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Stein quasigroups I:
Combinatorial aspects

M.J. Pelling and D.G. Rogers

This paper, in conjunction with its algebraic sequel, aims to
provide a foundation, long outstanding, to the theory of quasi-
groups obeying the law z(xy) = yx , otherwise known as Stein

quasigroups.

1. Introduction

Quasigroups satisfying the law x(xy) = yx seem first to have been
considered by Stein [13], in which paper he raised the problem of

determining their spectrum. Standard constructions using Galois fields

yield possible orders hkm , where the square-free part of m does not
contain any prime p = 2, 3 (mod 5) ([¥0]1, [13]1). ZLater, in [141, Stein
used certain block designs to construct the orders 12k + 1, 12k + b,

20k + 1, 20k + 5 for all k = 0 , and in [9] Lindner used the singular
direct product of Sade [17] to obtain further orders, including 17 . By
construction of more elaborate block designs we show (Section 4) that
systems exist for all orders greater than 1042 . We also apply block
design methods to consideration of isomorphisms and automorphisms (Section
5) and to subsystems (Section 6), and in Section 7 we consider further
constructions involving a generalisation of the singular direct product and

a block design analogue.

It is known [Z] that there are latin squares orthogonal to their
transpose of all orders =n # 2, 3, 6 . Since any Stein system is

orthogonal to its transpose ([713], Section IV) our results provide an
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additional proof for n > 1042 .

For further discussion and references see also [3], [4], [5].

2. The method of block designs

In this paper a block design, as originally introduced by Bose and
Shrikhande [1], will mean a triple (S, D, K) where S is a set, D a
non-empty collection of subsets of S called blocks, and X a set of

integers greater than or equal to 2 satisfying:

(i) for any x # y in S there is a unique block B € D

containing x and y ;
(ii) if B € D then |[B| € X .
If |S| = v we write v € B(X) and shall also use B(K) to denote

the whole class of block designs with block sizes all in K . The
following theorem (Stein [14], Section 4) is the basis of this paper.

THEOREM 1. Let V be a variety of idempotent quasigroups in which
all the defining laws involve at most two variables. Suppose that for
every k in a set K of integers greater than or equal to 2 there is a

member Sk of V of order k . Then if v € B(K) , there is a member of

V of order v .

Proof. Let (S, D, K) be a block design with [S§| =v . Then §
becomes a member of V if each block of size k 1is regarded as a system

S and the binary operation zx.y of S is defined (when x #y ) by

k
restriction to the unique block system Sk containing x and y ; x-x
is defined to be x . //

For brevity we say that »n is an R-number or R(n) if there is a
Stein system of order »n . The following methods can now be used to
construct new R-numbers from previously known ones. For completeness we

include the known results.

MO. R(p) if p s aprime p =0, 1, b (mod 5) and R(p%) if p
i8 a prime p = 2, 3 (mod 5)

Proof. In the first case the equation 02 + ¢ =1 is soluble in the

Galois field GF(p) , and defining =z+y = o%x + ey turns GF(p) into a
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Stein system. The same construction works in the second case with the
field GF{p?) . //

Mi. If R(m) and R(n) then R(m) . //

M2. Suppose v € B(K) where R(k), R(k-1) for each k € K , and let
(S, D, K) be a block design with |S| =v . Suppose that S* € S forms a
subdesign (that is to say, any block containing two elements of S* is a
subset of S* ) and let |S*| =v* =20 . Thenif 0<m=v* and R(m) ,
then also R(v-vi+m) . If S* =@ , we only need R(k) for k € K .

Proof. Delete v* - m of the points of S* leaving a set W of m
points. Define a block design on (S\S*) u W by taking as blocks

(i) the blocks in D which do not meet S* |

(ii) the blocks of D which meet S* in one point only, that
point being deleted if not-in W ,

(iii) W itself.
R(v-v*4m) follows on applying Theorem 1 to this design. //

M3. Suppose v € B(X) where R(k), R(k+l) for each k € K , and
that the design (S, D, K) admits m = 1 disjoint resolutions into
parallel blocks, that is there are distinet blocks Bij , 1l=<ism,

t.
7

15.]5ti,suchthat S=jl=JlBiJ. and, for any i , Bij’B

disjoint when j # j' . Then if R(m) , then also R(v+m) .

.., are
1d

Proof. Add new points a am and apply Theorem 1 to the

10 Apr cees

design on S U {al, a .y am} with blocks:

2,
(i) any block B different from any Bi,j in D
(ii) any set Bij u {ai} 5

(iii) {al, Aps +oes am} . //

MA. Suppose P is a subsystem of a Stein system @ and let
p=1Pl, q=1@ . Then if R(q-p) and R(v) , then also R(v(q-p)+p)
In particular, if q =k + 1, E(vk+l) <s implied by R(k), R(k+1), R(v).
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Proof. This is obtained by Lindner's construction [9], using the

singular direct product. //

The final three methods (see also [6]) use block designs constructed
from T-systems. For an account of T-systems see Hanani [6], whose

notation we adopt here.

M5. If ¢ ¢ To(m) and R(t+1), R(m) , then R(mt+l)

Proof. Given a T-system with ¢t € To(m) , add a new point a* and

define blocks

(i) the 2 m-tuples of the T-system,
(ii) the sets T,V {a*} , 1 =1 =m , vwhere the T, are the
t-element sets of the TI-system.
A block design with X = {m, t+l} results, and Theorem 1 can be applied.//

M. If t ¢ Te(m), R(t), R(m), R(m+1) , and R(k) for k < e , then
R(mt+k)

Proof. Select k parallel sets Dl’ D2, cees Dk of m-tuples in the
T-system and let new points a;s Ays eevs ak be added. Apply Theorem 1
with blocks:

(i) all m-tuples not in any D; 3

(ii) the t-element sets T, of the T-system;
(iii) all sets L; v {ai} for L, €D, , 1= i<k
(iv) {al, Aps woes ak} . //

M7. If t ¢ Te(m), R(t+1), R(m), R(m+l) , and R(k+l) for k =<e,
then R(mt+k+1) .

Proof. Select k parallel sets Dl’ D2, vy Dk of m-tuples in
the T-system and let new points a, a, a2, ey ak be adjoined. Apply
Theorem 1 with blocks:

(i) all m-tuples not in any Di ;
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(ii) the (t+l)-element sets T, U {a} , 1

1A
o
IA
E]

(iii) a1l sets L, v {ai} for L, €D, , 1

A
.
IA
X

(iV) {a9 al, a23 see s ak} . //

3. Known orders up to 116

We now list all known R-numbers up to 116 , briefly justifying each
number as listed. For example 92 = 4-19 + 16 (M6) will mean that 92 is
, t=19 , k=16 . As for
the existence of the relevant IT-systems we only use the fact [6] that

t € Tt(m) (which implies t € Te(m) for e =<t ) if t is a product of

an R-number on the basis of M6 with m = 4

8«
. 1
prime powers pi z2m .

(i) From MO and Ml we obtain: 1, 4, 5, 9, 11, 16, 19, 20, 25, 29,
31, 36, 41, bb, 45, 49, 55, 59, 61, 64, T1, 76, 79, 80, 81, 89, 95, 99,
100, 101, 109, 116 .

(ii) 17 = b4 + 1 (M4 or M5) and then 68, 85 by ML. Also
96 = 5-19 + 1 (ML) .

(iii) 12k + 1, 12k + 4, 20k + 1, 20k + 5 for k = 0 by Theorem 1
and known block designs in B(L4), B(5) (see [6], [71, [14]) giving with
Mi: 13, 52, 65, 21, 84, 105, 28, 112, 37, 4o, 73, 88, 97 .

(iv) There are resolvable B{(k4) designs for v = 12k + b (see [§]);
so R(12k+5) by M3, giving 53, 77, 113 .

(v) Applying M2 to the 3-dimensional projective space over GF(4) ,
the blocks being the lines, by deleting points in a hyperplane we deduce
the R-numbers 69 = 64 +5 , 75 =64 +11 , 83 =64 + 19 .

(vi) Applying M2 to a block design in B{(5) with v = 20k + 1 or
v =20k +5 and deleting 1, 4 , or 5 points from one of its blocks, we
deduce 20k - 4 , 20k - 3, 20k , 20k + 4 , giving 24, 56, 57, 60, 10k.

(vii) By [6] there is a design in B(4) with » = 28 in which the
63 blocks fall into 9 parallel sets of 7 each. By M3 therefore we
obtain 32 =28 + L4 and 33 =28+5; or 33 =48 +1 (M3)

(viii) 48 = 4-11 + 4 (M6) , 63 =L4-13 +11 (M6) , 72 =L-1T + 4
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(M6) , 87 = L4-19 + 11 (M6) , 91 = k.20 + 11 (M6) , 92 = L-19 + 16 (M6) ,
93 = 419 + 17 (M6) , 103 = L+23 + 11 (MT) , 108 = L4-23 + 16 (M7) ,
111 = 425 + 11 (M6) .

These results may be collected in a theorem.

THEOREM 2. The numbers in the following list are possible orders of
Stein eystems: 1, 4, 5, 9, 11, 13, 16, 17, 19, 20, 21, 2k, 25, 28, 29, 31,
32, 33, 36, 37, 4o, L1, 4k, 45, 48, V9, 52, 53, 55, 56, 57, 59, 60, 61, 63,
64, 65, 68, 69, 11, 72, 13, 715, 76, 771, 79, 80, 81, 83, 84, 85, 87, 88, 89,
91, 92, 93, 95, 96, 97, 99, 100, 101, 103, 104, 105, 108, 109, 111, 112,
113, 116 . /7

It should be noted that there are no numbers Lk + 2 in this list.

4, Possible orders in general
THEOREM 3. There are Stein systems of the following orders:
(1) all numbers of the form Lk + 1 ;
(i1) all nunbers of the form Lk excepting 8 and 12 ;

(iit) all numbers of the form Lk + 3 excepting 3 and T ,and
possibly excepting 15, 23, 27, 35, 39, 43, L7, 51, 67,
107, 115 ;
(iv) 210, 214 , and all numbers of the form uk + 2 > 1042 .
Orders 2, 6, 10, 1k are not possible.

Proof. (i) If ¢t =12k +1, 12k + 4 , or 12k + 5 , then

t Tt(h) and R(t) ; so, by M6, if R(v) , then R(UBk+h+v) for

m

1A

v =12k +1 , R(U8k+16+v) for v = 12k + 4k , and R(L8BKk+20+v) for

v =12k + 5 . With appropriate values of v the following R-numbers are

obtained:
=1 48k + 5, 17, 21 > .
=5 48k +9, 25 =1,
=9 48k +13, 29 21,

13 48k + 33
=17 L8k + 37
=21 L8k + 41
=25 L8k + L5

v

v

e ¢ ¢ ¢ <€ < <
i

XX RN
v

N v H RO

v
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U8k + 1

k=.3;

and in conjunction with Theorem 2 this proves part (i).

(17) Repeat the preceding with values of v as follows:

]

¢ <€ ¢ < ¢ <© <
]

0

4

16
20
24
28
Lo

gives 48k + 4, 16,
L8k + 8, 2k
48k + 32, 36
L8k + 4o
48k + 28, Lk
L8k
48k + 12

In conjunction with Theorem 2 and the value

20

v v

v

v

v

v
= w N =E e o
« -

k
k
k
k
k
k
k

v

156 = 432 + 28 (M6) this

proves part (ZZ) - that there are no systems of order 8 or 12 is shown

in [11].

(ii2) That there are no systems of order 3 or T 1is shown in [11].

Applying the preceding method, but including now the case ¢ = 12k + 8 for
k = 1 which gives R(L8k+32+v) when R(v)

following AR-numbers are obtained:

The following

T € € ¢ T < <
]

11
19
19
31
25
63
71

48k + 15, 27, 31,

48k + 23, 35, 39
LWk + 3

L8k + L7

48k + 11

L8k + 19

LBk + 7

and v = 12k + 8, the

43 k=
k=
k=
k=
k=
k=

oL =N 0N W D
. -

cases must be verified separately.

for k=3, 4,5, 6.

(a) L8k + 4T for k =
(b) LBk + 11 for k =
203 =
(¢) U8k + 19
211 (M0) , 259 =

(a) 4Bk + 7 for k
199 (MO) ,
343 = 4«81 + 19 (M) .

2h7

2 . Then 143 =

11-13 (M) .

3, 4, 5 . Then 155 = 531 (M1) ,
heh3 + 31 (M7) , 251 (MO) .

Le60 + 19 (M6) ,

311‘",5:6,7'
be59 + 11 (M6) ,
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In conjunction with Theorem 2 this completes the proof of part (ii%Z).

(iv) The impossibility of orders 2, 6, 10, 14 is shown in [11]. We
have 210 = 1119 + 1 (Ms or M5) and 214 =11-19 + 5 (M4) . Since
t € Tt(h) for all t > 51 (see [8]), parts (i)-(iii) and M6 give
R(210+km) for all m > 210 and m =0, 1, 3 (mod 4) . So 16k + 1054 ,
16k + 1058 , 16k + 1062 are R-numbers for k = O . Similarly R(21k+km)
for m> 214 and m =1 (mod 4) , giving 16k + 1082 for k=0 .

Finally, 1066 = 5-213 + 1 (M5) , 1050 = 5+210 (M1) ,
1046 = 5.209 + 1 (M5) . //

COROLLARY. There are Stein systems, and Latin squares orthogonal to
their transpose for all orders greater than 1042 . //

In view of the comparative incompleteness of part (Zv) it is of

interest to know whether there are any orders 4k + 2 < 210 .

5. Isomorphism and automorphism

In this section we show how block designs methods can yield

interesting results about isomorphisms and automorphisms of Stein systems.

THEOREM 4. There are at least 1821 non-isomorphic Stein systems of
order 16 all of whose 2 element generated subsystems are of order L .

Proof. The affine plane T over GF(l4) , regarded as a B(L4) block
design, can be converted as in Theorem 1 into a Stein system of order 16
by imposing a binary operation on each line to make it an order 4 sub-
system. The automorphism group of the unique Stein system of order U4 is

the alternating group Ah , and there are 20 1lines, so this can be done

in 220 different ways. Any isomorphism of two of these systems must map
lines to lines and so is also an automorphism of the affine plane T .

There are 5760 such automorphisms so the number of non-isomorphic systems
is at least 220/5760 , which exceeds 1820 . //

THEOREM 5. There is a Stein system of order 175 which admits only
the identity automorphism.
Proof. let S be the 3-dimensionsal projective space V over GF(k)

with 10 points deleted in a hyperplane H . S 1is converted into a Stein
system by taking blocks as in M2 - the set W of 11 points remaining in
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A and the lines not in H of 5 points (if they meet ¥ ) or 4 points
(if they do not). Any automorphism of S induces an automorphism f of
the projective space V , and it suffices to show that W and the binary

operations in the blocks can be chd%en to force f +to be the identity.

Certainly f(H\W) = H\W , since W is the unique subsystem of S of

order 11 . Let 7, m be distinet lines in H and Pl’ s P5 be the

points of 7 with P_ =1 nm . Let additional points P6’ P7, P8 - be

5
chosen on m in such a way that P1P6’ PZPT’ P3P8 are collinear in P9
and P2P6’ P3PT’ PhPB are collinear in P10 . Taking

H\W = {Pl’ P eey Plo} , it is easy to see that any projective

2,
automorphism of H which leaves H\W invariant must be the identity. It
follows that with this choice of W , f must be a translation on the

affine space V\H .

Now there are 21 directions dk .

from the identity, 3 translations in each direction. Let I, be a line

k
(of 4 or 5 points appropriately) in the direction d% . The 3

0<k=20, in V\H and, apart

translations in direction dk-l map Zk into 3 new lines Z; ,

2 =1, 2, 3, and if in each case the binary operation on ZL is chosen

k
different from the translated operation on Zk , then f cannot be a

translation in direction d%-l . This can be done for every value of k

(mod 21) , so that f 1is forced to be the identity. //

6. Subsystems

In this section we show how block designs can be used to construct
Stein systems whose 2 element generated subsystems are of prescribed

type; we also give constructions for systems with large subsystems.

LEMMA. Let K be a set of integers Lk (k= 1) and K' a set of
integers bk +1 (k= 1) . Then v € B(Ku K') implies that v =0, 1
(mod b) .

Proof. It suffices to deal with the finite case K = {kl, cees kn] s
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k' ={x!, ..., kr;,} . Let Pj , 1 =5 =v , be the points of a B(XK v X')

i b.. k.- k '.okI- i . . §
design and suppose ¥ kz blocks and bT«J kz, blocks contain PJ Then

n m n
v-1 =';§ bij(ki'l) + iéi béj[ké-l) =3 .Zg'bij) (mod &) ,

whence

v(v-1)

5 (%5,
3 [ b..) mod L)
i=1 =1 W °

v
But j§1 bij = Niki = 0 (mod L) , where Ni is the total number of
ki-blocks, so that v(v-1)

0 (mod 4) ; which proves the lemma. //

THEOREM 6. v € B(Lk, 5) if and only if v = 0, 1 (mod &) ,
excepting 8, 9, 12 , and possibly excepting 48 . Exeluding these
exceptions there is a Stein system of all such orders v with the property
that every 2 element generated subsystem is the system of order 4 or
5.

Proof. We have 12k + 1 and resolvable 12k + 4 in B(4) , k=20 ,
so that by M3 also 12k + 5 € B(4, 5) . Since ¢ € Tt(h) for

12k + 1= 4 , it follows by M6 that 48k + 4 + 125 + 4 € B(L4, 5) for
Jsk, 1=k ,and 48k + b4 + 125 +5 € B(k, 5) for 0<j <k-1.

1A

So 127 + 8 € B(4h, 5) for 7 = 12 and 12¢ + 9 € B(4, 5) for
i = 16 , and the remaining cases congruent to 8, 9 (mod 12) are, apart
from 8 and 9 , covered by Section 3 (vi) and (vii) or are amongst the
following: 68 = 4+16 + 4 (M6) , 69 = Le16 + 5 (M6) , 92 = he19 + 16
(M7) , 93 =423 +1 (M5) , 128 = 432 using 32 € To(h) .

129 = 432 + 1 (M6) , 153 = Le32 + 25 (M6) , 189 = hLeLho + 29 (M6) .
Hence 12k + 8 and 12k +9 are in B(4, 5) for k=1 .

Finally U8k + 4 + 125 + 8 ¢ B(4, 5) by M6 for 1 =<4 < k-1, and
the remsining cases congruent to O (mod 12) not covered by Section 3 (vi)
are, apart from 12 and 48 : 72 = Le1T7 + 4 (M6) , 108 = 423 + 16 (MT),
132 = 4+28 + 20 (ME) , 192 = hebh + 16 (MB) , 252 = Le56 + 28 (M6) .

Hence 12k € B(L4, 5) for k# 1, 4 . We have not been able to settle
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the case 48 , but 8 and 12 are impossible since there are no Stein
systems of these orders and 9 is impossible because there is no Stein

system of order 9 with a subsystem of order 4 or 65 . //

For a similar theorem with v = 2, 3 (mod 4) it is necessary to bring
in a block size not of the forms ULk, Lk + 1 . Adding 11 we have:

THEOREM 7. v € B(4, 5, 11) for v = 3 (mod 4) , v = 247, and for
v =2 (mod 4) , v =1198 . For any such v there is a Stein system of
order v such that any 2 element generated subsystem is of order 4 or
5 or 11 . In particular (by Theorem 6) this is true for all v = 1198 .

Proof. We have 55 € B(4, 5, 11) by 55 = 5*11 and 11 € TO(S) ,
and 63 € B(4, 5, 11) by 63 = Le13 + 11 (M6) . Since t € Tt(h) for

t > 51 , it follows by M6 that Uebk + 55 , Lelk + 63 , Le(lLk+1l) + 55,
be(Lk+1) + 63 € B(L, 5, 11) for k = 16 , that is 16{ + 7 , 16 + 11,
162 + 15 for © =219 , and 16 + 3 for < = 20 . This deals with

v = 3 {mod 4) for v = 311 , and the remaining cases down to 247 can be

proved individually - we omit the details.

Also 210, 21k € B(4, 5, 11) by a T-system modification of M4 (see
Section 7), since 210 = 11-19 + 1 , 21k = 1119 +5 , 19 € To(ll) ,
i

20 € B(L, 5) , and 24 € B(L, 5) with a subsystem of order 5 . It
follows by M6 that Uelk + 210 , hLe(bk+1) + 21k ,

ekt + 214 € B(4, 5, 11) for Lk+l = 214 and, using the first part, also
4o (L%k+3) + 210 € B(4, 5, 11) for Lk+3 = 247 , which completes the

proof. //

Almost certainly the lower bounds 247, 1198 which occur in this

theorem can be improved.

If a Stein system S has a proper subsystem T then Is] = 3|7| +1

(see [11]) and equality does sometimes hold. For example if Sn is the

n-dimensional projective space over GF(3) considered as a design in
B(4) , then we may apply Theorem 1 to obtain an ascending chain

n+l

5,585, €8, ... of Stein systems with [Snl = %(3"""-1) = 3]Sn_l| +1 .

Write @Q(n) if there is a Stein system of order 7 which is a subsystem

of one of order 3n + 1 .

https://doi.org/10.1017/50004972700008030 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700008030

232 M.J. Pelling and D.G. Rogers

THEOREM 8. If = ETO(h) and Q(n) then @Q(un)

Proof. We make use of a construction of Hanani ([6], p. 363). Given

a T-system for n € To(h) , We may in the cartesian x - y plane regard

the four n-tuples as four sets of points 4 = (i, y) | 0sy=n1},

i =0, 1, 2, 3, and the traversing U4-tuples as graphs y = yh(m) s

0gx=<3, for h=1, 2, ...,n2 .
Similarly 3 € To(h) in the x - z plane with traversing L-tuples

z2=3.(x) , 1=245=<9, and we may suppose that 2 (z) =0, O<zxz=<3.

J 1
Then 3n € To(h) with traversing L-tuples [yh(:c), zj(x)] if we
take the four 3n-tuples as the sets

Bi={(i,y,z)IOSySn—l,OSZSQ}

for 7 =0, 1, 2, 3. If the set Ai is identified with
{(Z, ¥y, 0) | 0 =y = n-1} end yylx) with (yh(:r:), zl(x)) , then
Ai c Bi , and the original T-system for n € To(h) is contained in the
T-system for 3n € To(h) .

Adding a new point a* , the quasigroup multiplication can be defined,
since @(n) , to make Ai a subsystem of Bi u {a*} , and can be defined

in the rest of S =By uB, UB,uUB U {a*} vy separate definition in the

0 1 3
h-tuples of the T-system. Then A4 = AO v Al v AE u A3 is a subsystem of
S ,anda |S| =34l +1, [4] =kn. //
me K+l
COROLLARY. @(n) holds for n=4(3 -1)/2 and m, k20 . /!

7. Other constructions

In this section the singular direct product ([9], [12]) is
generalised to a product of n factors, and since the law x(xy) =yx is
preserved, it provides another construction of Stein systems. A block

design analogue is also considered.

THEOREM 9. Suppose that P, 18 a subquasigroup of a quasigroup Q;
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with binary operation g; 1=1%=n, where the Qi are idempotent for
i>1. Pi =@ ie allowed, but not Pi = Qi , and the Qi are assumed

disjoint as sets. Suppose there is a binary operation g on

W=P UP,u ...UP which makes W into a quasigroup with each

[Pi’ gil Pi) a subquasigroup. Let Py = Q\P, and suppose that (P;:, g;)
are idempotent quasigroups for 1 =i =<n. Then (V,*) 1is a quasigroup,
n
where V=71 P1’: U W and * is defined by:
=1

(i) if x,y € W, then xwy =gla, y) ;
(i) if x ¢ P amd y = (yl, cees yn) e'[_]'P;: , then
R R 7 BTN -7 CHD N PR N
and
o = {yps ooes Uiy 905 @) s Yis oees Yy

(tit) if =z = (z, ...,xn] s y=(yl, s y) €T TP, and

z, # Yy for at least two values of 1 , then

ay = (gi(zs y)s ooos g2, 9,)) 5

h > — -— ]
(tv) if z = (z, ...,:cn] s Y= (yl, cees yn) E]_rPi and

z, =Y, for i # j but xj;fyj,then

oy = (x, ..., T 1o gJ.(:z:J., yj), Tipps oo xn]

if gj(-’ﬂj, yJ) € PJ' and wky = gj(xj’ y,j) if

ro.
gj[xj’ yg) € PJ- s

(v) if =z = (x,, ...,:cn] EWP;: , then

. '
T (gl(:cl, xl) s Loy eeny xn) if gl[x . xl] €P
= gl(:cl, :z:l) if gl[xl, :cl] €P .
The proof is a straightforward verification and is omitted. The Sade

singular direct product is the case 7 =2 , P2 =@ , in which case the
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idempotence condition on (Pi, gl') can be relaxed.

The following is the block design analogue. Suppose (S, D, X) is a
block desi h th dmi iti . . e .
oc esign suc at S admits n partitions B“_, B’LQ’ 5 B‘Lki s

1=<%1=mn, into disjoint blocks. Let the remaining blocks be BZ N

A

1, 2, ... , and suppose that the operation g; on EZ converts it
into a Stein system. Suppose also that there are disjoint sets P_’:

di int £ S d bi i .. .. =P,
(disjoint from ) an inary operations ng on Q’LJ P‘L uB

g’
l1<2=n, lfjfki,a.nd g on W=PluP2u...uPn which convert

these sets into Stein systems with Pi being the common subsystem of W
and Qij . Then (SW, *) is a Stein system, if * is defined by:

(1) 4y = glz, y) if =,y €W ;

(ii) ax*y gij(x’ y) if x, y GBiJ. or x €B,.,

J

yEPi or :céPi, yEBij;

(1iii) =y = gl(x, y) if x, y € B, .

The methods M5, M6, M7 are instances of this construction. Also M4
can be replaced by it provided that a suitable block design exists to
replace the singular direct product. For example 214 = 1119 + 5 and
19 € To(ll) so that we may take (S, D, X) as the 7T-system with the

1ll-tuples and 19-tuples as the blocks and »n =1 , the Blj as the

19-tuples, and Pl as the Stein system of order 5 (which is a subsystem

of a suitable Stein system of order 2L ).

The block design analogue also works for other idempotent quasigroups

whose defining laws only involve two variables.
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