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We experimentally investigate the dynamics of surface waves excited by
oscillations from a cylindrical sidewall. Particle-imaging-velocimetry measurements
with ﬂuorescent particles were used to determine the ﬂow patterns near the sidewall
of the cylindrical ﬂuid container and to identify the locations of the evolving air–
water interfaces. The high-frequency wall oscillations created four jets that originate
at the cylindrical sidewall. Four vortex streets shed from the jets propagate from
the sidewall to the centre of the container and subsequently excite a low-frequency
gravity wave. The interaction between this gravitational surface wave and the highfrequency capillary waves was found to be responsible for creating droplet splash at
the water surface. This phenomenon was ﬁrst described as ‘Long-Xi’ or ‘dragon wash’
in ancient China. The physical processes for generating the droplet ejection, including
the circular capillary waves, azimuthal waves, streaming jets and low-frequency gravity
waves, are described in this paper.
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1. Introduction
Parametrically driven surface waves were ﬁrst observed in a vertically excited
container by Faraday (1831). Miles & Henderson (1990) revisited the phenomenon in
detail. Sidewall forcing induced free-surface oscillations were experimentally observed
in a tank with a free ﬂuid surface and described as a spatial-resonance phenomenon
(Huntley 1972; Mahony & Smith 1972). Nonlinear wave interactions can also occur
via non-resonant mode interaction between the short and long waves. Mahony &
Smith (1972) observed that standing surface waves inside water can also be excited
by high-frequency acoustic waves.
The ‘dragon wash’ phenomenon found in China is related to spatial resonance.
Typically, this phenomenon occurs in a water-ﬁlled circular bronze basin with two
handles welded symmetrically on the ﬂared-out brim. Rubbing the handles with both
hands or with one hand produces standing waves on the free surface. Rubbing faster
and harder ampliﬁes the standing waves, causing the water in the basin to splash high
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into the air. Wang (1993, 2005) carried out experimental and theoretical works on the
mechanical properties of dragon wash. He used a cylindrical container to stimulate the
dragon wash basin with single-point, sidewall forcing from an electromagnetic actuator
to simulate the rubbing. He found that a low-frequency axisymmetric wave could be
generated by the high-frequency asymmetric vibrations applied to the sidewall of the
circular container. Wei et al. (1997) did the ﬁrst particle-imaging-velocimetry (PIV)
measurements on the ﬂow ﬁelds inside a water-ﬁlled glass cylinder with two-point
excitation on its sidewall. They found a vortex ring under the free surface around the
cylinder. Hsieh & Denissenko (1998) studied shadowgraphs of the induced surface
waves in a circular aluminium vessel and observed the small amplitude axisymmetric
capillary waves. Liu et al. (2005) suggested that the vibration mechanism of the lowfrequency, large-amplitude, three-dimensional gravity waves was due to systematic
resonance. Shen & Hsieh (1993) obtained an exact solution for the linear problem of
forced three-dimensional capillary-gravity waves in a circular container with a lateral
prescribed harmonic forcing using Green’s functions. Shen & Yeh (1997) obtained a
unique exact solution using Green’s functions for the same linear problem with the
Hocking’s edge condition at the contact line, that is, the surface speed is proportional
to the surface slope in the normal direction to the sidewall at the contact line. Sun,
Shen & Hsieh (1995), Chang (1999) and Chang & Shen (2000a,b) developed a weakly
nonlinear theory to explain the generation of the low-frequency axisymmetric wave in
a circular geometry with lateral high-frequency forcing. Among others, Hsieh (1994,
1997, 2000), Hsieh & Denissenko (1998) have also made important contributions to
the dragon wash problem and identiﬁed the following three unresolved problems.
(i) What is the mechanism for the generation of the azimuthal capillary water
waves on the wall at the water interface on the container?
(ii) What is the physical mechanism for the appearance of the jumping droplets?
(iii) Why are the low-frequency, three-dimensional gravity waves excited by the
high-frequency external forcing?
The third problem is the main focus of the present paper which describes oscillationinduced jets, jet instability and jet-induced sloshing by lateral single-point forcing of
the sidewall of a water-ﬁlled container (Peng, Wang & Lee 2005; Peng et al. 2006,
2008; Peng & Lee 2009). The interactions between the free surface and submerged
vortical ﬂows have been investigated by many researchers due to their fundamental
importance and practical applications. The horizontal jet induced sloshing motion
was ﬁrst observed by Okamoto & Hagiwara (1991). Many experimental, numerical
and theoretical works have been undertaken since then. Some numerical simulations
of self-induced sloshing (Takizawa, Koshizuka & Kondo 1992; Saeki et al. 1997)
have agreed well with experimental data, suggesting that the self-induced sloshing
mainly depends on the inlet jet ﬂuctuations. Several experimental and theoretical
models have been proposed for self-induced sloshing excited by a horizontally
injected jet (Okamoto & Hagiwara 1991; Fukaya, Madarame & Okamoto 1996;
Saeki, Madarame & Okamoto 2001). Hu et al. (1999) used PIV measurements to
quantitatively investigate self-sustained sloshing in a circulating ﬂow. The near-wall
jets and the breaking waves resulting from resonant excitation of a circular basin
was also investigated by Royon-Lebeaud, Hopﬁnger & Cartellier (2007), in addition
to the work by Faltinsen, Rognebakke & Timokha (2006a,b) also observed these
phenomena, but in a square tank. For high-frequency forcing, Sharipov & Kremer
(1999) and Gavrilyuk, Lukovsky & Timokha (2004) studied the two-dimensional
vibroequilibria of a conﬁrmed incompressible ﬂuid volume harmonically forced at
high frequency.
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This paper describes new mechanisms causing the emergence of low-frequency,
three-dimensional gravity waves excited by high-frequency, external forcing in
cylindrical containers. The generation mechanisms for the three-dimensional gravity
waves are further illustrated by complementary experiments conducted in a circular
cylindrical container. Image analyses and PIV ﬂow ﬁeld measurements of the surface
waves were used to study the evolution of the wave motion as well as the water surface
velocities and the vortex generation. Section 2 describes the experimental conﬁguration
and procedure. Section 3 describes the circular and azimuthal capillary waves that
occur with the high-frequency excitation. Section 4 describes the streaming vortices
and droplet ejection while § 5 describes the jet-like ﬂows and detailed generation
scenarios of the low-frequency gravity waves, which is the focus of this paper. The
discussion and conclusions are presented in § 6 and § 7.
2. Experimental methods
The experimental apparatus included a circular glass tank with a vertical sidewall
with inner diameter, height, and wall thickness of 210, 220 and 3 mm (ﬁgure 1).
The container was ﬁlled with de-ionized water to various depths corresponding to
diﬀerent excitation frequencies. The excitation forcing was provided by means of the
wall acceleration. The experimental setup allowed use of surface ﬂow shadowgraphs,
a method similar to that used by Hsieh & Denissenko (1998).
To reduce the eﬀect of uneven lighting on the image and to extract useful
information on the surface waves, each image was subtracted from a background
image taken without external forcing. The shadowgraph method was most eﬀective
for small amplitude waves. The droplet ejection regime had relatively large wave
amplitudes and curvature, leading to fuzzy images. A statistical method was used to
determine the droplet ejection threshold at various forcing frequencies. These results
show that the forced surface waves exhibit three distinct wave patterns, circular
capillary waves, azimuthal waves and pre-ejection waves. Each pattern was separated
by a transition wave pattern as will be explained in the results.
A ﬂuorescent PIV system was used to measure the velocity ﬁelds in the horizontal
and vertical planes inside the glass container (Tower & Reeves 1999). A spherical
lens was used to focus the laser beams produced by a dual Nd-YAG laser into the
ﬂuid. A cylindrical lens was then used to expand the laser beam into a sheet with a
thickness of about 1 mm.
For the velocity ﬁeld measurements in the horizontal plane, the laser sheet was
introduced horizontally about 2 mm below the water surface with the camera pointed
upwards, as shown in ﬁgure 1, to have an un-obscured view of the ﬂow ﬁeld. For
the velocity ﬁeld measurements in the vertical plane, the laser sheet was introduced
vertically from the bottom of the container along its axis of symmetry with the camera
mounted almost horizontally.
Fluorescent beads with diameter less than 30 µm were added to the water to
facilitate the PIV measurements. They absorb the incoming illumination at 532 nm
and re-emit light at around 580 nm. A CCD camera with a 28 mm lens was used to
record images with dual-ﬂash illumination at a frequency of 10 Hz. Sizeable particle
displacements corresponding to various velocities were achieved by varying the pulse
interval from 4.5 to 25 ms. Stray light scattered oﬀ all the surfaces was eliminated by
a 545 nm high-pass ﬁlter mounted on the camera that only allowed the ﬂuorescent
light from the ﬂuorescent beads to pass. Possible image distortions were corrected
after elaborate image calibrations. The velocity ﬁelds are obtained after processing
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Figure 1. Schematics of the experimental setup together with the PIV arrangements. The
cylindrical container was excited at the sidewall with an electromagnetic actuator with
controlled amplitude and frequency. (a) For the velocity ﬁeld measurements in the horizontal
plane, the laser sheet was introduced horizontally through the front wall of a square container
encasing one side of the cylindrical container. The CCD camera captured the images from
below the container. (b) For the velocity measurements in the vertical plane, the laser sheet
was introduced vertically into the ﬂuid with the camera pointing slightly upwards 5◦ below
the ﬂuid surface.

the dual-frame images using 32 × 32 pixel interrogation with 50 % overlap based
on the cross-correlation algorithm. Experiments were conducted with diﬀerent water
depths with robust phenomena observed repeatedly for all cases.
3. Development of circular and azimuthal waves
The circular capillary waves are hard to see with the naked eye due to their low
amplitudes. Thus, the shadowgraph method is very useful to capture these waves.
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Figure 2. Photograph of the ﬂuid surface at low-amplitude excitation. The waves are observed
to propagate from the edge to the centre for an excitation frequency of 48.5 Hz. The bright
lines correspond to wave crests while the dark lines correspond to wave troughs.

The timing of the camera exposure, t, was ﬁxed relative to the wave period, T , as
t = nT + k. Here, n is a positive integer and k is much smaller than T . The interval
between camera frames was about twice T . Fine tuning of the excitation frequency to
introduce a slight mismatch of the two phases resulted in a movie showing the slow
evolution of the surface waves.
The circular capillary waves have been shown to have the same frequency as
the forcing frequency (Peng et al. 2005). The capillary waves were investigated
here using a laser beam projected vertically towards the surface from below. For
small excitation amplitudes, capillary waves with wavelengths corresponding to the
excitation frequency appeared on the surface. These wave amplitudes were small but
visible and could be easily detected by the laser beam refraction on the water surface,
as shown in ﬁgure 2. The dispersion of the capillary waves was also observed by
Hsieh (1994, 1997, 2000).
Increase of the excitation amplitude results in the appearance of azimuthal waves
propagating in the anticlockwise circumferential direction. The frequency of the
azimuthal waves is half of the excitation frequency (Peng et al. 2005, 2008).
When the azimuthal waves begin to emerge, the wave fronts are perpendicular to
the container wall and propagate in the circumferential direction. The circular waves
interacted with the azimuthal waves, forming quadrilateral shaped regions. Further
increases of the forcing amplitude increased the amplitude of the azimuthal waves
in the radial direction and their curvature. The azimuthal waves moved inwards
with increasing length scale. Figure 3 shows the development of the azimuthal wave,
with the wave amplitudes growing with increasing excitation wall acceleration. The
red curves indicate the region where the azimuthal waves emerge. With increasing
forcing amplitude, the inﬂuence regions on the surface grow to the centre of the basin
and the wave–wave interactions between the surface waves intensify. As the external
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Figure 3. Evolution of azimuthal waves with increasing forcing amplitude. The wall
acceleration (amplitude) was increased in this ﬁgure from 5.9 to 12.1 m s−2 (a)–(d) with an
excitation frequency of 48.5 Hz. The upper region of the red curve indicates where the azimuthal
waves emerge. With increased forcing amplitude, the inﬂuenced regions grow inwards and the
interactions between the circular waves and the azimuthal waves intensify.
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forcing increases further, the azimutal waves gradually ﬁll the whole circumference
and become curved in the strongest vibrating regions.

4. Wave motions
One interesting phenomenon that often occurs in vibrated boundary layers is steady
streaming (see the review by Riley (2001) for details). Rayleigh (1883) ﬁrst studied
the streaming phenomenon in a vibrated, velocity-dominated ﬂow. He analysed the
streaming formation mechanism induced by sound in a closed tube and found the
Eulerian drift in the wall boundary layer. The steady streaming induced by a vibrated
viscous ﬂuid can be traced back to Faraday (1831). The streaming Reynolds number
is deﬁned as
U2
(4.1)
Re s = ∞ ,
ων
where ν is the kinematic viscosity of the ﬂuid and U∞ is the actual velocity of the
outer ﬂow due to the vibrations, which can be expressed as A/ω (A is the forcing
acceleration and ω is the circular frequency). The ﬂow can be classiﬁed according to
the Reynolds numbers as the following.
(i) Re s  1: The constant part of the outer ﬂow in the Stokes layers is creeping
ﬂow, which is referred to as Rayleigh–Nyborg–Westervelt (RNW) streaming, as
suggested by Lighthill (1978).
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Figure 4. Phase relations for the accelerations at the four antinodes around the wall at a
forcing frequency of 160 Hz. A, B, C and D are the four antinodes around the wall shown in
ﬁgure 5.

(ii) Re s ∼ 1: The constant part of the outer ﬂow satisﬁes the full Navier–Stokes
(N-S) equations and is called Stuart streaming (Lighthill 1978).
(iii) Re s  1: The streaming layers become thin boundary layers, where streaming
jets start to emerge. The streaming jet induced by the vibrated circular cylinder in
the still ﬂuid was ﬁrst observed by Davidson & Riley (1972) and has attracted many
studies (Riley 2001, for example).
The wave phenomenon with Re s ∼ 1 is addressed in § 4.1 and that with Re s  1 is
addressed in § 5.1.
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4.1. Streaming vortices for Re s < 1
The circumferential waves initially develop at a forcing frequency of 160 Hz (circular
frequency ω = 2πf ∼ (103 ) rad s−1 ) and a forcing acceleration of A = 25 ∼ O(101 ) m s−2 .
The characteristic velocity of the vibrating wall is U∞ = A/ω ∼ O(10−2 ) m s−1 and the
−1
kinematic viscosity is ν = (10−6 ) m2 s , so the streaming Reynolds number is
Re s =

U∞2
= O(10−1 ).
ων

(4.2)

A time series of the wall accelerations at the four antinodes A, B, C and D are
shown in ﬁgure 4 at 160 Hz excitation frequency. The wall oscillates at the same
frequency as the actuation frequency of 160 Hz. The data show that neighbouring
points have opposite signs, i.e. their phase diﬀerence is 180o . Points that are not
adjacent have the same sign and the same phase. Since the container wall vibrates
with four antinodes (ﬁgure 4), the ﬂow ﬁeld on the free surface is divided into four
roughly symmetric areas (AEB, BFC, CGD, DHA) as shown in ﬁgure 5 (top view).
Antinodes A, B, C and D correspond to the four strongest vibrating points on the
wall (antinodes) while nodes E, F, G and H correspond to the four weakest vibrating
points on the wall. The initial development of the azimuthal waves can also be seen
in ﬁgure 5. In the region near points E, F, G and H, the ﬂuid is translated towards the
centre of the basin, while the ﬂuid near points A, B, C and D is transmitted towards
the wall. The physical mechanism responsible for the ﬂow formation will be discussed
later.
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Figure 5. (a) Flow visualization as the azimuthal waves initially develop in the cylindrical
container. This visualization was made possible by adding a small amount of ink along the
wall–water contact line (the meniscus). The black arrows indicate the ﬂow directions while
points A, B, C and D correspond to the four strongest vibrating points on the wall (antinodes)
and points E, F, G and H correspond to the four weakest vibrating points on the wall (nodes).
The forcing point is at 12 o’clock near A. (b) The Cartesian coordinate is deﬁned with line
BD as the x-direction, line CA as the y-direction and the z-direction being the vertical.

The corresponding velocity ﬁeld, vorticity ﬁeld and streamlines at this stage are
shown in ﬁgure 6. The largest velocities in the horizontal plane were observed at the
borders of each region (corresponding to E, F, G and H regions in ﬁgure 5). The four
radial lines originating from the four nodes at the wall, with the ﬂuid ﬂowing inwards,
converge at the centre to form a counterclockwise rotating square pattern. The second
largest velocities lie on the boundaries between each clockwise rotating vortex and
its neighbouring counterclockwise rotating vortex (corresponding to points A, B, C
and D in ﬁgure 5). The four radial lines originating from the central rotating square
pattern essentially follow the outward ﬂow in the radial direction towards the four
strongest vibrating points. The vorticity distribution has four diagonal lines forming
four groups of vorticity sheets and a completely positive vorticity square with weaker
vorticity levels between the four radial lines. The streamlines from the four diagonal
lines form a counterclockwise spiral at the centre. These measurements agree well
with the ﬂow visualization shown in ﬁgure 5.
For measurements in the vertical plane aligned with points B and D (ﬁgure 6b),
the strongest ﬂows are in the radial directions injected from the surface (points B and
D) with high vorticity in the thin shear layer near the surface. The streamlines show
two recirculating regions.
4.2. Water droplet ejection
Further increases of the forcing amplitude lead to droplet ejection which starts from
the four strongest vibrating points. The droplet ejections are fast with high ejection
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Figure 6. Velocity vectors (dark arrows), vorticity contours (ﬁlled colour) and stream lines
(white curves) as the circumferential waves initially develop in the glass container for a forcing
frequency of 160 Hz and a forcing acceleration of 25 m s−2 . Points A, B, C and D correspond
to the four strongest vibrating points on the wall (antinodes) and points E, F, G and H
correspond to the four weakest vibrating points on the wall (nodes). (a) Velocity and vorticity
measured in a horizontal plane, (b) velocity and vorticity measured in a vertical plane aligned
with points A and C.

velocities. The wave crests are elongated with the circular drops forming on the top.
The spherical droplets are rapidly ejected from the wave crests due to the strong
surface tension eﬀect. The ﬂow structures formed when forcing frequencies are near
the resonance frequency and the classic edge condition at the contact line described
by the weakly nonlinear theory developed by Sun et al. (1995) which did not include
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Figure 7. Critical acceleration for droplet ejection in water in a circular Plexiglas container
with ac = 0.13226 (ω/2π)1.28 for frequencies in the capillary range. The inset shows the results
of Goodridge, Shi & Lathrop (1996).

the surface tension eﬀect. A two-step asymptotic expansion in time was developed by
Chang & Shen (2000b). Their amplitude equations show that the amplitudes of the
excited waves increase with time until surface wave singularities are produced to form
droplets, spray and foam. When the water droplets jump and splash on the surface,
the organized ﬂow patterns are no longer evident. Wei et al. (1997) observed strong
surface ﬂow towards the centre in this state. The minimum wall velocities necessary
for droplets to leave the surface were measured for various frequencies by Hsieh &
Denissenko (1998).
The waves that produce droplets were characterized by the measured threshold
accelerations as a function of the forcing frequency in the container at a water depth
of 160.0 mm. Long-lasting transient states were observed throughout the measured
frequency range. The thresholds were determined by supplying suﬃcient forcing
to produce vigorous droplet ejection and then lowering the magnitude until the
ejections stopped. The droplets were detected visually after a suﬃcient time interval
to make sure that all transient states had passed. The threshold accelerations for
droplet ejection for frequencies from 25 to 165 Hz are shown in ﬁgure 7. The critical
acceleration is a function of the frequency of the lateral excitation for a given surface
tension and ﬂuid viscosity. A least-squares ﬁt of this acceleration data for water in
the capillary range was similar to that of Goodridge, Shi & Lathrop (1996), as shown
in the inset of ﬁgure 7. This conﬁrms the dependence of the threshold acceleration
for droplet ejection on the forcing frequency. When the droplet splashing started,
the radial velocity at the four antinodes A, B, C and D was observed to reverse
direction. This reversal corresponds to the two kinds of steady streaming phenomena
for diﬀerent Reynolds numbers discussed in § 5.1.
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5. Low-frequency, three-dimensional gravity waves and droplet splashing
mechanism
5.1. Four streaming jets for Re s  1
Jet-like ﬂows do not form at low forcing amplitudes until the increasing amplitude
of the oscillating wall begins to generate local jet-like ﬂows ejected into the interior
ﬂuid, which is similar to the streaming phenomena produced by a loudspeaker.
For the case of a streaming jet, as reported by Davidson & Riley (1972), the
jet-like ﬂow arises when the streaming Reynolds number is large. Droplet ejection
begins when the streaming velocity is U∞ = O(100 ) m s−1 and the streaming Reynolds
number is Re s = O(103 )  1.
When the local jets from opposite sides are strong enough to interact, they both
turn downwards and eventually form four global streaming jets with four large global
vortices as shown in ﬁgure 8.
This was studied in more details by measuring the ﬂow pattern with a PIV
system with the ﬂuid seeded with ﬂuorescent beads. These measurements provided
instantaneous velocity and vorticity ﬁelds. As illustrated in ﬁgure 8, the measurements
in the horizontal plane show that the largest inward velocities originate from the four
strongest vibrating points at the wall. The jets follow four radial lines from points
A, B, C and D towards the centre. These four jet-like ﬂows cause strong shear layers
that create most of the vorticity. The vorticity ﬁelds become regular and disperse at
the free surface with the generation of many small vortices as the waves break. The
vortex generation mechanism at a free surface was described in Wu, Ma & Zhou
(2006).
The measurements in the vertical plane show several recirculating regions with
strong surface ﬂows towards the centre. The shedding vortices move along a curved
path, inwards and downwards, leading to large opposing recirculation regions. As
a result, the vorticities continually diﬀuse from the surface to the interior. The
streamlines describe two large recirculation regions from the two sidewalls to the
centre bottom, which can be regarded as a pair of steady streaming vortices.
Figure 9(a) shows the velocity distributions along the streaming-jet direction at
ﬁve positions along the Y -axis at intervals of 3.4 mm. Here, X measures the distance
from the centre of the cylinder and Y is the distance from the wall. The results show
that the velocity in the y distribution V is similar to that of a jet, i.e. the largest
velocity is at the centre and the smallest velocities are at both sides. All the velocities
then decrease with increasing distance from the wall. Figure 9(b) shows horizontal
cross-ﬂow distributions of U at the same ﬁve positions. The centre velocity is nearly
zero owing to the ﬂow ﬁeld symmetry. The absolute values of U also decrease with
distance from the wall, which also agrees with normal jet ﬂow. However, the jets in
the present situation are not the same as isolated jets since they interact strongly
with neighbouring jets in narrow regions near the centre, which causes the horizontal
velocities at the two sides to ﬁrst decrease to zero, then change direction and increase.
The overall velocity distribution is somewhat like a rhombus.

5.2. Jet instabilities
The four jets were found to oscillate symmetrically as shown in ﬁgure 10, where
the curves represent the simultaneous measurements of the vertical velocity at four
symmetrical points close to the four strongest vibrating locations A, B, C and D. The
vortex originating from the boundary layer (Lee & Wu 2008) that is shed around the
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Figure 8. Mean velocity vectors (dark arrows), vorticity contours (ﬁlled colour) and
streamlines (white curves) inside the container during the droplet ejection regime at a forcing
frequency of 160 Hz and a forcing acceleration of 120 m s−2 . Points A, B, C and D where
the four jet-like ﬂows emerge, correspond to the four strongest vibrating points on the wall
(antinodes). (a) Velocity and vorticity ﬁelds measured in a horizontal plane 2 mm below the
surface. (b) Velocity and vorticity ﬁelds measured in the vertical plane aligned with points B
and D.

jets was studied to clarify this phenomenon. Figure 11 illustrates a series of vortex
rings shed around the jets due to the Kelvin–Helmholtz instability. The period of
the vortex shedding was estimated to be 0.3 s. Ho & Huerre (1984) reviewed linear
instability theory and experimental investigations in mixing layers and pointed out
that for all laminar mixing layers the most ampliﬁed waves collapse at a single
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Figure 9. Jet proﬁles and velocity distributions in the streaming and cross-ﬂow directions at
a forcing frequency of 160 Hz and a forcing acceleration of 120 m s−2 . The ﬂow conditions
are the same as in ﬁgure 8. (a) Velocity distributions in the streaming direction. (b) Velocity
distributions in the cross-ﬂow direction. X is the distance from the centre of the cylinder and
Y is the distance from the wall. U is along the X direction and V is along the Y direction.

Strouhal number 0.032 with an error of only 5 %.
St =

fθ
= 0.032,
U

(5.1)

where f is the most unstable frequency, θ is the momentum larger thickness and
Ū = (U1 −U2 )/2, where U1 = Us and U2 = 0. For the present case, the streaming velocity
of the induced jets is
dU0 U02
A2
3
U0
∼
= 3 ,
(5.2)
4ω
dx
ωx
ω x
where ω = 160 × 2π = 1005 rad s−1 is the circular frequency, x is the thickness of
oscillation boundary layer and A = 160 m s−2 is the forcing acceleration at the wall.
The streaming velocity measured by the PIV scheme at the threshold velocity needed
to induce the free surface up–down motion was measured to be Us = 0.0237 m s−1 (see
ﬁgure 16c) at x = 1.05 mm, where Ū = Us /2,
 ∞ 
u
u
x
θ=
= 0.133x = 0.140 mm,
(5.3)
1−
dy = 0.664 √
U
U
Re
0
Us ∼ −

C. B. Lee, H. W. Peng, H. J. Yuan, J. Z. Wu, M. D. Zhou and F. Hussain

Vertical velocity (m s–1)

52

0.025

jet A
jet B

0.020

jet C
jet D

0.015
0.010
0.005
0
–0.005
3.6

3.8

4.0

4.2

4.4

4.6

4.8

5.0

5.2

5.4

Time (s)
Figure 10. Jet oscillations at a forcing frequency of 160 Hz and a forcing acceleration
of 120 m s−2 . The data show simultaneous measurements of the vertical velocities at four
symmetrical points close to the four strongest vibrating locations A, B, C and D.
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Figure 11. Series of vortex rings shed around the jets (shown by the white arrows) due to the
Kelvin–Helmholtz instability. The forcing frequency is 160 Hz and the forcing acceleration is
120 m s−2 .

where
Us x
.
(5.4)
ν
According to the deﬁnition of the Strouhal number, the most unstable frequency for
the jets is 2.70 Hz, which is close to our current estimation of 2.80 Hz. Thus, the
vortex shedding in this limited space is likely due to direct feedback from the vortex
shedding from the global jets that causes the global jets to oscillate.
Re =
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Figure 12. Interactions between the jets and the free surface at a forcing frequency of 160 Hz.
(a) Initially weak streaming jets for a forcing acceleration of 106.0 m s−2 . (b) Stronger streaming
jets for a forcing acceleration of 120 m s−2 . (c) Streaming jets intensively interacting with the
free surface for a forcing acceleration of 145 m s−2 . (d ) Low-frequency three-dimensional gravity
waves emerge with a forcing acceleration of 170 m s−2 .

5.3. Generation of free surface waves by streaming jets
One of the most impressive surface phenomena is the oscillation-induced jets and
jet-induced sloshing by lateral single point forcing on the sidewall of the water-ﬁlled
container. Saeki et al. (2001) observed self-induced free-surface oscillation termed
‘self-induced sloshing’ in a rectangular tank with a submerged and horizontally
injected water jet. Self-induced sloshing is excited by the ﬂow itself without any
external forcing. This behaviour was also observed in the present experiments. The
dominant frequency was found to be close to the ﬁrst or second eigenvalue of the
ﬂuid in the tank. Four submerged water jets injected horizontally from the sidewalls
propagated simultaneously towards the centre of the basin. As shown in ﬁgure 11,
these four jets oscillated symmetrically. To satisfy ﬂuid continuity, the ﬂuid surface
has to response accordingly. Figure 12 illustrates the interactions between the jets
and the free surface. In ﬁgure 12(a) the streaming jets are instantly weak at a forcing
acceleration of 106.0 m s−2 . The dark red and blue regions correspond to the left and
right jets originating from the oscillatory wall boundary layer. The jets extend only
short distances from the wall and dissipate due to viscous eﬀects with a low initial
velocity of 1.26 cm s−1 . As shown in ﬁgure 12(b), the streaming jets grow stronger
with a forcing acceleration of 120 m s−2 and a maximum velocity of 1.98 cm s−1 . A
large circulation ﬂow develops that transports the wall vorticity from the edge to the
centre. In ﬁgure 12(c) the streaming jets interact intensively with the free surface at a
forcing acceleration of 145 m s−2 with the initial jet velocity reaching a maximum of
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Figure 13. PIV measurements of a three-dimensional gravity wave in the container during
the rising stage at a forcing frequency of 160 Hz and a forcing acceleration of 170 m s−2 . The
dark arrows represent the velocity vectors, the colour contours represent the vorticity ﬁeld for
the (0, 1) mode low-frequency three-dimensional gravity wave, and the white curved arrows
represent the streamlines.

2.37 cm s−1 . The free surface begins to oscillate up and down with small amounts of
energy gradually transferred to the free surface from the unsteady jets. In ﬁgure 12(d )
low-frequency three-dimensional gravity waves emerge at a forcing acceleration of
170 m s−2 . The maximum jet velocity increases to 14.9 cm s−1 and the jets coalesce with
the three-dimensional gravity waves. The jet locations are now hard to distinguish
since the ﬂuid velocities in the container oscillate as a whole and the free surface
position changes constantly.
Figure 13 shows the PIV results for the (0, 1) mode three-dimensional gravity
wave at the rising stage. The ﬂuid, on the two sides, moves inwards and pushes the
middle part up. The centre points on the free surface have the largest velocities, with
magnitudes of 20 cm s−1 , about 10 times that of the induced jet velocities. This results
in intermittent droplet ejection.
The vortices are mostly created in the boundary layers of the free surface (Wu
et al. 2006) and along the wall and are transferred to the interior by the large vertical
movements of the (0, 1) mode standing three-dimensional gravity wave. Once the
(0, 1) mode three-dimensional gravity waves emerge, the up–down motion can persist
for a long time as long as the external forcing conditions remain. The standing threedimensional gravity wave has a large inertia, and the forcing amplitude can be reduced
by 50 % without disturbing the vertical motion of the three-dimensional gravity wave.
Therefore, there is a hysteresis eﬀect between the critical forcing amplitudes needed
to excite the three-dimensional gravity waves and the much lower values of the
forcing amplitudes leading to extinction of the three-dimensional gravity waves. The
interactions between the jets and the free surfaces are clearly illustrated by the timeseries variations of the jet and free surface velocities at the selected points shown in
ﬁgures 14(a) and 14(b) for various forcing accelerations. The jet velocity is measured
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Figure 14. Jet and free surface velocities with increasing forcing accelerations for a forcing
frequency of 160 Hz. (a) Jet velocities at three forcing accelerations of 106, 120 and 145 m s−2 .
(b) Free surface velocities at three forcing accelerations of 106, 120 and 145 m s−2 . The jet
velocities were measured at point B in ﬁgure 8(b) while the free surface velocities were measured
at the centre of the free surface.

at point B in ﬁgure 8(b)while the free surface velocity is measured at the centre of the
free surface. The characteristic velocities of the jet and the free surface both increase
with increasing forcing acceleration. The jet velocities are greater than the free surface
velocities at the beginning, but the free surface velocities then increase faster than the
jet velocities. Therefore, the maximum velocity on the free surface eventually exceeds
the jet velocity, which indicates the signiﬁcant energy transfer from the jets to the free
surface.
5.4. Low-frequency gravity waves and the feedback mechanism
Although the dominant mechanism for droplet ejection is not the resonance between
the external excitation frequency and the ﬂuid behaviour, resonance does occur
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Figure 15. Phase and spectral relations between the jet and the free surface at a forcing
frequency of 160 Hz. (a), (b) and (c) correspond to forcing accelerations of 106, 120 and
145 m s−2 , respectively.

between the vortex shedding, vortex oscillations and the surface waves. Some
resonance modes create large amplitude standing three-dimensional gravity waves
when the excitation amplitude is increased further after the appearance of the jumping
droplets. The high-frequency capillary waves and the jumping droplets are apparent
at high excitation frequencies but are suppressed during the three-dimensional gravity
wave phase when the water level is higher near the wall than in the centre. The surface
waves evolve towards low-frequency three-dimensional gravity waves and eventually
overwhelm the surface with various high frequencies, i.e. the shorter wavelength waves
ride on the top of the low-frequency waves.
Figure 15 shows the phase and spectral relations at jet and the free surface for the
three forcing accelerations of 106, 120 and 145 m s−2 . The phase relations between the
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jet and the free surface are shown by the time series of the velocities for the ﬁrst 4 s.
The three groups of data show that the maximum jet velocities always correspond
to the minimum free surface velocities, i.e. the phase diﬀerence is always about 180o .
Moreover, the characteristic frequencies of the jet and the free surface are the same,
only with diﬀerent peak values. Thus, the intensive interactions between the jet and
the free surface are clearly conﬁrmed by the data. Note that when the wall oscillates
with a high frequency of 160 Hz, the jets only oscillate with a low frequency of 3 Hz.
Therefore, the diﬀerence between the neighbour jets due to the opposite phases of the
wall oscillation is (1/160) × (180/360)/(1/3) × 360 = 3.4◦ at most.
Figure 16 shows the phase relations for the jets from four antinodes at three forcing
accelerations of 106, 120 and 145 m s−2 . All four jets are seen to be phase locked with
the free surface. They transfer energy from the wall to the free surface and eventually
excite the low-frequency three-dimensional gravity waves.
The measurements show a frequency lock or phase lock between the vortex
shedding, vortex oscillations and gravity waves. In addition, the external forcing
can cause the gravity wave to grow signiﬁcantly. Both of these phenomena are
typical of self-excited wave-vortex resonance. The jet induces the periodic vortex
shedding from the oscillatory wall boundary layer around the jet. While the vortex
interacts with the free surface to excite the surface sloshing, i.e. one mode of the
three-dimensional gravity waves. The shedding frequency then locks to the frequency
of the three-dimensional gravity waves, leading to resonance. With further increases
of the forcing acceleration, or as the forcing continues, the jet ﬂuctuations become
stronger, but the shedding frequency does not change noticeably until the whole
system vibrates violently creating much noise. The surface vibrates violently but in an
orderly manner with the amplitude of the three-dimensional gravity waves reaching
heights of approximately 3–5 cm. This kind of self-excited wave-vortex resonance is
similar to the self-excited resonance of a vortex street investigated by Welsh, Stokes
& Parker (1984).
The circular and azimuthal surface capillary waves are always present during the
entire excitation sequence. After the gravity wave has grown suﬃciently, the vertical
velocity caused by the superposition of the capillary wave on the low-frequency
gravity waves became large enough to overcome the surface tension and viscosity
eﬀects resulting in droplet ejection during the rising phase of the surface wave which is
suppressed during the down swing. Due to the interaction with the capillary waves, the
droplet ejection is not a single column or a single drop, but a mass of splashing drops.
Here again, though there is resonance involved, the external forcing frequency has
no inﬂuence on this resonance. The external forcing is only a source to generate the
streaming jets. Thus, the droplet ejection mechanism expressed here is a non-resonant
modal coupling that involves short-wave and long-wave interactions.
5.5. Non-resonant modal-coupling excitation mechanism
The experiments show two diﬀerent phenomena for the droplet splashing with highfrequency splashing without gravity waves as discussed in § 3 and single droplet
ejection and droplet splashing with the low-frequency gravity wave. Figure 17 shows
a schematic of the second excitation mechanism. The high-frequency external wall
forcing forms oscillatory wall boundary layers. These boundary layers produce circular
and azimuthal capillary surface waves that generate local streaming jets injected
into the interior as mentioned in § 5.1 when the local jets from opposite sides are
strong enough to interact with each other, they turn downwards to form four global
streaming jets and strong global vortical regions. The vortical regions are unstable
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Figure 16. Phase relations of the four antinode jets at a forcing frequency of 160 Hz where
(a), (b) and (c) correspond to forcing accelerations of 106, 120 and 145 m s−2 , respectively.
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Figure 17. Schematic of possible excitation mechanisms for gravity wave generation and
droplet splashing.

to small perturbations via the mechanism that leads to Kelvin–Helmholtz instability,
which results in vortex shedding. The natural frequency, f n, of the periodic vortex
shedding corresponds to the most unstable mode of the jets at the Strouhal number
St = 0.032. Due to the ﬁnite size of the container, the periodic vortex-shedding then
causes oscillations of the global jet in a feedback loop. When the four rows of phaselocked vortex streets meet in the centre of the basin, the ﬂows in that area have to
move up and down because of mass conservation, which causes the surface gravity
wave. In these experiments, the vortex shedding frequency was found to lock-in with
the natural frequency of the surface sloshing. The result is a positive feedback loop,
which causes the low-frequency three-dimensional gravity waves to grow. Finally,
the up-and-down motion of the large low-frequency gravity wave interacts with
the high-frequency circular and azimuthal capillary waves to produce the droplet
splashing. Furthermore, the interaction of the low-frequency gravity wave with the
high-frequency capillary wave causes the ejected water to form a spray of droplets
rather than a single water column.
6. Discussion
(i) ‘Self-induced sloshing’ in a tank was explained as a feedback loop between the
interactions of the jet ﬂuctuations and the pressure variations (Okamoto & Hagiwara
1991; Fukaya et al. 1996 and Saeki et al. 2001). This is similar to the current excitation
mechanism for wave-vortex resonate low-frequency three-dimensional gravity waves.
However, the two phenomena are not the same with four vibration antinodes around
the wall that provide the external forcing in the present experiments to induce four
oscillatory jets from four diﬀerent directions that interact with the surface waves.
More importantly, the self-induced sloshing in those previous studies was caused by a
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pressure-driven jet injected into a two-dimensional tank with an outlet on the bottom.
The present system has no inlet, so the mechanism described here are relevant to
diﬀerent set of engineering applications.
(ii) The PIV system was designed to only measure the ﬂuorescence from seeded
beads so as to eliminating the laser reﬂections from the wall to give satisfactory
measurements of the curved moving interface. This system enabled measurements
of the vorticity distributions not only in the jets but also on the water surface.
If the liquid were just tap water, the free surface would have been contaminated
and Marangoni eﬀects would signiﬁcantly modify the free surface mechanisms, as
described by Jenkins & Dysthe (1997), Hirsa, Lopez & Miraghaie (2002) and many
others. The surface tension would be aﬀected by the impurities and the critical droplet
velocity should diﬀer from that for pure water. However, the critical droplet velocity
is not the main issue in the present study, which focuses on the physical mechanism
for the gravity wave formation and the droplet splashing generation.
(iii) This study shows that the two-dimensional analysis of Carlsson, Sen & Löfdahl
(2004) adequately models ﬂows generated on vibrating surfaces so that it can be used
to evaluate the ﬂow eﬀects of the surface vibrations. Our results also show that
the normally neglected viscosity actually plays an important role for the short wave
interactions.
Mui & Dommermuth (1995) presented a two-dimensional numerical simulation of
parasitic capillary waves generated by a steep viscous gravity–capillary wave to show
that regions of high vorticity occur in the troughs of the parasitic capillary waves. Lin
& Perlin (2001) measured the velocity ﬁelds beneath the gravity–capillary waves and
calculated their vorticity ﬁelds. The viscosity was found to indeed play an important
role on the vorticity creation at the boundaries, on the vorticity diﬀusion from the
surface to the interior and on the vorticity dissipation. More quantitative analyses of
the viscous eﬀects are needed with comparisons to the vorticity theories of Wu and
his colleagues (Wu 1995; Wu et al. 2006) to clarify these eﬀects.
7. Conclusions
(i) Experimental measurements of ﬂows driven by vibrations of a cylindrical basin
show that the forced surface waves and the ﬂow inside the ﬂuid bulk are rather
complex. The PIV measurements of the ﬂows, which were seeded with ﬂuorescent
particles to eliminate laser reﬂections from the wall, gave satisfactory measurements
of the curved moving interface. This system enables measurements of the vorticity
distributions not only in the jets but also on the water surface.
(ii) This paper describes the dragon wash phenomenon with a simple model that
explains how the high-frequency sidewall forcing creates a low-frequency gravity
wave, which leads to droplet splashing. Initially, capillary waves are created at the
excitation frequency and then azimuthal waves appear that vibrate at half of the
forcing frequency. As the excitation intensity increases, four jet-like structures, similar
to streaming jets from a loudspeaker, simultaneously propagate from the boundary
to the centre. As the jets from opposite walls interact with each other, the four jets
are redirected downwards, so that the ﬂow involves a large portion of the container.
This produces maximum upward induced velocities at the four strongest vibrating
points near the wall. Jet ﬂow instabilities then create vortex shedding with frequencies
that correlate well with the modiﬁed Strouhal number suggested by Ho & Huerre
(1984). The limited space in the container causes vortex-shedding feedback to the four
jets so that the jets begin oscillating. The oscillating jets then interact with the water
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in the container to cause surface gravity waves. When the superposition of the
upward gravity wave on the capillary waves becomes greater than a critical value
that overcomes the surface tension, droplets are ejected. The interaction of the gravity
wave with the high-frequency capillary waves causes the ejected water to form a spray
of droplets rather than a single water column.
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