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Analysis of semilocal convergence for ameliorated super-Halley
methods with less computation for inversion
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ABSTRACT

In this paper, the semilocal convergence for ameliorated super-Halley methods in Banach spaces
is considered. Different from the results in [J. M. Gutiérrez and M. A. Herndndez, Comput. Math.
Appl. 36 (1998) 1-8], these ameliorated methods do not need to compute a second derivative,
the computation for inversion is reduced and the R-order is also heightened. Under a weaker
condition, an existence—uniqueness theorem for the solution is proved.

1. Introduction

Finding the solution of nonlinear equations in Banach spaces is important in the areas of
scientific and engineering computing. Such equations can be written as F(x) = 0, where
F:Q C X — Y is a nonlinear operator in a non-empty open convex subset €2, and where X
and Y are Banach spaces.

The second-order Newton’s method [10] is widely applied for solving this equation. Recently,
third-order Chebyshev—Halley methods and some of their variants have been developed [1-9].
In reference [8], Gutiérrez and Herndndez studied the convergence of super-Halley method
given by

Tng1 = Tn — I+ 3Lp(2n)[I — Lr(z,)] ' F (20) 7 F(2y), (1.1)

where Lp(z) = F'(z) " F"(2)F'(x)" F(z). By assuming that:
(A1) |Toll < 6
(A2) [[ToP(zo) | < 1
(A3) |F"(2)|]| < M, x € Qo; and
(Ad) |[F"(x) = F"(y)]| < Lallz = yll, 2,y € Qo,
where 0y C € is a non-empty open convex subset, Iy = F'(x¢)~! exists at some zg € .
Gutiérrez and Hernandez proved that the super-Halley method converges with R-order at least
three.

In reference [6], Ezquerro and Herndndez studied convergence of the Halley method given
by

Tng1 = Tp — ([ + 3Lp(zn)[I — 3Lp(z,)] F (2,) ' F(zs), n>0. (1.2)

They used the assumptions that:
(B3) |F"(@)| < N,z € ©;
(B4) | F"(z) — F"(3)]| < wlllz — yl), 2,y € 2,
where w(0) > 0, for z > 0, and w(z) is a non-decreasing continuous real function; and
(B5) there exists a positive real function v € C[0, 1], such that v(t) < 1, w(tz) < v(t)w(z), for
t €10,1] and z € (0, +00).
Under assumptions (A1)-(A2) and (B3)-(B5), Ezquerro and Herndndez proved that the
Halley method is of R-order at least two. When w(z) = Y .- (L;2%), they proved that
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the Halley sequence converges with R-order at least 2 + ¢, where ¢ = min{q1, g2, . .., ¢m} and
g €1[0,1,i=1,2,...,m.

Notice that the super-Halley method and Halley method need the second Fréchet derivative
of an operator to be computed, but when the computational cost of I is large or it is hard
to compute F”, the super-Halley method and Halley method are less useful. Hernédndez [9]
studied a second-derivative-free variant for the Chebyshev method given by

2 = 5+ (1/2) (g — 2n), (1.3)
Tpt1 = Yn — Dn[F'(20) = F'(@0)](Yn — ), n 20,

where T, = F/(z,,) L.
Under conditions (A1)-(A4), Herndndez proved that the method (1.3) converges R-cubically.
Moreover, the assumptions (A3) and (A4) are replaced by

(C3) |IF/(«) — F')]| < Lol — ], for all 7,y € 0.

Under assumptions (A1)—(A2) and (C3), Herndndez studied the convergence of method (1.3).
Applying a technique similar to the one in reference [9], let u, = z, — %FnF(xn), where

I, = F'(x,)"!. Then

F'(up) = F'(x0) + F" (20) (up — 20) = F'(25) = 3F" (@) T F(2y,).

It shows that Lp(z,) ~ —3T,[F'(u,) — F'(zy)]. Define K(z,) = Tnl[F'(u,) — F'(zy)].
Replacing Lg(z,) by —3K(z,) in the super-Halley method gives

Tng1 =an — [ — 2K (zp)[I + %K(mn)]_l]F’(xn)_lF(xn). (1.4)

Notice that the method in (1.4) needs the computation of the inversion for operator
I+ %K (zr,). Generally, the computational cost of inversion for this operator is large. Apply

I — 3K(z,) to approximate [I + 3K (2,)]"" in the method given by (1.4). Then
Tny1 =T — [[ — 2K (2,) + EK(2,)*]F (20) " F(z0). (1.5)

To improve R-order, and also to reduce the computation for the inversion and the second
derivative, we consider the semilocal convergence for ameliorated super-Halley methods in
Banach spaces

{zn =y — [ = §K(2n) + K (20)?®(K ()00 F (), (1.6)

Tni1 = 2n — [I — 3K (2,) + K(2,,)° |00 F(21),

where n > 0, K (z,) = Tn[F'(un) — F'(2,)], Ty = F'(z0) 7%, up = 2 — 3T, F(z,,) and § > 2.
In the methods in (1.6), ® is an operator which does not need to compute other inversions
except F'(x,)~!. Moreover, there exists a real non-negative and non-decreasing continuous
function x(t) such that ||®(K(z,))|| < x(|| K (z,)]|) and x(¢) is bounded for ¢ € (0, s*), where
s* will be defined in §2. Obviously, the methods (1.6) do not need to compute the second
derivative. Under the conditions (A1)-(A4), the R-order for the methods in (1.6) can reach
to five, which is higher than for the super-Halley method, the Halley method and the method
given in (1.3).
To relax the assumptions (A3) and (C3), consider
(D3) |F'(z) - F'(y)| < Lllz — 17,0 < g < 1, 2, € R, L > 0.
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Obviously, condition (D3) is weaker than assumption (A3) and (C3). Under conditions (Al)-
(A2) and (D3), we analyze the semilocal convergence of the methods in (1.6). Moreover, we
prove a convergence theorem to show the existence and uniqueness of the solution.

Apply a condition similar to the one in reference [6], and consider the condition
(E4) [|[F"(z) = F"(y)ll < w(llx = yl), 2, y € Qo,
where, for s > 0, w(s) is a non-decreasing continuous real function that satisfies w(0) > 0,
w(ts) < tlw(s) for t € [0,1],s € (0,400) and ¢ € (0, 1].

Obviously, the condition (E4) generalizes (A4) by choosing w(s) = Ly s. Under the conditions
(A1)-(A3) and (E4), the R-order for methods (1.6) is proved to be at least 3 + 2q.

The semilocal convergence analysis here is different from the local convergence studied in
references [2, 3]. The local convergence requires the assumptions around a solution, whereas
the semilocal convergence needs the conditions around an initial point. In references [2, 3],
to establish the local convergence for Chebyshev—Halley-type methods, two of the required
assumptions are as listed below.

(%1) There exists z* € Q such that F(z*) =0, F'(2*)~! exists.

(22) ||F'(z*) " (F'(z) — F'(y))|| < Lsllz — yl|, for all @,y € Q, where L3 > 0.

On the one hand, for the equations for which solutions are hard to compute, it is difficult to
test the assumptions (£1) and (%2). On the other hand, for the equations for which solutions
are easy to find, there are some equations that cannot satisfy the assumption (%2), whereas
(D3) can be satisfied, for example f(z) = 2%/2—1.03 = 0, z € [0,2]. A solution of this equation
is 2* = 1.03%/3. Notice that f’(z) = 32'/2. Then

1 k=1 g/ _ _ 1 1/2 _ 1/2) _ 1 L _
7@ @) = £ )] = e~ = Sl =l
where z € (y,z) for y < x; 2 € (x,y) fory > z. f x — 0 and y — 0, then (1/y/2) — +o0.
Therefore the assumption (£2) cannot be satisfied. Choosing z¢ = 1, it follows that if | f(xo)| =
0.03, |/(z0) | = 2 = B, |f(z0)~"f(z0)| < 0.02 =  and |£'(x) — f'(y)] < Sz — y|1/?, then
the conditions (A1)—(A2) and (D3) are satisfied, where L = 2 and ¢ = %. Moreover, choosing
®=0,0=09,0 = (0,2), it can be tested that all the conditions of Theorem 1 can be satisfied.

2. Preliminary results

Define X and Y as Banach spaces, B(z,7) = {y € X : |ly — z|| < r} and B(z,r) = {y €
X : ||y — z|| < r}. Let the nonlinear operator F : Q@ C X — Y be Fréchet differentiable in a
non-empty open and convex subset 2y C ). Choose xy € )y and, moreover, suppose that the
conditions (A1)-(A2) and (D3) hold.

Define the functions

(t) = g(6) + [+ (3/07 ¢+ (3/0)0) 1 (1), (21)
1/q
b= | | (22)
Pa(t) = H(3/4)7 + B/ or (1) + g()4[1 + (3/4) ¢+ ((3/4)) i (1)
[+ A+ (/40 (1), (23)

where
g(t) =1+ (2/3)(3/4)7t + (3/4)*1t*x((3/4)"),

P1(1) = (2/3)(3/4)% + (3P4 + —a1).
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Let £(t) = h(t)%t — 1. Since £(0) = —1 < 0 and £(1) > 0, it follows that £(¢) = 0 has at least
a root in (0, 1). Let s* be the smallest positive root of h(¢)% — 1 = 0. Then s* < 1.

LEMMA 1. Let the functions h,p and o be defined as in (2.1)—(2.3). Then:

(a) h(t) and p(t) are increasing, h(t) > 1, p(t) > 1 for t € (0, s*);

(b) fort € (0,s*), @2(t) is increasing; and

(c) h(09t) < h(t), p(0t) < p(t), p2(09t) < §29pq(t) for t € (0,5*) and 0 < 6 < 1.

Define the sequences

Nn+1 = dnlin, (2.4)
Brt1 = p(an)!Bn, (2.5)
ant1= LBny1n} 1, (2.6)
dnt1= p(ant1)?p2(ant1), (2.7)

where n > 0. Choose 19 = 1, Bo = B, ap = LPn? and dy = p(ag)?p2(ag). Then, from the
definition of a,+1 and (2.4)—(2.5), it follows that

An4+1 = [p(an)dn}qan- (28)
LEMMA 2. If
ap < s* and p(ag)dy <1, (2.9)

then, for n > 0:
(a) plan)>1,d, <1;
(b) the sequences {n,},{an}, {d.} are decreasing; and
(¢) h(ap)%a, <1 and p(a,)d, < 1.

3. Analysis for semilocal convergence

Since I'g exists, from the definition of wug, it follows that ug exists and

luo — ol < 0. (3.1)
Then ug € B(xg, Rn), where R = h(ag)/(1 — do).
Moreover,
K (o) | < LBolluo — 2ol|* < (3/4)7LBong = (3/4)%ao, (3-2)
120 — 2ol < g(ao)[ToF (o) (3-3)
and
21 — zoll < [1+ (3/4)9 ag + ((3/4)%a0)’]Bo| F (20) - (3.4)
Since
F(zn) = g[F/(un) — Fl(@)DnF(2n) — [F'(un) — F'(2)] K (2) ®(K (20)) T F ()
1
+ L [F'(zn +t(zn — ) — F'(20)](2n — x,) dt, (3.5)
then
iFel < [3(3) + () anx@ra) + Sata) | iirorel - G0
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and
BollF'(20) | < ¢1(ao)||ToF (xo)]- (3.7)
Furthermore,
21 — 2ol < [|21 — 20l + |20 — @ol| < h(ao)||ToF (x0)|| < h(ao)mno- (3.8)

Since dp > 0 and if we assume that dy < 1/p(ag) < 1, then 21 € B(xo, Rn).
Notice that as ag < s* and h(ag)? < h(s*)q,

ITolll[ F" (o) — F'(x1) |l < LBollz1 — 2ol|? < h(ao)?ap < 1.
By the Banach lemma, it follows that I'y = [F”(x1)]~! exists and

T
Iyl <
IO < T T o) = P
ITol ;
< — - r
= h(ao)ian p(ao)?|[Tol|
< plap)?Bo = Pi- (3.9)

Then wuq is well defined.

Flan1) = 51 (un) = F@)TaF (z0)
+[F'(2n) = F'(2n)|(®ng1 — 20) — [F'(un) — F/(mn)]K(zn)ailrnF(zn)

1
+ J [F'(zn + t(Tnt1 — 2n)) — F'(20)](@ns1 — 2n) dL. (3.10)
0
Then
[P (1)l < [4/3 + ((3/4)%a0)’'|Lluo — ol|*Bol| F(20)
1
+LH20 — {)30||qu‘1 — Zo” + mLHl‘l — Zo||1+q. (311)
Moreover,
BollF(z1)|| < p2(ao)[ToF (xo)]- (3.12)
From (3.9) and (3.12), it follows that
[ur = 21| = =301 F(z0)]| < [IT[I[F ()]
< plao)?e2(ao)|[ToF (xo) || < plao)?p2(ao)mo
= dono =M. (3.13)

Since h(ap) > 1, then
lur — wol| < Jlur — 21| + |lz1 — 20|
< (h(ao) + do)no < h(ao)(1+ do)no < R, (3.14)

which shows that u; € B(zo, Rp).
In addition,

LTy [Ty F(z1)[|* < [p(ao)do)?ao = as. (3.15)

Applying induction, it can be proved that ', 1 = [F(x,11)] ! exists and that:
(D) Tnpall < plan)?[[Tall < Bnias

(D) i1 F(zns1)l| < plan)?@2(an)[[TnF (20| < nnts

(D) LT [ITn F (zn)[|? < an;
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(IV) Jlun = zn | = =300 F(zn)|| < D0 F (24)]];
(V) llzn — znll < glan) ITnF(20)|l;

(VD) lznt1 — znll < h(an)[[TnF (z0)[] < h(an)nn,

where n > 0.

LEMMA 3. Let the assumptions of Lemma 2 and conditions (A1)—(A2), (D3) hold. Then,
forn 20, uy, 2z, and x,11 belong to B(xg, Rn), where R = h(ag)/(1 — dp).

To prove Lemma 3, we need to apply the following lemma.

LEMMA 4. Under the assumptions of Lemma 2, let v = p(ag)dy and A = 1/p(ag). Then

Hdi < AL (42077 1) /20 (3.16)
=0

ntm " — AL (1429)" (1429) ™ +29-1) /29

> i < pAny012a) 2 L2 AT nz0m>1 (3.17)

1 — Ay(+29)" ’

1=n
Proof. Since a; = v%aq, from Lemma 1,
1 1
dy < plag)?ea(ylag) < 724d, = 7(1+2q) “dy = )\7(1+2q) )

Suppose that di < )\'y(HQ’J)k, k > 1. By Lemma 2, it follows that ax1 < ax and p(ag)dx < 1.
Then

k+1
di+1 < plar)?p2((p(ak)dr)ar) < p(ao)zngJrQq) < A2,

Therefore d,, < My(1*+29" where n > 0. Furthermore, (3.16) holds. From (2.4) and (3.16), it
follows that

n—1
Ny = 17( H dj> < 77)\71,},((14-211)"—1)/2q7 n>1.
j=0

Since 19 = 71, then, for n > 0, 1, < pA"~((1+20"=1/24 Noreover, (3.17) can be obtained. [
Next we prove Lemma 3.
Proof. For n =0, |ug — zo|| = |-3T0F (z0)|| < Rp. When n > 1, from (IV) and (3.17), it
follows that

n—1
lun = 2ol < llun = zall + D s — il

i=0
n—1 n ) )
<+ hlai)m < hlag) Y pAiy 20 =1/2
=0 =0
1 — z\ntl ((142¢)™"+2q—1)/2¢q
< h(ao)n 71 . < Ry.
— Qo

Then, for n > 0, u, belong to B(xg, Rn). Similarly, z, and z,; all belong to B(xzo, Rn). O

THEOREM 1. Let the nonlinear operator F : 0 C X — Y be Fréchet differentiable in a
non-empty open and convex subset Qg C €2, where X and Y are Banach spaces. Assume that
o € Qo and all conditions (A1)—-(A2) and (D3) hold. Let ag = LBn? and dy = p(ag)?p2(ap)
satisfy ag < s* and p(ag)dy < 1. Then, starting at xo, the sequence {x,} generated from
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methods (1.6) converges to a solution z* for F(x) = 0, where x,, * belong to B(xzq, Rn), x*
is the unique solution in B(xzq,r*) N Qo and r* is the biggest positive root of the following
equation with variable z .
Lﬂj yldy =z — Rny.
Rn
Furthermore, an error estimate is given by

1

_ nA ((1+29)"~1)/2q
|zn — 2| < h(ao)nA"y 1 — ay(d+297”

(3.18)
where v = p(ag)do and X\ = 1/p(ag).

Proof. From Lemma 3, it follows that the sequence {z,} is well defined in B(xq, Rn). For

n=>0m2=1,
n+m—1 n+m—1
[Zn+m — Tall < Z [Zit1 — @il < h(ao) Z i
i=n i=n

1— )\my((l-ﬁ-QQ)"((1+2<1)""71+2q—1))/2q

na((14+29)"—1)/2q
< h(ao)n)\ Y 1— )\fy(1+2q)n (319>
Then there exists a x* such that lim,,_,oc x,, = =*.
Let n = 0,m — +oo in (3.19). It follows that
% — 2o < Rn. (3.20)
Then z* € B(zo, Rn).
From (3.10),
[F (o)l < [(3/4)7" + (3/4)°%ag ™ |1 (ag) Ly ™
+9(a0)?[L + (3/4)" ag + ((3/4)%a)’]1 (ao) Ln, ™
p1(ao)' q—1 q, \o1l+q 7, 1+q
+ ) 14 (3/4)7  ag+ ((3/4)%ap)°] "9 Ln, 1. (3.21)

Let n — 400 in (3.21). Then ||F(2n41)|| — 0 since n, — 0. By the continuity for F(z) in o,
one knows that F(z*) = 0. O

Next we prove the uniqueness of z* in B(zq, r*) N Q.
Let z** € B(xg,7*) N Qo and F(z**) = 0. Then

1
J F'(1—=t)z* +tz™) dt(z™ — 2*) = F(2*) — F(z*) = 0. (3.22)
0
Since
1 o1
[ITo| H [F'(1 = t)x* + tx**) — F'(z0)] dtH LA | (1 =) (z* — m) + t(x™ — xp)|| 9 dt
0 Jo
rl
<LB| (1 —=t)Rny+tr*||?dt
Jo
1
=LB| ||[Rp+tlr*—Ry)||9dt =1, (3.23)
0

by the Banach lemma, it follows that fé F'((1 —t)x* + ta**) dt is invertible. So x** = z*.
Let m — 400 in (3.19). Then (3.18) can be obtained.
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4. R-order of convergence for methods (1.6)

Suppose that the nonlinear operator F' : 2 C X — Y is twice Fréchet differentiable in a
non-empty open and convex subset 2y C €2, where X and Y are Banach spaces. Let all of the
conditions (A1)—(A3) and (E4) hold.

Define the functions as

h(u) = glu) +[1 +u +1 (3u/4)°)51 (u), (4.1)
5(“) = m: (4-2)
= LU u 8 u u u, v
a(0) = | o U )+ )
v ’LL2 U
+ H—l[l + u 4 (3u/4)°]1 (u, v) + 5 {1 + 98)((311/4)} [1+u+ (3u/4)°)1 (u,v)
U0 B/ (), (43)
where
- uw  9u2
glu) =1+ 5 + 1f6x(3u/4)7
Fiw) = 5 + e x(3u/4) + S5
i) = 0 S O
1(u,v 7(q+1)(q+2) 2(q+1)4qv 16X U
u? 9u ud 9u 2

Let 6 € (0,1). Then ¢o(0u,0'+%) < 0*F204y(u,v) for u € (0,3),v > 0, where 3 is the
smallest positive root of h(t)t —1 = 0. N
Define 1o =7, Bo = B, bo = MBn, co = Bnw(n) and do = p(bo)12(bo, co). Moreover, let

ﬁn—&-l = Jnﬁna Bn—&-l = ﬁ(bn)gna (4'5)
bnt1 = MPBri1Mnt1s  Cng1 = Bn+1ﬁn+1w(ﬁn+1)v (4'6
dnJrl = ﬁ(bn+1)w2 (anrla Cn+1)7 (47)

where n > 0. From the definitions of b, 11, ¢,+1 and equations (4.5), it follows that

bn+1 = ﬁ(bn)gnbnv Cn+1 < 5(bn)gyll+qcn (48)

Similarly to the derivation in §3, under the conditions (A1)—(A3) and (E4), the semilocal
convergence for methods (1.6) can be analyzed. Furthermore, an a priori error estimate can
be given by

h(b n ~ n
~1/<2+2( 51/ a0y a2, (4.9)
¥ 9(1 —do)

[[n — 2" <

where 7 = p(bo)do, A = 1/p(bo). From (4.9), one knows that under the conditions (A1)—(A3)
and (E4) the methods (1.6) have, at least, R-order 3 + 2¢. When ¢ = 1, the R-order becomes
five.
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5. Numerical results

ExAMPLE 1. Consider a nonlinear integral equation given by

1

z(s)=1+16 L G(s,t)z(t)*?dt, se0,1], (5.1)
where
= {4 0 1S
x € C[0,1], t € [0,1]. Finding the solution of equation (5.1) is equivalent to solving F(x) = 0,

€|
where F': Q C C[0,1] — C0,1] and

1
[F(z)](s) =x(s) —1—1.6 L G(s,t)x(t)>%dt, sel0,1]. (5.2)

Choose Qg = {z € B(0,2);x > 0}, ® = 0 and 6 = 4. The Fréchet derivatives for F' are given
by

1

F/(2)y)(s) = y(s) — 24 j Gs, () 2y t) dt, y € D,

[P (2)y2](s) = —1.2L G, ()" 2y(B)=(t) dt, 3,2 € Q.

Note that F” can not satisfy assumptions (A3) and (C3), whereas condition (D3) can be
satisfied. Because

IF' () = F'(0)]| < Flle =]/, 2,0 € Q,

L= 13—0, q= % Choosing the function zo(¢) = 1 as the initial approximate solution, it follows
that

|F(z0)]| =02, |Toll <2 =8, [ToF(zo)ll <2=n.

Here, the max norm is applied. Moreover, ag = 0.229. .., since h(ag)%ap < 1, and then ay < s*.
Notice that p(ag)do = 0.599... < 1 and Ry < 1, and then B(zo, Rn) C . As a result, the
conditions of Theorem 1 are satisfied.

EXAMPLE 2. Consider the minimizer of the chained Rosenbrock function [11]

m

C(x) =Y [Aa;—a})* + (1 —2i41)%, x€R™

i=1

To achieve the minimum of C, one needs to solve the nonlinear system F(x) = 0, where
F(x) = VC(x). Here, we apply the methods of (1.6) with ®(K(z,)) = 2.5 and § =5 (PM).
Moreover, PM is compared with Halley method (HM), the super-Halley method (SHM) and
the method (1.3) (VCM). Choose m = 10 and xo = (1.2,1.2,...,1.2)T as the initial value for
all methods tested. In Table 1, the iteration errors ||x, — x*||2 of the compared methods are
listed, where x* = (1,1,...,1)7 is the exact solution.
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TABLE 1. The iteration errors for different methods.

Iteration HM SHM VCM PM
0 1.4142e+00 1.4142e4+00 1.4142e+00  1.4142e4-00
1 2.2666e—01  6.0105e—02  3.3600e—01  5.2918e—02
2 4.5064e—03  1.9130e—05 1.7245e—02 2.0789e¢—06
3 2.0487e—08 1.4649¢e—14  4.6991e—06 0
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