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ONE-SIDED INVERSES IN RINGS 

ROGER D. PETERSON 

Introduction. Following Herstein [2], we will call a ring R with identity 
von Neumann finite (vNf) provided thatx^ = 1 implies yx — WnR. Kaplansky 
[4] showed that group algebras over fields of characteristic zero are vNf rings, 
and further, that full matrix rings over such rings are also vNf. Herstein [2] 
has posed the problem for group algebras over fields of arbitrary characteristic. 
If group algebras over fields are always vNf, then it is easily seen that group 
algebras over commutative rings are always vNf. What conditions on the 
underlying ring of scalars would force the vNf property for all group rings 
over it? 

The vNf condition is rather weak. We consider here stronger versions of the 
property, defined for an arbitrary ring R with identity: 

(1) R is fully vNf: Every full matrix ring over R is vNf. 
(2) R is strongly vNf: Given a finitely-generated unital left /^-module, its 

ring of i?-endomorphisms is vNf. 
Sections 1, 2, 3 of this paper deal with general properties of vNf, strongly 

vNf, and fully vNf rings. In section 4, we consider fully vNf group rings. Let ^ 
be the collection of all groups G such that the group ring RG is fully vNf when
ever the ring R is. Belonging to *$ is a local property and also a residual 
property. In particular, *$ contains every abelian group and every locally 
finite group. 

Conjecture. c€ contains every solvable group. 

Proposition 4.6 reduces this question to the case where the group is a semi-
direct product of a solvable group in ^ by the infinite cyclic group. 

I would like to thank Professor Thomas Ralley for his encouragement and 
his many helpful suggestions. I would also like to thank the referee and Pro
fessor A. Rosenberg for suggesting a consideration of the residually finite case 
in section 4. 

Notation. Throughout this paper, R will denote a ring with identity. The 
nilpotent radical of R} denoted b y ^ ^ ) , is the ideal generated by the nil-
potent ideals of R, and J(R) is the Jacobson radical of R. Z(R) is the center of 
R. Given R, we can form the opposite ring Rop and the ring Rn of all n X n 
matrices over R. 
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All modules will be unital . Given a left i^-module if, let End ^ ( i f ) be its 
ring of i?-endomorphisms. All functions will be writ ten on the left. T h u s 
Rn = Endfl(.F)op, where F is the free left i^-module of rank n. If </> is a homo-
morphism, then Im(</>) and Ker(<£) are its image and kernel, respectively. 

T h e notat ion for groups and group rings follows Passman [6]. Given a 
group C7, we denote the group ring for G over R by RG. Given a in RG, we 
write a = J^geoUgg, where ag(g G G) is a sequence in R with all bu t finitely 
many of its terms zero. The support ofa is defined by supp (a) = {g 6 G\ag ^ 0}. 
If H is a subgroup of G, NG(H) is its normalizer and CG(H) is its centralizer 
(in G). T h e center of G is Z(G). 

1. vNF R i n g s . Most basic properties of vNf rings follow from the following 
module characterizat ion: 

PROPOSITION 1.1. Suppose M is a unital left R-module. Then End# ( i f ) is not 
a vNf ring <=$ M has R-submodules if ' , N such that M = M' © N with i f = M 
and N ^ 0. 

Proof. (=>) Choose a J G E n d * (M) with a/3 = 1 9* /3a. Let M' = Im(/3) 
and let N = Ke r ( a ) . Since /3 is monic and a is not monic, we have M' ~ M 
and N 5* 0. Since I m ( l - /3a) C Ker (a ) , M = M' + N. Clearly, i f ' H iV = 0. 

(«=) Let </> : if '—> i f be an ^-isomorphism (onto). Define a : if—> i f so 
t ha t a (x ) = </>(x) for # in M ; and a(x) = 0 for x in N. Let /3 : M —> M, 
x i—*<j>~l(x). Then a, /3 £ EndR(M), a/3 = 1, and /3a ^ 1. We are done. 

Let M be a left 7?-module such t h a t End# ( i f ) is not vNf. Choose i?-sub-
modules i f i , Nx of M such t ha t M = Mi ® Ni with Mi = M and iVi j * 0. 
Since i f i and M are isomorphic, we may write Mi = i f 2 © iV2 with i f 2 ^ i f 
and iV2 = Ni. Proceeding inductively, we can find sequences Mk and Nk (k a 
positive integer) of i?-submodules of i f such t ha t Mk = Mk+i © Nk+lj Mk = 
M (as jR-modules), and Nk ^ Ni. Let Wk = Nx + . . . + Nk. Then the se
quence Mk(k = 1, . . .) is a proper descending chain of i^-submodules of if , 
the sequence Wk (k = 1, . . .) is a proper ascending chain of J?-submodules of i f , 
and we have i f = Mk © Nk for each k. This proves 

COROLLARY 1.2. 7/ i f satisfies the ascending chain condition or descending 
chain condition on its direct summands over R, then End # ( i f ) is vNf. 

COROLLARY 1.3. If R is left Noetherina, then R is strongly vNf. 

2. S t rong ly vNf r ings . We begin with a characterization of endomorphism 
rings of finitely-generated modules. For each left ideal L of R, let J R{L) = 
{x G R\Lx C L } , the idealizer of L in R. The following facts are easily verified: 

(1) J R(L) is a subring of i? containing Z(R). 
(2) L is an ideal of JR{L). 
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(3) If Tisanidealofi? , then </*(!,) Q JR(L + T) and JR/T(L + T/T) = 
JR(L + T)/T. 

Definition. Suppose A is a ring with identity. Then A is a left section of R 
provided that A ^ JR(L)/L for some left ideal L of R. 

PROPOSITION 2.1. 7/ M is a finitely-generated left R-module, then EndR(AI)0V> 

is a left section of Rn for some positive integer n. 

Proof. Choose an ordered generating set S = {mi, . . . , nin) for M over R. 
For each n X n matrix {aif) over R and a G RndR(M), write 

(at7) represents a (mod S) ^^a{mt) = ^ a^m^ i = 1, . . . , n. 

Let L = {x 6 i^n|^ represents 0(mod S)}, and let 

B = {x G i?n|x represents a (mod 5) for some a Ç End f l(M)}. 

It is easily verified that L is a left ideal of Rn and J5 = J Rn{L). Let $ : B —+ 
EndR(M) be the map which sends each element of B to the element it repre
sents. Then # is an anti-epimorphism of rings and Ker(<£) = L. We are done. 

Note that if L is a left ideal of R, then EndR(R/L)0l> ^ JR(L)/L. Since 
the vNf property is opposite-invariant, we get 

COROLLARY 2.2. The ring R is strongly vNf <=» the left sections of Rn are vNf 
rings for every positive integer n. 

PROPOSITION 2.3. Suppose R is integral over Z(R). Then R is a vNf ring and 
every left section of R is a vNf ring. 

Proof. Suppose a, b £ R and ab = 1. Write 

n 

a
n+1 = £ *&* with so, . . . , zn Ç Z(i?). 

Then 

a = a b = 2s zi° » 
2=0 

so that ba = ab = 1. The same argument clearly applies to the left sections 
of R. 

The Cayley-Hamilton theorem gives 

COROLLARY 2.4. If R is commutative, then R is strongly vNf. 

The Jacobson radical is superfluous with respect to the vNf and fully vNf 
properties. For the strongly vNf property, we at least get the superfluousness 
oi^V(R). 
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PROPOSITION 2.5. Suppose I is an ideal of R and I Q^V(R). Then R is 
strongly vNf <=> R/I is strongly vNf. 

Proof. (=>) Every factor ring of R is strongly vNf. 
(<=) Suppose L is a left ideal of R. Let A = R/I and T = JR(L) C\ I. Then 

JR(L)/(L + T) Ç . / * ( ! , + / ) / ( L + / ) ^ JA(L')/L', where Lf = L + I/I. 
Thus, JR(L)/(L + T) is a vNf ring. But T C J(JB(L)), so that JR(L)/L is 
also vNf. So every left section of i? is vNf. Since Rn/In = (R/I)n is also 
strongly vNf and since In =^V(Rn), the same argument shows that the left 
sections of Rn are vNf. 

COROLLARY 2.6. If X is a finitely-generated abelian group, then End(X) is 
a strongly vNf ring. 

Proof. Let R = End(X). Write X = T X F, where T is the torsion part of 
X and F is torsion free. Then T is an ^-invariant subgroup of X. Let 

<t> :R->End(T) + End(F), a •-* a' 0 (poaoj), 

where a' is the restriction of a to 7", £ : X —> 2" is the canonical projection, and 
j : F —* X is the canonical insertion. Then 0 is a ring epimorphism and 
Ker (0)2 = 0. Since R/Ker (</>) is left Noetherian and Ker (0) Ç J/(R), it follows 
that R is strongly vNf. 

PROPOSITION 2.7. / / i? is strongly vNf and i f is a finitely-generated left 
R-module, then KndR(M) is fully vNf. 

Proof. The fully vNf property is opposite-invariant. Hence, we need only 
show that the left sections of R are fully vNf. But if A is a left section of R, 
then it is easy to show that An is a left section of Rn, and Rn is a strongly vNf 
ring. Hence, every left section of R is fully vNf. 

3. Fully vNf rings. Most properties of vNf rings carry over to fully vNf 
rings. In addition, we have weak consequences of the strongly vNf property: 

PROPOSITION 3.1. (i) Suppose A is a subring of R and 1 G A. If R is free and 
finitely-generated as a left A-module, then R is fully vNf.<=> A is fully vNf. 

(ii) If R is fully vNf and P is a finitely-generated projective left R-module, 
then End^(P) is a vNf ring. 

Proof, (i) (=>) Every subring of R is fully vNf. (<=) R is a subring of 
EndA(i^)op = An for some n. 

(ii) Let F be a free finitely-generated left i^-module such that P is a direct 
summand of F over R. Since End^-F) is a vNf ring, F cannot be essentially a 
proper direct summand of itself over R, by 1.1. Hence, P is also not essentially 
a proper direct summand of itself over R, and so EndR(P) must be vNf. 

Shepherdson [7] showed that a full matrix ring over a vNf ring need not be 
a vNf ring. We construct an example of a ring which is fully vNf but not 
strongly vNf. 
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PROPOSITION 3.2. Assume R is not the trivial ring, and let G be the free group on 
three generators. Then some factor ring of RG is not a vNf ring. In particular, 
RG is not strongly vNf. 

Proof. In order to avoid totally superfluous complications, assume R is 
commutative. Let M be the free left i^-module with basis {mt\i = 1, . . .}, and 
let A = EndR(M). As in [3], let a, f3 be those elements of A such that a{mt) = 
0 if i = 1, a(mt) = mt-\ if i > 1, and ^(Wj) = m ï + i (•£ = 1, . . .). We have 
a/3 = 1 5̂  /Sa. Let 7, 7', 7" be those elements of A such that 

, N (mi, if i = 1 , // x U j + Wi_i, if i is even 
7 ( W < ) = \mi -' — ^ - 1 a n d 7 ( W i ) = 

+ wz_i, if i > 1 I ^ Ï + I , if i is odd 

and 7" = ]S + 7 — 7'. Then 7, 7', 7" G [/, where £7 is the group of units of A. 
We have a = 7 — 1 and /3 = — 7 + 7' + y"'. Let î T be the subgroup of U 
generated by 7, 7', 7". We have the obvious "evaluation" map </> : RH -^ A. 
Since a, 0 are in Im (</>), RH/Ker(cj)) is not a vNf ring. 

COROLLARY 3.3. Le£ F 6# afield of characteristic zero, and let G be the free group 
on three generators. Then FG is fully vNf but not strongly vNf. 

4. Fully vNf group rings. Given a fully vNf ring R, for what groups G is 
i?G fully vNf? Let *& be the collection of all such groups. We note first that 
belonging to ^ is a local property. 

PROPOSITION 4.1. (i) RG is fully vNf <=> RH is a fully vNf for every finitely -
generated subgroup H of G. 

(ii) / / H is a subgroup of G of finite index, then RG is fully vNf <=> i^/7 is 
fully vNf. 

(iii) If A is an ascending chain of subgroups whose union is G, then RG is 
fully vNf 4^ RH is fully vNf for all H G A. 

(iv) If G = Gix . . . xGn, then G G *& t=> Gt G ^, i = 1, . . . , n. 

Proof, (i) (==>) jR/f is a subring of RG. (<=) Suppose a, b G i^G and aô = 1. 
Let H be the subgroup of G generated by supp(a) VJ supp(/;). Then a,b t RH, 
forcing ba = 1. Since (RG)n = RnG, the same argument shows that RG is 
fully vNf. 

(ii) This is immediate from 3.1. 
(iii) A finitely-generated subgroup of G belongs to some element of A. 
(iv) If G = H X K, then RG ^ AK, where A = RH. The result follows by 

vacuous induction. 

COROLLARY 4.2. If G is a locally finite group, then RG is fully vNf <=> R is 
fully vNf. 

THEOREM 4.3. Belonging to ^ is a residual property, i.e. if Sf is a collection of 
normal subgroups of G such that G/N G *$ for all N G <9^ and CiSf = I, 
then G G &. 
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Proof. Suppose X is a finite subset of G, X = \gu . . . , gm). For 1 ^ i < j ^ 
m, there exists iV -̂ G 5^ such that gigf1 (t N tj. Let 

NX = n #«,. 

By 4.1 (iv), we have G/Nx ë ^ \ and also the elements of X lie in distinct 
cosets of G (mod Nx). 

Thus, for each nonempty finite subset X of G, there is a normal subgroup 
Nx of G such that G/Nx G ^ and the elements of X lie in distinct cosets of 
G (mod Nx)- Consider the direct product ring 

n RG/NX, 
X 

where X ranges over the nonempty finite subsets of G. Since each component is 
fully vNf (assuming that R is), it follows that the direct product is fully vNf. 
But the obvious map RG —* Y\XRG/NX is a monomorphism. Thus RG is fully 
vNf whenever R is. 

COROLLARY 4.4. If G is abelian, then G Ç fâ. 

Definition. For each group G, let A(G) be the FC-subgroup of G (the collec
tion of all elements of G possessing only finitely many conjugates in G). 

COROLLARY 4.5. Suppose A(G) has finite index in G. Then G G ^ . 

Proof. Assume R is fully vNf. If H is a finitely-generated subgroup of A(G), 
then Z{H) has finite index in H, so that H is in &, by 4.1 and 4.4. The result 
follows. 

PROPOSITION 4.6. Suppose R is fully vNf and H is a subgroup of G such that 
RH is fully vNf. Then G has a subgroup K such that 

(i) H Q K and RK is fully vHf; and 
(ii) if L is a subgroup of G and K C L CI G, then RL is not fully vNf. 

Further, if K is a subgroup of G satisfying (i) and (ii), then CG(K) C K and 
NG{K)/K is torsion free. 

Proof. The set {L\H Ç L, L is a subgroup of G, and i^L is fully vNf} is 
inductively ordered. Thus G has a subgroup i£ satisfying (i) and (ii). Let K 
be any such group. Suppose g G NG(K) and g (I K. Let L = 2£(g). Since i^L 
is not fully vNf, we must have K D (g) = 1 with (g) infinite. If g G CG(K), 
then L = Kx(g) and RL = A (g), where A = RK. But then RL is fully vNf, 
a contradiction. Hence, NG(K)/K is torsion free and CG(K) ÇZ X. 

Remark. If i^ is a subgroup of G satisfying conditions (i) and (ii) in the above 
proposition, then it is easy to show that A(G) C X". In this sense, the FC-
subgroup is superfluous with respect to the fully vNf property. 

COROLLARY 4.7. Let G' be the commutator subgroup of G. / / G/Gf is a torsion 
group, then RG is fully vNf «=> RG' is fully vNf. 
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Added in proof. Professor Joe Fischer has kindly pointed out that much of 
section 4 is contained in a paper by G. Losey, Are one-sided inverses two-sided 
inverses in matrix rings over group rings, Can. Math. Bull. 13 (1970), 475-479. 
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