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On the Metric Compactification of
Infinite-dimensional ¢, Spaces

Armando W. Gutiérrez

Abstract. The notion of metric compactification was introduced by Gromov and later rediscovered by
Rieffel. It has been mainly studied on proper geodesic metric spaces. We present here a generalization
of the metric compactification that can be applied to infinite-dimensional Banach spaces. Thereafter
we give a complete description of the metric compactification of infinite-dimensional £, spaces for all
1< p < oo. We also give a full characterization of the metric compactification of infinite-dimensional
Hilbert spaces.

1 Introduction

In connection with topology and potential theory, Gromov [2,8] introduced a method
for attaching an ideal boundary X, at infinity of a metric space X. The method con-
sists in mapping X into the set of real-valued continuous functions C(X) equipped
with the topology of uniform convergence on bounded subsets. If the metric space X
is proper and geodesic, then Gromov’s bordification X 11X, becomes a compact topo-
logical space that contains X as a dense open subset [1,3]. Later, Rieffel [17] obtained
the compact space X U X, as the maximal ideal space of a unital commutative C*-
algebra, and termed it the metric compactification, although it is perhaps more often
known as the horofunction compactification. For finite-dimensional Banach spaces,
this compactification has been studied in [5,9-11,18].

Compactness is a fundamental tool in mathematics. Infinite-dimensional Banach
spaces are not locally compact, so Gromov’s procedure does not yield a compactifica-
tion, only a bordification. However, there is an alternative method to compactify an
infinite-dimensional Banach space X. By considering instead the topology of point-
wise convergence on C(X) and following [6,7,16] we obtain a metric compactifica-
tion of X in a weak sense; see Section 2. While studying certain metric geometries
of infinite-dimensional convex cones, Walsh [19] presented a description of a certain
subset of the metric compactification of infinite-dimensional Banach spaces, namely
the set of Busemann points. A Busemann point is an element of the metric com-
pactification obtained as a limit of some almost-geodesic net, a concept that was first
introduced by Rieffel and then slightly modified by Walsh.
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We emphasize that the techniques we use in this paper are significantly different
from those used by Walsh. Moreover, we provide explicit formulas for all the elements
of the metric compactification of some classical infinite-dimensional Banach spaces.

Let ] be any nonempty index set. We denote by x = (x(j))jey any element of the
real vector space R/. For every1 < p < oo we consider the p-norm || - | pon R’ defined

by |x], := (Zje] lx(7)7) I/P, where the sum is given by

(LD S x(j)F = sup{ S x(i)IF | F a finite subset of]} ,

jeJ jeF

for all x € R/. We denote by €, (J) the space of all x = (x(j))je; in R such that |,
is finite. That is, £,(J) = {x e R | ||pr < oo}. The space ¢, (]) consists of all
x = (x(j))jey in R/ such that sup ., [x(j)| is finite.

In [9], the author gives a complete description of the metric compactification of
€,({1,...,N}) forall1 < p < oo and N € N. In this paper, we study the metric
compactification of €, (J) forall1 < p < co and J any countably infinite or uncountable
index set.

The paper is organized as follows. In Section 2 we introduce the notion of metric
compactification of infinite-dimensional Banach spaces. In Section 3 we give a com-
plete description of the metric compactification of the infinite-dimensional Banach
space £1(J). In Section 4 we give a complete description of the metric compactifi-
cation of infinite-dimensional real Hilbert spaces. In Section 5 we give a complete
description of the metric compactification of the infinite-dimensional Banach space
¢,(J) forall1< p < oo.

Recent works have shown that the metric compactification provides a powerful
modern tool for the study of deterministic and random dynamics of nonexpansive
mappings [6,7,12,13]. The purpose of this paper is to present explicit formulas for
all the elements of the metric compactification of infinite-dimensional £, spaces.

2 Preliminaries

2.1 The Metric Compactification

Let (X, d) be a metric space. Fix an arbitrary base point b in X. For each y € X we
consider the element h;, , of R* defined by

(2.1) hy,y(x) :=d(x,y) —d(b, y), forall x € X.
For every y € X, the function h; , is bounded from below by —d (b, y). Moreover,

{hs,y | y € X} is a family of 1-Lipschitz functions with respect to the metric d. Indeed,
by the triangle inequality we have

[Bo,y (%) = by (2)] = |d(x, y) = d(b, y) = d(z,y) +d(b, y)|
=ld(x.y) -d(z,y)| < d(x,2),
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for all x,z € X. Furthermore, by taking z = b we obtain |h; ,(x)| < d(x, b) for all
x € X. Hence,

(2.2) {hpy|yeX}c HX[—d(x,b),d(x,b)].

By Tychonoff’s theorem, the set on the right-hand side of (2.2) is compact in the
product topology. Therefore, the set {h;,,, | y € X} has compact closure in this topol-
ogy, which is equivalent to the topology of pointwise convergence. Moreover, for any
two different base points b, b’ € X, the equality

(2.3) Rp,y (%) = hp,y (b)) = By (x)

holds for all x € X. Then (2.3) induces a homeomorphism between the closures
d({hp,, | y € X}) and d({hy,, | y € X}). We write h, instead of h;,,, and so
we say that

(2.4) X":=cl({hy|yeX})

is the metric compactification of (X, d). As in [7], the elements of X" are called metric
functionals on X. By following [16], it will be convenient to consider the partition
X" = X"mF L X", where

XPF = {heX"| inf h(x) > ~oo},
Xh = {he X" | inf h(x) = —oo}.

The elements of X" are called finite metric functionals, while the elements of X
are called metric functionals at infinity. It is clear that X" contains the set {h, | y €
X} of internal metric functionals.

Remark 2.1 Recall thata metric space (X, d) is geodesic if every pair of points x, y €
X can be joined by a path y: [0,d(x, )] - X such that y(0) = x, y(d(x,y)) = yand
d(y(s),y(t)) = |s—t| for all s, t. We say that X is proper if every closed ball of X is
compact. If (X, d) is a proper geodesic metric space, then the set X" in (2.4) coincides
with the usual Gromov metric compactification. Indeed, since X is proper and {h, |
y € X} is a family of 1-Lipschitz functions, it follows by the Arzela-Ascoli theorem
that the topology of pointwise convergence and the topology of uniform convergence
on bounded subsets will produce the same compact closure (2.4). Moreover, since X
is geodesic, the set of internal metric functionals {/, | y € X} can be identified with
X, which becomes a dense open set in X". The set

X :=X"\X

is called the horofunction boundary of X. For general metric spaces, however, al-
though the space X" is always compact with respect to the pointwise topology, the
continuous injection y ~ h, may not be an embedding from X to X"; see [6] for
more details.

Remark 2.2 1f X is a Banach space with metric induced by a norm || - ||, we choose
the base point b = 0 € X so (2.1) becomes

hy(x) = lx =yl =yl
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If X is a finite-dimensional Banach space, then every metric functional h € X" can
be written as & = lim,_, h,,, for some sequence {y,} ey in X. For an infinite-
dimensional Banach space X, the compact space X" may not be metrizable. However,
for every metric functional & € X" there will always exist a net {y, }, in X such that
hy, — h pointwise on X. For details about convergence of nets, we refer the reader

to [14].
The following is a characterization of the finite metric functionals on Banach spaces.

Lemma 2.3 If{y.}q isaboundednetinaBanachspace (X, | -|) suchthath, — h

pointwise on X, then h € X",

Proof Indeed, by passing to a subnet we may assume that | y,| — ¢. Also, for
«

every x € X and for every a, we have

hyo (%) = 1x = yal = |yal 2 =]yl

Then h(x) > —c for all x € X, so the claim follows. [

Itis important to notice that if X is a finite-dimensional Banach space, then XhF =
{h, | y € X}. For infinite-dimensional Banach spaces, the set X" of finite metric
functionals may be larger than the set { &, | y € X} of internal metric functionals.

2.2 Some Facts in Banach Space Theory

For convenience of the reader we establish some notation and recall some important
facts in Banach space theory that will be useful in the following sections. Let (X, | - |)
be a Banach space with dual space (X*, ||, ). Let {x,}, be any net in X, and let x
be any vector in X. We say that x,, converges strongly to x, and denote it by x, — X,

if lim, [ x, — x| = 0. We say that x, converges weakly to x, and denote it by x,—x,
o

if limy v(xy) = v(x) for all v € X*. Let {yq}q be any net in X* and let y be any
vector in X*. We say that y, converges to y in the weak-star topology, and denote it
by yaw—a>y, iflimy po(x) = u(x) forall x € X.

Throughout we will make use of Alaoglu’s theorem [15, Prop. 6.13], which states
that the closed unit ball of the dual space X* is compact in the weak-star topology.
Likewise, it is well known that a Banach space X is reflexive if and only if its closed
unit ball is compact in the weak topology; see [15, Prop. 6.14]. In particular, every
bounded net in a reflexive Banach space has a weakly convergent subnet.

In the following sections we will denote by ¢o(J) the space of all x € € (J) such
that the set {j € J | |x(j)| > €} is finite for all ¢ > 0. The space ¢o(J) is a Banach
space with respect to the norm inherited from €. (J). We denote by ¢ (J) the space
of all x € £o,(J) such that the set {j € J | x(j) # 0} is finite. For every x € £,(])
the sum in (1.1) is finite, so by considering the set inclusion C as a partial order on the
set of all finite subsets F of J, the set { Y jer lx(7)"} ¢ isanetin R that converges to
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e Ix(§)I = Hng forall 1 < p < oo. Therefore, it follows that co(J) is dense in
€,(J) forall 1< p < co.

3 The Metric Compactification of ¢,

Throughout this section, for each y € ¢,(J) we denote by h, the function defined on
&(J) by
hy(x) =[x = y[, = |yl;> forall x € &(J).

In order to find possible metric functionals on ¢;(J) we will need the following
argument, which was also used in [9, Lemma 3.1] to describe the metric compactifi-
cation of the finite-dimensional space ¢;({1,...,N}).

Proposition 3.1 Let {ag}g be a net of real numbers. Then for every r € R,

{—r ifa/g T +00,

r—ag|—|ag] —
|r = ag| - |ag| r ey oo

B

Moreover, since {|- — ag| —|ag|}p is a family of 1-Lipschitz functions on R, the conver-
gence above is uniform on compact subsets of R.

Remark 3.2 Forevery x € coo(]) there exists a finite subset F of ] such that x(j) # 0
forall j € F,and x(j) = 0 for all j € J \ F. Therefore,

hy(x) = 3 1x(7) = y(DI = 2 1y ()

jeJ jeJ
= 2 (1x(G) = y(DI=y(DI)-
jeF

Lemma 3.3 Let{ya}q beany netin €,(]). Then there exists a subnet { yg}p, a subset
I of ], a vector of signs ¢ € {~1,+1}', and a vector z € R"" such that the net {h,,}s
converges pointwise on €,(]) to the function

x = b ()= Fe(Dx() + 3 (Ix() = 2()] - (7)) -

jel jeJNI

Proof Since¢;(J) c R/ c [~o0, +00]/, we can think of { y, }, as a net in the compact
topological space [~o0, +00]/ with respect to the product topology. Therefore, there
exists a subnet { y3} g and a vector Z € [-00, +00]’ such that

yp(j) ?E(j), forall je]J.

Hence, there exists a subset I (possibly empty) of J such that Z(j) € {—oco, +00} for all
jelandz(j) e Rforall je J\I. Putz(j) =z(j) forall je J\ I, and for every j € I,

() - {—1 ifZ(j) = +o0

+1 ifZ(j) = —o0.
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Now let x be any element of coo(J). It follows from Remark 3.2 that there exists a
finite subset F of J such that x(j) # 0 forall j € F, and x(j) = 0 forall j € J \ F for

which
hy,(x) = 3 (Ix() = 75Dl = lys(DI)
jeFNI
2 (@) = ysDI=lysDI)-
jeFN(JNI)

By Proposition 3.1, we obtain

limhy,(x)= 3 e(Dx()+ 3 (() -zl = ()

jeFnI jeFN(J~I)
=2 exli)+ 3 (Ix() = 2()I = 2(D)I)
Jjel jeINI

Therefore, the claim of the lemma follows readily from the fact that coo(J) is dense in
() and {h,, } is a family of 1-Lipschitz functions on €;(J). ]

Example 3.4 For simplicity let us assume that ] = N. Consider the following se-
quences in ¢;(N):

yn=(10,...,0,7n,0,0,...),
ath

¥u=(n11...,1,0,0,...).
nth

Then for every x € £;(N), we have

(3.1) lim h, (x) = (Jx(D) -1/ -1) + 3 [x(7)| = ha(),
j=2
(3.2) lim k5 (x) = (1) + 3 (jx(j) 1]~ 1) = A3 (x),
j=2

where z = (1,0,0,...) € £(N) in (3.1), whereas I = {1} ¢ N, &(1) = -1, z(j) = 1 for
all j > 2in (3.2). Notice that in both cases, we have |y,[, - oo and | y,[, - oo, as
n — oo. However, h1®%} in (3.2) is a metric functional at infinity, while /1, in (3.1) is
an internal metric functional.

The following result shows that bounded nets in ¢, (J) produce only internal metric
functionals.

Lemma 3.5 Let {y.}. be a bounded net in £,(]). Then there exists a subnet { yg}g
and a vector z € £,(]) such that the net {h), } g converges pointwise to the function h..

Proof Recall that ¢;(J) and co(J)* are isometrically isomorphic under the surjec-
tive isometry L: €(J) — co(J)*, y = L, defined by L, (x) = ¥ ;; x(j) y(j), for all
x € ¢o(J). Therefore, we can consider the bounded net {y, }, in £;(J) as a bounded
net of continuous linear functionals on ¢, (). Hence, by Alaoglu’s theorem, there ex-

ists a subnet {y3} 4 and a vector z € £,(]) such that y %z. In particular, we have

https://doi.org/10.4153/50008439518000681 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439518000681

Metric Functionals on Infinite-dimensional £, Spaces 497

yp(j) 7 z(j) for all j € J. Now let x be any vector in coo(J). By Remark 3.2, there

exists a finite subset F of ] such that x(j) # Oforall j € F,and x(j) = Oforall je J\F.
Hence,

hy, () = 212 () = yp(DI = 2 17p ()]

jeF JjeF
— 20 =zl = 2 ()
jeF jeF

Therefore, since z € ¢1(J) and x(j) = 0 for all j € ] \ F, we obtain

lim hyy(x) = 312 (j) = 2(D] = 2 12(j)] = ha(x).

jel jel
Finally, since coo(/) is dense in ¢,(J) and {h,, } 4 is a family of 1-Lipschitz functions
on ¢,(J), the claim follows. ]

Theorem 3.6  The metric compactification of €,(]) is given by
(3.3) a()t = {7 RO | gcIc), ee {-1,+1}), ze RN},

where for every x € £,(]),
hEo9 (x) = Y e(i)x() + X (Ix() - 2()] - l2()]).-

jel jeINI

Proof Let h be any element of ,(J)". Then there exists a net {y, }, in £,(J) such
that by, — h pointwise on ¢,(J). By Lemma 3.3, there exists a subnet {h,,}s of

{h,,}a> asubset I of ], a vector of signs ¢ € {-1,+1}, and a vector z ¢ R/ such that
for every x € €,(])

lim iy, (x) = hEe7 (x) = 3 e()x(i) + X (Ix() - 2()] - 12()]).-

jeI jeINI
Then h = h{1*%} and so h belongs to the set on the right-hand side of (3.3).
Suppose now that h € R40U) is defined for every x ¢ £,(J) by

(3.4) h(x) =Y e()x() + 3 (Ix() = 2(DI = 12()I)
jeI jeINI

for some subset I of ], some & € {~1, +1}!, and some z € R/>L. Then for each finite
subset F (with cardinality #F) of J define

-e(j)#F ifjeFnl,

ye(J) =42(j), ifje Fn(JNI),

0 ifjeJ\F.
With set inclusion ¢ as a partial order on the set of all finite subsets F of J, the set
{yr}r defines a net in ¢;(J) with norm

lyeli=2lye(il= 20 #F+ 50 1z()I-

jeJ jeFNI jeFN(JNI)
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We claim that for every x € €,(J) we have h,,(x) - h(x), where h is given in (3.4).

If we prove this for all x € ¢oo(J), the claim follows readily from the fact that cqo(J)
is dense in ¢;(J) and the net {h,, } r is a family of 1-Lipschitz functions on ¢;(J). Let
x be any element in ¢qo(J). By Remark 3.2, there exists a finite set G of J such that

hye(x) = S (%) =y = lyr(i)])

jeG
(3.5) = GZ (|-e(j)x(j) - #F| - #F)
jeGNFNI
o (kG =z =GN+ X xO)I:
jeGNEN(JNI) j€GN(JNF)

As F gets larger, the third sum in (3.5) converges to 0, while the second sum con-
verges to Y icn(ja1) (x(j) = z(j)| - |z(j)|) . By Proposition 3.1, each term of the first
sum in (3.5) converges to £(j)x(j), as F gets larger. Moreover, larger subsets F of
J will eventually contain the finite set G. Hence, the first sum of (3.5) converges to
Y jecn1 €(j)x(j), as F gets larger. We have therefore shown that for every x € coo(J),

hy () — 20 e(x(+ 30 (Ix() =2()l = [z(D)) = h(x),

jeGnl jeGn(J~I)

where G is the finite set {j € J | x(j) # 0}. This concludes the proof of the
theorem. |

By a simple inspection of all the elements of the set (3.3), we obtain the following
corollary.

Corollary 3.7  The set of finite metric functionals on €,(J) consists only of internal
ones. That is, &(J)"F = {h, | y e &:(J)}.

We will see in the next sections that Corollary 3.7 does not hold for infinite-
dimensional Hilbert spaces and £, (J) with 1 < p < co.

4 The Metric Compactification of Infinite-dimensional Hilbert
Spaces

Throughout this section we will assume that J{ is an infinite-dimensional real Hilbert

space with inner product (-, -} and norm |x| = (x,x)l/2 for all x € 3. For each

y € 3, we denote by h,, the function on H defined by
x = hy(x) =[x -y = [y].
Lemma 4.1 Let {yy}a be a bounded net in H. Then there exists a subnet {yg}s, a

vector z € H, and a real number ¢ > |z| such that the net {h,,} converges pointwise
on H to the function

x — h{# (x) = ( |x|* = 2(x, z) + %) 2.
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Proof Let{y,}, beabounded netin H. Since H is reflexive, by Alaoglu’s theorem
there exists a subnet { y}g and a vector z € H such that

(4.1) VB %z.

By letting ¢ := liminfpg |y, we have |z| < c. Now, since {||y3]} s is a bounded net
in R, by passing to a subnet, we can assume that

(42) lim [ yg] = e
Let x be any element in J{. Then, by (4.1) and (4.2), we obtain
hys (%) =[x =yl = Iyl
= (1l = 20 ) + 1y ) = Iyl

7’(|\x\|2—z<x,z)+c2)”2 _c= hB (). -

Remark 4.2 (Radon-Riesz property) The weak limit (4.1) and the limit (4.2) of the
norms |y in Lemma 4.1 imply

lyg - 21* = lypl* - 2(yp, 2) + |2I°

T - 2(z,z) + Hsz

2
=c* e,
Hence yg converges strongly to z if and only if ¢ = |z|. It is clear that h{=I=l} = .

Lemma 4.3 Let {y,}4 be a net in H such that | y,| —> oo. Then there exists a
o

subnet {yg}p and a vector z € H with |z| < 1such that the net {h)}g converges
pointwise on I to the function

x — b (x) = —(x,2).

Proof Since | y,| — oo, by passing to a subnet, we can assume that |y, | > 0 for
[+4

all a. Define z, := y,/|ya| for all a. Since H is reflexive, it follows from Alaoglu’s
theorem that there exists a subnet {23} and a vector z € H with |z| < 1 such that

zg 2. Let x be any vector in . Then
B
1/2
I = wgll = (lxl” =202, yg) + 17g]1)
oy ﬂH( x> 2{x,zp) H)l/z
sl Lysl

(4.3)

It is clear that | yg| 7 oo implies

Jx[*  2(x.2g)

(4.4) -
lysl>  lygl s
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Recall the Taylor expansion \/a + 1 =1+a/2+O(a*), when a is small enough. Hence
by (4.4), we can write (4.3) as follows:

L P 2002p) !
|x—yﬁ|=yﬁn(1+ _ ‘0
2(\|yﬁ|\2 A ) (HJ’ﬁHZ)

1 ) 1
= Iyl + = (15— 2(x.25)) + O — ),
f z(nyﬁn ) (uyﬂn)

as | ygl 7 oo. Therefore, we obtain

iy, () = lim [ 1 = g] = 5]

N EYaLdS 1 ]
=lim| —( +—— = 2(x,25)) + O —
§ [z(w AR )
=—(x,z) = h{z}(x). [
Theorem 4.4  The metric compactification 3" = FH"F 1 T of an infinite-
dimensional real Hilbert space H is given by
TP = {h= e R | ze 3¢, c > |2|} u {0},
Fhee = {h{Z} e R | zeJH, 0<|z| 51},

where for every x € 3,

W= (x) = (Jx? - 2(x,2) + ) = ¢,
W7 (x) = =(x, 2).

Proof Let h be any element of J(". Then there exists a net {y,}, in 3 such that
h,, — h pointwise on J{. Suppose that the net { y,}« is bounded in H. Then it
44

follows from Lemma 4.1 that there exists a subnet {3}, a vector z € J{, and a real
number ¢ > |z|| such that

timhy, () = ([e]” - 260,2) + %) " = e = 09 (),

forall x € H. Therefore, we obtain i = h{#}, and hence h € H"F < {0}. Suppose now
that the net {y4}+ is unbounded in . Then, by passing to a subnet we can assume
that ||y, | — oo. It follows from Lemma 4.3 that there exists a subnet { yg}g and a

vector z € H with |z| < 1such that

lim hy, () = ~(x.2) = ) (),
for all x € 3. Hence, h = h?} and so h € 3" U {0}. Consequently, we have proved
that the inclusion 3" ¢ F"F L F("> holds.

On the other hand, since H is infinite-dimensional and reflexive, there exists a
sequence {i, }nen in H with |u,| = 1for all n € N such that u, — 0, as n — oo.
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Suppose that h{#<} € F"F < {0} for some z € H and some ¢ > |z|. Then for each
n € N define y, € H by

= (2= 2?) Py + 2.
It follows that y, — z, and also

1/2
lyal® = ¢ +2( = |2%) "z ) — 2,

as n — oo. Therefore, for every x € X,

1/2
By () = 1= yall = [yl = (117 = 206070} 1al®) ™ = Dyl
( HxHZ -2(x,z) + cz)l/2 —c=h"9(x).
n—oo

Hence, h{#¢} is an element of 7. Now suppose that /& € 5> U {0}. Then for every
x € H, we have h(x) = —(x, z) for some z € H with |z| < 1. For each n € N, define
Vn € Hby

~ 1/2
V= n(1—||z\|2) u, + nz.
Then

177 = n2(1+2(1= |2]7) " (2, 10)) —> 00, s 11— oo,

Furthermore, we have 3, /|7, | — z, as n — oo. Then, by proceeding as in (4.3) and
(4.4), we obtain

by, (%) — ~{x,2) = h(x),
for all x € 3, and hence h is an element of J(". We have therefore proved that the
inclusion " L F("> ¢ F(" also holds. ]

Remark 4.5 Tt readily follows from Remark 4.2 that h{#¢} is an internal metric
functional if and only if ¢ = |z||. Theorem 4.4 states that metric functionals on an
infinite-dimensional real Hilbert space J{ are of three types:

(i) Theset {h, | y € H(} contains metric functionals that correspond to strongly
convergent nets in J(.

(ii) Theset {h{>} e R | z e H, c > ||} contains exotic metric functionals that
correspond to bounded nets converging weakly but not strongly in J.

(iii) The set H"> U {0} contains metric functionals that correspond to nets in H
with norm tending to infinity.

Remark 4.6  For the infinite-dimensional real Hilbert space H = £,(J) with norm
| -], it follows readily from Theorem 4.4 that the metric compactification

&, (Nt = e,mF e, is given by

LhF = {h{Z»c} eRED | ze,()), ¢ quz} u {0},
" = [p1F eRED |z 6,()), 0< 2], <1},
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where for every x € £,(J),

z,c 1/2
hod (x) = (Jx-z3+ = Jz]3) " - e
W3 (x) = = 3 x(j)2(j).
jeJ

This observation will be useful in Section 5 to identify all the metric functionals on
the remaining £, spaces.

5 The Metric Compactification of ¢,, with 1< p < 00

Throughout this section we assume 1 < p < co. For each y € £,(J), we denote by h,
the function on €,(J) given by

x = hy(x) =[x = yl, = Iy,

Lemma 5.1 Let {y,}« be a bounded net in €,(J). Then there exists a subnet {yg} s,
a vector z € €,(]), and a real number ¢ > |z||, such that the net {hy,} converges
pointwise on €,(]) to the function

. 1/p
x s B () = (x =2l e = eff) " -

Proof Since {y,} is a bounded net in £,(J) and €,(J) is reflexive, it follows from
Alaoglu’s theorem that there exists a subnet {yg}g, and a vector z € £,(J) such that

VB %z. In particular, we have

(5.1) yp(j) T z(j), forall je].

Letting ¢ := lim infg | yg Hp, we have |z[, < c. Moreover, since {| y4 Hp}ﬁ is a bounded
net in R, by passing to a subnet, we can assume that

(5.2) lim lygl, =c.

Let x be any vector in cyo(J). Then there exists a finite subset F of J such that
x(j) #0forall j e F,and x(j) = 0 otherwise. By applying (5.1) and (5.2), we obtain

= ygl> = Z;IX(J') =y’
]G

=2 lx()-ysDIF+ X lys(DIF

jeF jeINF
=2 () -y (DI + Z] (DI =2 s (I
JjeF je jeF
- LG -2+ =3 G
jeF jeF
= 2 1x(G) 2D +e? = Y [z
jeJ jeJ

= lx—2lj +c? - |zl
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Therefore, for every x € coo(J), we have

1/p
yp () = 1 = ygl, = 1761, = (e = y812) ™ = gl

1/p
e (lx=z2lf+cP = z[2) " = c = h=(x).

Since coo(J) is dense in £,(J), and the set { ), } s is a family of I-Lipschitz functions
on £,(J), it follows that k), 7>h{z,c} pointwise on £,(J). =

Lemma 5.1 describes metric functionals on €, (]) that correspond to bounded nets
in €,(J). We now characterize possible metric functionals on €, (J) that correspond to
nets with p-norm tending to infinity. In fact, we go further and give a characterization
of metric functionals that are obtained from nets with norm tending to infinity in any
Banach space with uniformly convex dual. Afterwards, we turn to the specific case of
¢,(J), where we give a full characterization of its metric compactification.

A Banach space (V, | -|) is called uniformly convex if for every 0 < € < 2 there
exists 8(€) > 0 such that |u +v| < 2(1 - &) whenever u,v € V with |u| = |v| =1
and |u — v| > . A well-known result due to Clarkson [4] is that L, and £,, spaces are
uniformly convex for all1 < p < oo.

Remark 5.2 If {ug}g and {vg}p are nets in the unit sphere of a uniformly convex
Banach space (V, | -|) such that |ug + vg| T 2, then we have |jug —vg| T 0.
Indeed, if we suppose that |lug — vg| 4; 0, then by passing to a subnet, we can assume
that |ug — v4| > € for some e > 0 and all B. By uniform convexity, there exists §(¢) > 0

such that |ug +vg| < 2(1 - &), for all B. Therefore,

2:Ii/gn\|ul;+v,3|\ <2-26,

which is a contradiction.

Lemma 5.3 Let (X,|-|) be an infinite-dimensional Banach space such that its dual

space (X*, || - |,) is uniformly convex. Let {y, } 4 be a net in X with ||y, | —> oc. Then
o

there exists a subnet {yg}pg and a continuous linear functional y € X* with |u|, <1
such that h, 7 —u pointwise on X.

Proof Without loss of generality, we can assume that || y, | # 0 for all . Consider the
net of unit vectors {z, } o in X given by z, = ¥4/ ¥« ||, for all a. By the Hahn-Banach
theorem, for each « there exists y, € X* with ||y |, = 1such that g, (z,) = 1. Hence,
by Alaoglu’s theorem, there exists a subnet { g } g and a continuous linear functional

p € X* with | g, <1such that yﬁ%y. Now let x be any vector in X. By extracting

a further subnet if necessary, we can assume that x — yg # 0 for all B. Define the net
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of unit vectors {ZE} g in X by

x._ JpTX

Zp = .
P = gl
By the Hahn-Banach theorem, it follows that for each f8 there exists yg € X* with

||+ =1 such that

wi(vg) —wg(x)  w5(zp) —ms( 1op)

(5.3) 1= pp(zp) = = x
Ix = ygll HW—ZﬁH
On the other hand, for every 3 we have
5.4 B [ =L et
[yl [yl [yl
and also
x %l
(5.5) ppl — )| < —.
i H)’ﬁ”>| bl

Hence, by applying the assumption | yg| T oo in (5.4) and (5.5), we obtain

X

(5.6) —— —zgl| — 1,

MWHﬁHﬁ

X
(5.7) wil—) —o0
f ( 7 H) B

Therefore, by applying (5.6) and (5.7) in (5.3), it follows that
(58) i) 1
and hence,

22 ug + wpl, = 1(ais + p) (2p)] = I (2p) + pp(2p) =2
Since X* is uniformly convex, it follows from Remark 5.2 that
I =g, = 0.
Then we obtain
(5.9) yz—w.
Finally, it follows from (5.3) that
[ =yl = —pp(x) + 5 (2) [ 8
and therefore, by applying (5.8) and (5.9), we obtain
hys(x) = |lx = gl = gl
= —pp(x) +up(ze) |yl = 1ysl
- H). =
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We are now ready to give a full characterization of the metric compactification of
£,(J) forall1< p < co.

Theorem 5.4 Let1 < p < oco. The metric compactification €,(J)" = €,(J)"F L

€,(])"> of the infinite-dimensional £,(J) space is given by

T)(I)h,F _ {h{z,c} c R&D | zely(J), ¢ HZHP} u {0},
(N = {h" eRYD | ety (1), 0 <pl ooy <1}

where for every x € £,(]),

1/p
o9 (x) = (|x —z|f+ P —z|h) " -,

R (x) = = 3 u(i)x().

jel

Proof Leth € £,(])". Then there exists a net {y4}q in £,(J) such that h,, — h

pointwise on £,(J). Suppose that the net { y, } « is bounded in €, (J). Then it follows
from Lemma 5.1 that there exists a subnet { y3 } 3, a vector z € £,(J), and a real number
¢ > ||z[, such that

lilrsn Ry (x) = (| x = 2[5 +c? - \|z|\§)‘“’ —c=h*(x), forallx e ,(]).

7]1’
Hence, h = h{*<} and so h € €,()) N {0}. Now suppose that the net {y,}, is
unbounded in €, (J). Then, by passing to a subnet, we can assume that |y, , — oo.
o
Let g = p/(p —1). Since the dual space of £,(J) is the uniformly convex space £,(J),
it follows from Lemma 5.3 and ¢, /€, duality that there exists y € £4(J) with |[u, <1
such that

lilr;nhyﬁ (x) ==> u(j)x(j),
jel

for all x € £,(J). Therefore h belongs to £,(J)"> U {0}. We have proved that the

inclusion

ep(])h S ep(])h’F u ep(])h’oo

holds.

On the other hand, suppose that =<} € £,()"F \ {0}, for some z € £,(J) and
some ¢ > [z,. Leta;c = (cf - Hz||§)1/1’. Pick any countably infinite subset K =
{jm} o=y of J, and for each m € N, define

(5.10) Im() = {az,c +z(j) ifj=jm

z(j) ifj# jm.
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It is clear that y,, € £,(J) for all m € N. Moreover, we have y,, 5 zand ||y, Hﬁ —
cf,as m — oo. Then, for every x € £,(J), we have
lx = ymlly = 3 1) = (DI +1x(jm) = azc = 2(im)I”
J#jm
= lx =2} = xCim) = 2(n)* + [x(in) = az.c = 2(jm)I”

— [ —z[f + ¢ — e

m—oo

Therefore, (5.10) defines a bounded sequence in €,(J) such that
Tim hy, (x) = i [~ yul, - Iyul,]

)1/P_C

= ([x—z2}+ "~z
= h{=< (x), forall x € 2,(J).
Hence, h{*<} € ¢,(J)". Now suppose that i € £,(J)"> U {0}. Then for every x €
¢,(J), we have
h(x) = =3 u(i)x(j)
jel

for some y € €4(J) with [, <1and g = p/(p—-1). Pick any countably infinite subset
K = {jm} =1 of ], and define the sequence { } men in €4(J) by

VAL B
o=l D) i = s
m(j) = . e
u(j) if7%# jm-
Then | g, = 1forall m € N, and also p,, > u. By €,/¢, duality, it follows that for
each m € N there exists z,, € €,(J) with |z, = 1 such that 3 jc; pm(j)zm(j) = 1.
Therefore, by letting y,, = mz,, and by proceeding as in the proof of Lemma 5.3, we
obtain h,, (x) — h(x) for all x € £,(J), as m — oco. Hence, h belongs to £,(J)".
Consequently, the inclusion
e (D" ue, (N < (1)"
also holds. u
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