1.
Therefore,
K Cl= —1.
Thus,
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¢lCl =2-LI[C] = —2-K{[C]1 =2

On the other hand, from the ampleness of T(M) and C = P*C), we ob-
tain:

¢glCl=4. (Hartshorne; cf. [18])
This is a contradiction.

Step 5. By Steps 8 and 4, S is a relatively minimal model of ra-
tional surfaces with negative canonical bundle. First note that all the
relatively minimal models of rational surfaces are

PC),
PY(C) x PYO),
Fn = PrOj (0}»1(0) @ @P1(n)) ’ n= 27 39 4, ]

Since each F', contains a curve e, satisfying
e, = PY(C) and (e e)r, = — 1, (cf. Safarevi¢ [25])
we have, by Adjunction formula,
0 = genus of ¢, = %-(—n + Kple,]) + 1.

Thus, Kz le,] =7 — 2, and F,(n = 2,3, - --) cannot have negative canon-
ical bundle, i.e., S = P¥C) or PY(C) X PYC).

Step 6. Since Se|L| and L = O(S]) is ample, choosing a sufficiently
large ve Z,, we can embed M C PY(C), such that S (= supp (¢»-S)) is a
hyperplane section on M in P¥(C). Since M is non-singular, S G M
induces, by the Lefschetz Theorem on hyperplane sections, a surjective
mapping:

Q) H(S;Z)—-H,M,Z)—0 (exact) .
Therefore, the following three cases are possible:

i) S = P¥C), and the second Betti number b,(M) of M is 1.
ii) S = PYC) X P¥(C), and b,(M) = 2,
iii) S =P C) X P(C), and b,(M) = 1.

Case i. Since H,S;Z) = Z, and b,(M) = 1, it follows that (*) is an
isomorphism :
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H(S;Z)=H,M; Z) .

Since H*(M ; Z) = H*(M) (i.e. HXM ; Z) is torsion-free), the isomorphism
above induces:

H*(M; Z) = H(S; Z) (=2).
Note that, by this isomorphism, L € HX(M ; Z) is mapped to L, e H¥S; Z).

L= —Kg (cf. Step 3)
= 3.0p,(1) .

Therefore, L is also written as 3-h for some he H (M ; Z). Thus

9 = (Kg)IS] (because S = P*C))
= L[S] (cf. Step 3)
= 27-h'[M] .

This is in contradiction to h’[M] e Z. Therefore, Case i) cannot happen.

Case ii. S = PYC) X PY(C) and b,(M) = 2:
Since HyS;Z2) = Z® Z and b,(M) = 2, (*) is again an isomorphism:

H.S;Z)=H,M;2Z) .
Since H*M ; Z) is torsion-free, this induces:

HM;Z)=H"S;Z) (=Z®2)
L(_)LIS = _KS

Since —Kg = —K piypy is divisible by 2 in HXS; Z), L is also divisible
by 2 in H (M ; Z). Therefore, ¢, (= 2-L) is divisible by 4 in HXM ; Z).
By Remark 1) (Kobayashi-Ochiai [16]), we have:

M = PC) .

Case iii. S = PYC) X PY(C) and b,(M) = 1:
Since S = PY(C) X PY(C), the group H,(S; Z) is generated by the homology
classes [C] and [C’] carried by curves:

C = {a point} X P'(C) G P'(C) x P'(C),
and

C’ = P(C) X {a point} G P(C) X P(C) .
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Note that (1) Ls[Cl = —KsCl=2,
and
2 Ls[C1=—-KslCl=2.

Let [C]; and [C’], denote the homology cycles in H,(M; Z) carried by
the curves C and C’ respectively. Recall that (*) is a surjective map-
ping:

HS; Z) (= ZICl + ZIC') - H,M; Z) - 0 (exact) .
[C]—~ [C]M
[C']— [C']y

From (1) and (2) above, we obtain:
L(Cly) = L s [C]l =2 = Ls[C"] = L(C"]) .
Since b,(M) = 1, this shows that:
[Cly = [C'1y mod. (torsion classes) .
On the other hand, by the surjectivity of the above mapping,
H,M;Z) = Z(Cly) + Z(IC'y) .

Therefore, noting that H,(M) (= H,(M ; Z)/torsion classes) = Z, we ob-
tain, in H¥M),

[Cly = [C']y = (a generator of H,(M)) .

Thus ¢,([Cly) = 2-L([C];) = 4 implies that ¢, is divisible by 4 in H*M).
Therefore, by Remark 1) (Kobayashi-Ochiai [16]),

M = P¥C) .
Q.E.D.

6. Statement and proof of the key theorem

We shall give a proof of the following key fact by combining the
previous sections.

(6.1) THEOREM. Let M be a mnon-singular irreducible 38-dimensitonal
projective variety with ample tangent bundle T(M) and the second Betti
number b,(M) = 1. Assume that there exists a section:

https://doi.org/10.1017/5S0027763000017931 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000017931

58 TOSHIKI MABUCHI

0 # se H (M, T(M))

whose zero locus on M contains a (non-empty) 2-dimensional component.
Then M is isomorphic to P¥C).

Proof. Let ¢, e H(M) denote the first Chern class of the tangent
bundle T(M). Since T(M) is ample, ¢, = 0 in H*(M). Note that b, (M) =1
implies

H*M) (= H¥(M ; Z)/torsion classes) = Z .
Therefore, we can choose a generator g of H*(M) such that

) HM)=2Z-9,
i) ¢, =7r-g, for some reZ,.

Now let SeDiv () denote the divisor part of the zeroes of s, (cf.
(2.2.1)). Since ¢,([S]) € HX(M), there exists ¢t e Z such that

olSh =t-g .
We apply Remark (4.2.1) to the tangent bundle 7'(M). Then
(e)’[M] > {(c)®- e(ISDHM] > 0 .

Thus,

g’ [M] > rit-g*lM] > 0.
Since re Z,, we have: g°[M] > 0. Therefore,

r>t>0, (r,teZ).
Thus,

r=2,
which implies, by Theorem (5.4),
M = P¥XC) Q.E.D.

7. C‘-actions on algebraic threefolds with ample tangent bundle and the second
Betti number 1

First we get rid of “bad” actions, using the key theorem (6.1).

(7.1) PROPOSITION. Let M be a 3-dimensional connected compact complex
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manifold on which a 3-dimensional connected abelian complex Lie group
G acts holomorphically and effectively. Assume that one of the following
two conditions is satisfied:

i) There is a 2-dimensional G-orbit.
ii) There is no 3-dimensional G-orbit.

Then, there exists a non-trivial holomorphic vector field on M whose zero
locus contains a 2-dimensional analytic subvariety of M.

Proof. i) Suppose M contains a 2-dimensional G-orbit G-p, p e M.
Let (G,)° denote the identity component of the isotropy subgroup G, of G
at p. Note that (G,)° is a 1-dimensional closed complex Lie subgroup of G.
Since G is abelian, (G,)° acts trivially on G-p. Let g, be the (1-dimensional)
Lie algebra of (G,) with a generator X eg,. Let X’ denote the non-zero
holomorphic vector field on M associated with X. Since (G,)° acts trivially
on G-p,

X =0.

Thus, the zero locus of X’ contains a 2-dimensional G-orbit G-p (and
hence containg its analytic closure in M). This finishes i).

ii) Let # denote the maximal dimension of the G-orbits in M. By
i) above, it suffices to show that n = 1 implies the existence of a non-
trivial holomorphic vector field on M whose zero locus contains a non-
empty 2-dimensional component. Let {X,, X,, X;} be a basis of the Lie
algebra g of G, and Xi, X;, X; be the corresponding holomorphic vector
fields on M. Put U = M — (zero locus of X7). Since n = 1, there exists
a holomorphic function f on U, such that

X =f-X{ on U.

Note that, by the definition of U, we can finish ii) if we show that
M — U contains a 2-dimensional component. For contradiction, we as-
sume

dm@M —-0U)=<1.

Then, by Holomorphic Extension Theorem, f can be extended to a
holomorphic function on M. Since M is compact, f is a constant func-
tion. Thus,

https://doi.org/10.1017/50027763000017931 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000017931

60 TOSHIKI MABUCHI

aX, — X, = on M for some acC.

By the effectiveness of the G-action, this implies a-X, — X, = 0, which
is a contradiction. Q.E.D.

(7.1.1) COROLLARY. Let M be a 3-dimensional irreducible non-singular
projective variety with ample tangent bundle and the second Betti number
1. Assume that o 3-dimensional connected abelian complex Lie group G
acts on M holomorphically and effectively, satisfying one of the following
two conditions:

i) There is o 2-dimensional G-orbit.
i1) There is no 3-dimenstonal G-orbit.

Then, M is (algebraically) isomorphic to P(C).

Proof. This is straightforward from Theorem (6.1), Proposition (7.1)
above, and GAGA.

Now we prove the main theorem:

(7.2) THEOREM. Let M be o 3-dimenstonal trreducible non-singular pro-
jective variety with ample tangent bundle T(M) and the second Betti
number b,(M) = 1. Assume that the complex Lie group C* (= C X C X C)
acts on M holomorphically and effectively. Then M is (algebraically)
isomorphic to P¥C).

Proof of Theorem (7.2). Step 1. Put G = C*. By (7.1.1), we may
assume

i) there is no 2-dimensional G-orbit, and
i1) there is a 3-dimensional G-orbit.

Let {X,, X,, X;} be a basis for the Lie algebra g of G, and Xi, X, X; be
the corresponding holomorphic vector fields on M. Then

1) {peM;dim(G.-p) <1} ={peM;dim(G-p) <2}
= (zero locus of X, A XA X)),
@) {peM;dim(G-p) =3} = M — (zero locus of X N XN X)),

where X; A X5 N\ X} is regarded as a section to the line bundle A T'(M)
over M. Put F = (zero locus of X; A\ X; A X3). Then, by ii) and (2) above,
M — F is a non-empty disjoint union of the 3-dimensional G-orbits.
Since M — F is connected, it consists of a single 3-dimensional G-orbit
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G -py (P, M). By the effectiveness of our G-action,
Gp=Gl{e}=C*.

Thus, by the compactness of M, F = M — (G-p,) is non-empty. There-
fore, from the definition of F, F' is purely 2-dimensional, i.e.,

;= (number of the irreducible

F = ’ F i
@ i=U1 components of F,
where each F, is a 2-dimensional irreducible subvariety of M.

Step 2. Since M — F' is non-singular, the Lefschetz duality theorem
(see, for instance, Spanier [26; p. 297]) asserts that:

HM,F;Z)=H,_ M —F;Z).
Since M — F = G-p, = C?, we obtain:
HM,F;Z)=0, and HM,F;Z)=0.
From the exact sequence:
0=HM,F;Z)-HM;Z)—>H'F;Z)—-HWM,F;Z) =0,
it follows that
H'M;Z) = H(F; Z) .

By Poincaré duality, b,(M) =1 'implies b (M) =1. On the other hand,
by (&), b,(F) = r. Hence the isomorphism implies » = 1. Thus,

F is an irreducible closed subvariety of M.

Step 3. Let k be the maximal dimension of the G-orbits in F. By
(1) of Step 1, k is either 0 or 1.

Case a. k=0: Since k¥ =0, G acts trivially on F, and hence Xj»
= 0. Since dim F' = 2, Theorem (6.1) implies

M = P¥C) .

Case b. k=1: Consider f =X NAX; A\ X;e H'M, N\*T(M)). Note
that the divisor Zero (f) € Div (M) defined as the zeroes of f (counted with
appropriate multiplicities) is written as:

Zero (f) =v-F, veZ, .
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Let I, denote the ideal sheaf (C the structure sheaf @ of the projective
variety M) defining the subvariety F' in M. Note that:

a(TAD) = e, (N*TMD) = v-e\((FD e H*(M ; Z) .

Therefore, by Theorem (5.4), the proof is reduced to showing v =2 (.e.,
feHM, (N *T(M))) under the assumption k£ = 1).

Step 4. We want to show fe H'M, I (A *T(M))), assuming k = 1.
Since k = 1, without loss of generality we may assume:

Xir=0.

Fix a point p, ¢ F with X{(p,) # 0, and choose an affine open neighborhood
U of p, in M, such that

U< {peM; Xi(p) + 0} .

Put F¥ =F N U. Since F’ is non-empty and Iy = (I;)y, it suffices to
show :

Jiwwe HWU, L.(N\°*T(M) p)) .
Let pe F’. Since Xi{(p) = 0 and k = 1, it follows that:
Xip) = a, - Xi(p) and Xy p) =0, X,

for some a,, b,e C. F’ being an affine algebraic subvariety of the affine
set U, there exist, for (algebraic) sections X7, X;, X} e H'(M, T(M)), regular
functions ¢,, ¢, € C[F'] on F’, such that

’
Xop = 0 Xyypr and  Xjp = g5 Xijpo .

In other words, there exist regular functions G,, G, C[U] on U such

that:
Xaow — Go X5y e H'(U, 1p.(T(M),0))
and
av — G- Xy e H(U, Ip(T(M)\p)) .
Thus,

f|U = (X{m) AN (ng) AN (Xgm)
= (X;w) VAN (X;m - Gz'XﬁU) A (Xgm' - Gs'X{IU)
e H\(U, Iz, (N 3T(M) ) . Q.E.D.
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(7.2.1) Remark. Theorem (7.2) is valid also for (G,)’-actions on M;
this is an immediate consequence of Corollary (7.1.1), if we use the more
or less known fact that every non-singular n-dimensional projective var-
iety with an effective regular (G,,)"-action always admits a q-dimensional
orbit for any ¢ with 0 < g <n. In a forthcoming paper, however, we
shall prove stronger results for #n-dimensional non-singular projective
varieties with (G,)"-actions and ample tangent bundle without the ad-
ditional assumption on the second Betti number.

Added in proof: After the completion of this paper, (we are in-
formed that) H. Sumihiro and S. Mori has succeeded in proving the
equivalence of (G-n) and (H-n). Therefore their results, combined with
our results (the proof of (G-3)), prove (H-3).
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