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Tandem droplet locomotion in a uniform electric
field
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An isolated charge-neutral droplet in a uniform electric field experiences no net force.
However, a droplet pair can move in response to field-induced dipolar and hydrodynamic
interactions. If the droplets are identical, the centre of mass of the pair remains fixed. Here,
we show that if the droplets have different properties, the pair experiences a net motion
due to non-reciprocal electrohydrodynamic interactions. We analyse the three-dimensional
droplet trajectories using asymptotic theory, assuming spherical droplets and large
separations, and numerical simulations based on a boundary integral method. The
dynamics can be quite intricate depending on the initial orientation of the droplets
line-of-centres relative to the applied field direction. Drops tend to migrate towards a
configuration with line-of-centres either parallel or perpendicular to the applied field
direction, while either coming into contact or indefinitely separating. We elucidate the
conditions under which these different interaction scenarios take place. Intriguingly, we
find that in some cases droplets can form a pair (tandem) that translates either parallel or
perpendicular to the applied field direction.
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1. Introduction

Electric fields are widely used to steer particles and droplets for applications in directed
assembly (van Blaaderen et al. 2013; Harraq, Choudhury & Bharti 2022), microfluidics
(Link et al. 2006; Hartmann, Schuer & Hardt 2022), ink-jet printing (Basaran, Gao
& Bhat 2013), modulation of emulsion microstucture and rheology (Eow & Ghadiri
2002; Tao et al. 2016) and electrosprays (Ganan-Calvo et al. 2018). An important
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issue in practical applications is the droplet interactions due to electric polarization
and electrohydrodynamic flows. In the canonical case of an applied uniform electric
field, the induced dipoles promote particle chaining along the applied field direction
(Zukoski 1993; Sheng & Wen 2012). In addition to the electrostatic interactions, particles
may interact electrohydrodynamically due to induced-charge electrophoretic flows in the
case of ideally polarizable particles (Squires & Bazant 2004) or electric-shear-driven
flows around droplets (Melcher & Taylor 1969). These flows can be either cooperative
or antagonistic to the dipolar interactions (Baygents, Rivette & Stone 1998; Saintillan
2008; Park & Saintillan 2010; Sorgentone et al. 2021) and prevent chaining (Ha & Yang
2000). Recently, the three-dimensional interactions of a pair of identical droplets were
investigated by means of numerical simulations using the boundary integral method,
asymptotic theory for large separations and spherical droplets (Sorgentone, Tornberg &
Vlahovska 2019; Sorgentone et al. 2021; Sorgentone & Vlahovska 2021) and experiments
(Kach, Walker & Khair 2022). The systematic exploration of the effects of fluid properties
and the droplet initial configuration revealed intricate relative motions that eventually lead
to either droplet coalescence or indefinite repulsion; only if the droplets line-of-centres
were initially perpendicular to the applied field direction and the electrohydrodynamic flow
along the droplet surface were equator-to-pole, the drops’ motion is eventually arrested and
the drops remain at an equilibrium separation.

Asymmetry in terms of droplet size or properties is expected to increase the complexity
of the droplet interactions; however, the problem has been studied only to a limited extent
for small droplet deformations (Kach et al. 2022) or only configurations where droplets
are aligned with the field (Zabarankin 2020). Here, we analyse the three-dimensional
interactions of dissimilar drops using both theory and simulations. We focus on droplets
with different electrical properties (conductivity and permittivity). We find non-trivial
dynamics, such as droplets ‘dancing’, where droplets execute complex trajectories before
coming into contact or separating, or ‘swimming’, where droplets reach stable separation
and the pair translates in a direction either parallel or perpendicular to the applied
field. The intricate behaviours are linked to non-reciprocal interactions generated by the
electrohydrodynamic flows.

2. Problem formulation

Let us consider two neutrally buoyant and charge-free drops with radii ai and different
viscosities ηd,i, conductivities σd,i and permittivities εd,i, suspended in a fluid with
viscosity ηm, conductivity σm and permittivity εm. The mismatch of drop and suspending
fluid properties is characterized by the conductivity, permittivity and viscosity ratios:

Ri = σd,i

σm
, Si = εd,i

εm
, λi = ηd,i

ηm
, i = 1, 2. (2.1a–c)

The difference in drop size introduces one more parameter, ν = a2/a1. The distance
between the drops’ centroids is d and the angle between the drops’ line-of-centres with
the applied field direction is Θ . The unit separation vector between the drops is defined by
the difference between the position vectors of the drops’ centres of mass d̂ = (xc

2 − xc
1)/d.

The unit vector normal to the drops’ line-of-centres and orthogonal to d̂ is t̂. The problem
geometry is sketched in figure 1.

We adopt the leaky dielectric model, which is widely used to describe the
electrohydrodynamics of weakly conducting, viscous fluids (Melcher & Taylor 1969;
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Figure 1. Two initially spherical drops with different radii ai, fluid viscosities ηd,i, permittivities εd,i and
conductivities σd,i (i = 1, 2) suspended in a fluid with viscosity ηm, permittivity εm and conductivity σm and
subjected to a uniform DC electric field E∞ = E0ẑ. The angle between the line-of-centres vector and the field
direction is Θ = arccos(ẑ · d̂).

Saville 1997; Vlahovska 2019). Fluid motion is described by Stokes equations:

η∇2u − ∇p = 0, ∇ · u = 0, (2.2a,b)

where u and p are the fluid velocity and pressure. The electric field E obeys

∇ · E = 0, ∇ × E = 0. (2.3a,b)

Far away from the drops, E → E∞ = E0ẑ and u → 0.
At the drop interfaces, normal electric current is continuous (assuming negligible charge

convection, as originally proposed by Taylor 1966), Em
n = RiEd

n , where En = E · n, and n
is the outward pointing normal vector to the drop interface. The surface charge density
adjusts to satisfy the current balance, leading to a discontinuity of the displacement field
εm(Em

n − SiEd
n) = q. The conductivity and permittivity ratios, Ri and Si, are defined by

(2.1a–c).
The electric field acting on the induced surface charge q gives rise to electric shear stress

at the interface. The tangential stress balance yields

(I − nn) · (T m − T d) · n + qEt = 0, x ∈ D, (2.4)

where Tij = −pδij + η(∂jui + ∂iuj) is the hydrodynamic stress and δij is the Kronecker
delta function. The electric tractions are calculated from the Maxwell stress tensor Tel

ij =
ε(EiEj − EkEkδij/2). Here Et = E − Enn is the tangential component of the electric field,
which is continuous across the interface, and I is the idemfactor. The normal stress balance
is

n · (T m − T d) · n + 1
2((Em

n )2 − S(Ed
n)2 − (1 − S)E2

t ) = γ∇s · n, x ∈ D, (2.5)

where γ is the interfacial tension.
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Henceforth, all variables are non-dimensionalized using the radius of the undeformed
drop a1, the undisturbed field strength E0, a characteristic applied stress τc = εmE2

0, and
the properties of the suspending fluid. Accordingly, the time scale is tc = ηm/τc and the
velocity scale is uc = a1τc/ηm. The ratio of the magnitude of the electric stresses and
surface tension defines the electric capillary number Cai = εmE2

0ai/γ .

3. Methodology

We utilize a boundary integral method for the numerical simulations and analytical results
derived from an asymptotic theory for large separations and small deformations. These
approaches were presented and validated for identical drops in Sorgentone et al. (2021).
Here we summarize the extension of the theory and simulations to treat dissimilar drops.

3.1. Integral representation for the electric field and fluid velocity
The boundary integral formulation taking into account the fact that the two drops may
have different permittivities and conductivities is

E∞(x) +
2∑

i=1

∫
Di

x̂
4πr3 (Em(y) − Ed,i(y)) · n(y) dA(y)

=

⎧⎪⎪⎨
⎪⎪⎩

Ed,i(x) x inside Di,
1
2
(Ed,i(x) + Em(x)) x ∈ Di,

Em(x) x outside Di,

(3.1)

where i = 1, 2 denotes drop i, x̂ = x − y and r = |x̂| and dA is the surface area element.
Accordingly, the normal and tangential components of the electric field at the drop
interface, x ∈ Di, are calculated as

(Ri + 1)

2Ri
Em

n (x) = E∞(x) · n(x) +
2∑

j=1

Rj − 1
Rj

n(x) ·
∫
Dj

x̂
4πr3 Em

n (y) dA(y), (3.2)

Et(x) = E∞(x) − 1 + Ri

2Ri
Em

n (x)n(x) +
2∑

j=1

∫
Dj

x̂
4πr3

(
Rj − 1

Rj

)
Em

n (y) dA(y). (3.3)

For the flow field, we have developed the method for fluids of arbitrary viscosity, but
for the sake of brevity here we list the equations in the case of equiviscous drops and
suspending fluids. The velocity is given by

2u(x) = −
2∑

j=1

(
1

4π

∫
Dj

(
f (y)
Caj

− f E(y)
)

·
(

I
r

+ x̂x̂
r3

)
dA(y)

)
, (3.4)

where f and f E are the interfacial stresses due to surface tension and electric field:

f = n∇s · n, f E = (Em · n)Em − 1
2 (Em · Em)n

−Si((Ed,i · n)Ed,i − 1
2 (Ed,i · Ed,i)n).

}
(3.5a,b)

951 R2-4

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
2.

87
5 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2022.875


Tandem droplet locomotion in a uniform electric field

Drop velocity and centroid are computed from the volume averages

U j = 1
V

∫
Vj

u dV = 1
V

∫
Dj

n · (ux) dA, xc
j = 1

V

∫
Vj

x dV = 1
2V

∫
Dj

n (x · x) dA.

(3.6a,b)
where dV is the volume element. To solve the system of equations (3.2) and (3.4) we
use a Galerkin formulation based on a spherical harmonics representation presented
in Sorgentone et al. (2019). All variables (position vector, velocities, electric field) are
expanded in spherical harmonics which provides an accurate representation even for
relatively low expansion order. In order to deal with the singular and nearly singular
integrals that appear in the formulation we evoke specialized quadrature methods able
to control the quadrature errors (af Klinteberg, Sorgentone & Tornberg 2022), and a
reparametrization procedure able to ensure a high-quality representation of the drops also
under deformation is used to ensure the spectral accuracy of the method (Sorgentone &
Tornberg 2018).

3.2. Asymptotic theory for large separations
Here, we modify the asymptotic theory developed in Sorgentone et al. (2021); Kach et al.
(2022) to dissimilar drops. We first evaluate the electrostatic interaction of two widely
separated spherical drops. In this case, the drops can be approximated by point dipoles.
The disturbance field E1 of the drop dipole P1 induces a dielectrophoretic (DEP) force
on the dipole P2 located at xc

2 = dd̂, given by F 2(d) = (P2 · ∇E1)|r=d. Likewise, dipole
P2 induces a force on dipole 1 that is of equal magnitude and opposite sign F 1 = −F 2
(i.e. the DEP interaction is reciprocal). The drop velocity under the action of this force
can be estimated from Stokes law, U i = F i/ζi where ζ is the friction coefficient ζi =
6π(3λi + 2)/(3(λi + 1)). Thus,

Udep
i = 2βD

d4

(
3(1 + λi)

2 + 3λi

)
[(1 − 3 cos2 Θ)d̂ − sin(2Θ)t̂],

βD =
(

R1 − 1
R1 + 2

)(
R2 − 1
R2 + 2

)
.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(3.7a,b)

If (R1 − 1)(R2 − 1) > 0, as in the case of identical droplets, droplets attract if Θ <

Θc = arccos( 1√
3
) ≈ 54.7◦, e.g. when the drops are lined up with the field, and repel if

the line-of-centres of the two drops is perpendicular to the applied field. The droplets
line-of-centres rotates to align with the applied field. However, this situation reverses if
(R1 − 1)(R2 − 1) < 0: the droplets repel if their line-of-centres is parallel to the applied
field direction, and attract if their line-of-centres is perpendicular to the field. The DEP
interaction in this case rotates the droplet line-of-centres away from the applied field
direction.

The electrohydrodynamic (EHD) flow due to droplet 1 moves droplet 2 and, vice versa,
the flow due to droplet 2 moves droplet 1. The velocities of the droplets are

Uehd
2 = βT,1Uehd (d, λ2) , Uehd

1 = −βT,2Uehd (d, λ1) (3.8a,b)

where at leading order in separation

Uehd (d, λ) =
(

1
d2 − 2

d4

(
1 + 3λ
2 + 3λ

))
(−1 + 3 cos2 Θ)d̂ − 2

d4

(
1 + 3λ
2 + 3λ

)
sin(2Θ)t̂,

(3.9)
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and the stresslet magnitude is

βT,i = 9
10

Ri − Si

(1 + λi) (Ri + 2)2 , i = 1, 2. (3.10)

For equiviscous droplets, the relative velocity U2 − U1 shows that the EHD interaction
changes sign (attractive to repulsive or vice versa depending on βT,2 + βT,1) at the same
critical angle Θc as the DEP case. However, the EHD interaction also changes sign at
separation d2

c = 2(1 + 3λ)/(2 + 3λ). Here dc ranges from 1 for bubbles (λ = 0) to
√

2 for
very viscous drops (λ→ ∞), both corresponding to centre-to-centre distance smaller than
the minimal separation of 2 for spherical drops. Accordingly, in reality the sign of the EHD
interactions does not vary with drop-drop separation. For droplets aligned with the field,
both βT negative results in EHD attraction, since the surface flow around each drop is
pole-to-equator and the fluid is being drawn away from the space between the droplets.
Both βT positive results in repulsion because the surface flow around the droplets is
equator-to-pole and the fluid is being drawn into the space between the droplets, effectively
pushing them away. Dissimilar droplets can either attract or repel depending on the
relative strength of their stresslets. These scenarios reverse for droplet with line-of-centres
perpendicular to the applied field direction.

4. Results

Here, we apply the asymptotic theory to dissimilar drops and show that the EHD
interactions turn the pair into a self-propelled entity. Using the analytical theory and
numerical simulations, we find that, depending on the initial configuration, droplets can
form a translating pair with steady separation between the droplets, can ‘chase’ each other
or come into contact.

4.1. Droplet cooperative propulsion
An isolated, charge-neutral drop in a uniform electric field does not move. The proximity
of a boundary (Yariv 2006) or another drop breaks the symmetry and can cause droplet
motion. However, if the drops are identical there is no net migration, i.e. their centre of
mass remains stationary. Difference in droplet size and properties gives rise to cooperative
droplet propulsion and motion of the pair’s centre of mass. The ‘swimming’ velocity of
the pair at leading order in separation and same-size droplets is

Ucm = 1
2 (U2 + U1) = f (d)(−1 + 3 cos2 Θ)d̂ + g(d) sin(2Θ)t̂. (4.1)

A simple difference in droplets’ viscosities, if all other properties and drop radii are the
same, gives rise to centre-of-mass motion with

f (d) = g(d) = 3(λ2 − λ1)

d4(2 + 3λ1)(2 + 3λ2)
(βT + βD) . (4.2)

The pair’s migration direction and speed are controlled by the relative importance of
the induced dipole and the EHD stresslet. The EHD flow weakens with increasing
conductivity, and for R → ∞, βT + βD → 1. The DEP interaction vanishes at R = 1, and
in this case the pair translation is solely driven by the interaction of the droplets’ stresslet
flows.
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Tandem droplet locomotion in a uniform electric field

Here, we focus on droplets with same size and viscosity but different conductivities and
permittivities. In this case, the DEP contributions to the centre-of-mass velocity cancel
and the pair migration speed is set by the droplet stresslets:

Ucm = 1
2 (U2 + U1) = 1

2 (βT,1 − βT,2)Uehd. (4.3)

Hence, the non-reciprocal EHD interaction is the source of the droplet tandem locomotion;
the pair migration speed vanishes if the droplet stresslets are the same. The direction of
motion is determined by the stresslets’ difference. For example, droplets with R1 = 0.1,
R2 = 100 and same permittivity ratio (S1 = S2 = 1) that are initially aligned with the field
translate antiparallel to the field (see supplementary movie 1 available at https://doi.org/
10.1017/jfm.2022.875); swapping the droplets reverses the direction of propulsion. In this
case, droplets settle into a stable separation. In general, however, the drop pair dynamics
is complex because the centre-of-mass motion is superimposed on changes in separation
and rotation of the line-of-centres relative to applied field direction.

4.2. Droplet trajectories
Here we examine the conditions to form a stable locomoting tandem. According to the
theory, the droplet separation and line-of-centre orientation evolve as

ḋ = U · d̂ =
[
(βT,1 + βT,2)

1
d2 − 2

d4 Φ(λ, βT,1, βT,2, βD)

]
(−1 + 3 cos2 Θ), (4.4)

Θ̇ = 1
d

U · t̂ = − 2
d5 Φ(λ, βT,1, βT,2, βD) sin (2Θ) , (4.5)

where U = U2 − U1 is the relative velocity and

Φ(λ, βT,1, βT,2, βD) =
(

1 + 3λ
2 + 3λ

)[
(βT,1 + βT,2) + 2βD

(
3(1 + λ)
1 + 3λ

)]
. (4.6)

Examination of this dynamical system shows that there are two equilibrium points: Θ∗ = 0
and d∗ = deq, and Θ∗ = π/2 and d∗ = deq, where (for viscosity ratio 1)

d2
eq = 8

5
+ 32(R1 − 1)(R1+2)(R2 − 1)(R2+2)

3(R2
1(R2 − S2)+R1(R2(R2 + 8) − 4S2+4) + R2(4−(R2+4)S1)−4(S1+S2))

.

(4.7)
The equilibrium points are saddles, as seen from the phase plane plotted in figure 2(a).
If the droplet line-of-centres is initially aligned with the applied field direction, the
droplets attain a steady separation for values of the droplet conductivities corresponding
to figure 2(c) and the left branch of figure 2(b). If the droplet line-of-centres is initially
perpendicular to the applied field direction, the steady separation is given by the right
branch of figure 2(b). In these scenarios, the DEP is repulsive and stronger than the EHD
at short separations and the EHD is attractive at large separations. Accordingly, the drops
attract or repel until they reach the equilibrium separation deq.

Any misalignment of the drops line-of-centres drives the droplets away from the
equilibrium configurations towards contact or infinite separation. The trajectories d(Θ)
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Figure 2. (a) Phase plane of droplet trajectories for R1 = 0.1, R2 = 100 and S1 = S2 = 1, corresponding to
Φ < 0. The dashed lines correspond to deq and Θc. (b,c) Equilibrium separation deq for drops with different
conductivity but same permittivity S1 = S2 = 1.
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Figure 3. Droplet trajectories for R1 = 0.1 (red), R2 = 100 (blue), S1 = S2 = 1, λ1 = λ2 = 1 and initial angle
Θ0 = 10◦. For this system deq = 4.94. Lines are computed from the asymptotic theory. Symbols correspond to
the numerical simulations. Initial separation is d0 = 7 (a), see movie 2, and d0 = 4 (b), see movie 3. Simulation
time is 4161 (a) and 967 (b). Theoretical calculation ends at time 10 000 (a) and 2827 (b).

are given by

d2(Θ, d0, Θ0) = f (Θ, d0, Θ0)

1 + 2bf (Θ, d0, Θ0)
, (4.8)

where

f (Θ, d0, Θ0) = d2
0

1 − 2bd2
0

(
cos Θ sin2 Θ

cos Θ0 sin2 Θ0

)
, b = 5(βT,1 + βT,2)

16(βT,1 + βT,2 + 3βD)
. (4.9a,b)

The trajectories for different initial configurations – angle and separation – are plotted
in figure 2(a). In the case Φ < 0, if the initial separation d0 > deq, the droplets either
initially attract but then separate indefinitely if Θ0 < Θc or monotonically separate if
Θ0 > Θc. This scenario is reversed if d0 < deq, where droplets ultimately come into
contact. However, if the drops are misaligned but separated exactly by deq, i.e. d = d0,
their separation remains constant while their line-of-centres rotates continuously towards
the equilibrium points, either Θ∗ = 0 , if Φ > 0, or Θ∗ = π/2, in the opposite case, see
(4.5).

Figures 3 and 5 illustrate the droplet dynamics for the cases Φ < 0 and Φ > 0,
respectively. While for Θ0 = 0 and Φ < 0 the drops’ line-of-centres remains aligned
with the applied field and the drops form a pair with steady separation, if Θ0 /= 0, the
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Figure 4. Droplet-pair dynamics for R1 = 0.1 (a–d), R2 = 100 (e–h), S1 = S2 = 1, λ1 = λ2 = 1 and initial
angle Θ0 = 10◦ < Θc. For this system deq = 4.94. Initial separation is d0 = 7 (a–d) and d0 = 4 (e–h). Angle
(a,e), separation (b, f ), relative radial velocity (c,g) and absolute value of the pair migration speed (d,h) as a
function of time scaled by the EHD scale ηm/(εmE2

0). Lines are computed from the asymptotic theory. Symbols
correspond to the numerical simulations. Insets in (b,d) show the long-time asymptotic behaviour (red).
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misaligned droplets migrate towards a configuration where the line-of-centres is nearly
perpendicular to the field, see figures 3 and 4(a,e). For this system, the induced dipoles
are in opposite directions, i.e. βD < 0. The stresslets also have opposite sign (βT,1 < 0
and βT,2 > 0); however, the EHD flow for the R = 0.1 droplet is stronger (|βT,1| > βT,2).
If Θ0 < Θc, the DEP is repulsive, while the pole-to-equator surface EHD flow of drop 1
results in attraction between the drops. If the initial distance between the drops is greater
than the equilibrium separation, d0 > deq, the interaction is initially dominated by the
EHD and droplets attract. However, as they get closer the DEP repulsion intensifies.
Moreover, while the relative distance between the drops is changing, the line-of-centres
is also rotating and the angle with the applied field direction enters the Θ > Θc range,
where the EHD is repulsive. As a result, the droplets indefinitely separate, while drop 1
is ‘chasing’ drop 2, with decreasing propulsion speed. The trajectory in this case is
shown in figure 3(a). The non-monotonic evolution of the separation, relative radial and
propulsion velocities is illustrated in figure 4(a–d). The long-time behaviour is dominated
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by the stresslets’ flow, which results in separation increasing as ∼ t1/3, see (4.4) and
inset in figure 4(b). Accordingly, the centre-of-mass and relative radial speeds approach
zero as the power law ∼ t−2/3. For example, the radial relative velocity decreases as
U · d̂ = (βT,1 + βT,2)

1/3(3t)−2/3 for t � 1. If the initial distance between the drops is
less than the equilibrium separation, d0 < deq, the interactions are reversed: the droplets
initially repel and then attract (if Θ0 < Θc), or monotonically attract (if Θ0 > Θc), and
eventually come in contact. The trajectory in this case is shown in figure 3(b). The
droplets’ relative velocity increases rapidly as they approach each other, see figure 4(g).
The centre-of-mass speed varies along the trajectories and it is minimal when the radial
velocity is close to zero, see figure 4(d,h). Comparison of the numerical and theoretical
results shows that the asymptotic theory qualitatively captures the drop dynamics. The
agreement between simulations and theory is better for droplets that are initially farther
apart. Thus, given the high computational costs of the simulations, the theory can
be used to estimate droplet interactions. Droplet deformation increases the deq, above
which drops evolve towards separating state. In the considered example, we found by
numerical simulations that d0 = 6 also leads to contact since the deformation causes the
drops to get too close and unable to escape the DEP attraction which ultimately leads
to contact.

In the case of droplets pairing in the transverse direction, Φ > 0, the droplets exhibit
the opposite orientational behaviour to the Φ < 0 case, and move to align with the
field. If the initial separation is smaller than the equilibrium one, drops come in contact,
and otherwise separate indefinitely, while both drops move in opposite direction (‘run
away’ from each other), see figure 5. In the latter case, the interaction is extremely
weak. The trajectory time is 500 000, which is prohibitively expensive to simulate
numerically.

5. Conclusions

We analyse the interactions of dissimilar droplets in a uniform electric field by means
of an asymptotic theory, assuming spherical droplets (Ca � 1) and large separations,
and numerical simulations, using a three-dimensional boundary integral method. The
simulations for Ca = 0.1 qualitatively agree with the theory, and thus the theory can
be used for a fast estimate of the drop trajectories. Our study focuses on the effect of
the mismatch in the electric properties, considering drops with different conductivity and
permittivity but same size and viscosity. In this case, the non-reciprocal EHD interactions
give rise to a net motion of the drop pair. The centre-of-mass motion is accompanied by
changes in drop separation and angle between their line-of-centres to the applied field
direction, which gives rise to intricate trajectories. Depending on the droplet stresslets
and dipoles in the function Φ, defined by (4.6), drops tend to orient their line-of-centres
either parallel, if Φ > 0, or perpendicular to the applied field direction, if Φ < 0. Initial
separation determines if drops will coalesce or indefinitely separate. For drops with Φ < 0,
if d0 > deq and Θ0 < Θc, drops initially attract and then separate indefinitely, while
chasing each other. If d0 < deq and Θ0 < Θc, droplets repel and then attract until contact;
the interaction is purely attractive and separation decreases monotonically if Θ0 > Θc.
In the particular case of drops aligned with the field and Φ < 0, the drops reach steady
separation and ‘swim’ along the applied field direction, if R1 < R2; direction of motion
is reversed if R1 > R2. If Φ > 0 and the drops’ line-of-centres is perpendicular to the
applied field direction, the droplets form a tandem translating transversely to the field. If
instead the drops line-of-centres is initially misaligned with the applied field direction,
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with d0 > deq and Θ0 > Θc, drops initially attract, then repel indefinitely while moving
in opposite directions to each other. If d0 < deq and Θ0 > Θc, droplets first repel and then
attract until contact. In both cases, the separation changes monotonically if Θ0 < Θc.

Our work represents the first numerical study of the three-dimensional dynamics of
electrically dissimilar drops and opens new directions of exploration of how to manipulate
droplets and direct assembly of particles with electric fields. For example, the preferential
migration to or away from the applied field direction could be exploited to separate droplets
with different conductivities and/or permittivities. The self-propelled droplet pair, which
is powered but not directed by the applied electric field, can inspire new designs of active
units and, more generally, non-equilibrium structures driven by non-reciprocal interactions
(Ivlev et al. 2015; Meredith et al. 2020; Bowick et al. 2022).

Supplementary movies. Supplementary movies are available at https://doi.org/10.1017/jfm.2022.875.
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Appendix A. Migration of a pair of droplets with different size

The most common source of droplet dissimilarity is a difference in size. The
centre-of-mass velocity in this case is (note that since the droplets are assumed to be
neutrally buoyant, their densities are the same)

Ucm = a3
1U1 + a3

2U2

a3
1 + a3

2

= (βT f ehd(d) + βDf dep(d))(−1 + 3 cos2 Θ)d̂

+ (βTgehd(d) + βDgdep(d)) sin(2Θ)t̂. (A1)

Let us consider the simplest scenario of droplets with same material properties (viscosity,
conductivity and permittivity). In this case, even though the DEP forces are reciprocal, the
droplet velocities are different due to different drag. Accordingly,

f dep(d) = −gdep(d) = 6ν3(1 + λ)(ν2 − 1)

d4(2 + 3λ)(1 + ν3)
, (A2)

where ν = a2/a1 is the ratio of droplet radii. The EHD contribution is

f ehd(d) = (ν3 − 1)

d2(1 + ν3)
+ gehd(d),

gehd(d) = − 1
d4(1 + ν3)

(
(ν3 − 1) + 3λ(ν7 − 1)

2 + 3λ

)
.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(A3)

REFERENCES

BASARAN, O.A., GAO, H. & BHAT, P.P. 2013 Nonstandard inkjets. Annu. Rev. Fluid Mech. 45, 85–113.
BAYGENTS, J.C., RIVETTE, N.J. & STONE, H.A. 1998 Electrohydrodynamic deformation and interaction of

drop pairs. J. Fluid Mech. 368, 359–375.

951 R2-11

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
2.

87
5 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2022.875
https://orcid.org/0000-0001-7549-930X
https://orcid.org/0000-0001-7549-930X
https://doi.org/10.1017/jfm.2022.875


C. Sorgentone and P.M. Vlahovska

VAN BLAADEREN, A., DIJKSTRA, M., VAN ROIJ, R., IMHOF, A., KAMP, M., KWAADGRAS, B.W.,
VISSERS, T. & LIU, B. 2013 Manipulating the self assembly of colloids in electric fields. Eur. Phys. J
222 (11), 2895–2909.

BOWICK, M.J., FAKHRI, N., MARCHETTI, M.C. & RAMASWAMY, S. 2022 Symmetry, thermodynamics,
and topology in active matter. Phys. Rev. X 12, 010501.

EOW, J.S. & GHADIRI, M. 2002 Electrostatic enhancement of coalescence of water droplets in oil: a review
of the technology. Chem. Engng Sci. 85, 357–368.

GANAN-CALVO, A.M., LOPEZ-HERRERA, J.M., HERRADA, M.A., RAMOS, A. & MONTANERO, J.M.
2018 Review on the physics of electrospray: from electrokinetics to the operating conditions of single and
coaxial Taylor cone-jets, and AC electrospray. J. Aerosol. Sci. 125, 32–56.

HA, J.-W. & YANG, S.-M. 2000 Rheological responses of oil-in-oil emulsions in an electric field. J. Rheol.
44, 235–256.

HARRAQ, A.A., CHOUDHURY, B.D. & BHARTI, B. 2022 Field-induced assembly and propulsion of colloids.
Langmuir 38, 3001–3016.

HARTMANN, J., SCHUER, M.T. & HARDT, S. 2022 Manipulation and control of droplets on surfaces in a
homogeneous electric field. Nat. Commun. 13, 289.

IVLEV, A.V., BARTNICK, J., HEINEN, M., DU, C.-R., NOSENKO, V. & LÖWEN, H. 2015 Statistical
mechanics where Newton’s third law is broken. Phys. Rev. X 5, 011035.

KACH, J.I., WALKER, L.M. & KHAIR, A.S. 2022 Prediction and measurement of leaky dielectric drop
interactions. Phys. Rev. Fluids 7, 013701.

AF KLINTEBERG, L., SORGENTONE, C. & TORNBERG, A.-K. 2022 Quadrature error estimates for layer
potentials evaluated near curved surfaces in three dimensions. Comput. Maths Applics. 111, 1–19.

LINK, D.R., GRASLAND-MONGRAIN, E., DURI, A., SARRAZIN, F., CHENG, Z.D., CRISTOBAL, G.,
MARQUEZ, M. & WEITZ, D.A. 2006 Electric control of droplets in microfluidic devices. Angew. Chem.
Intl Ed. 45, 2556–2560.

MELCHER, J.R. & TAYLOR, G.I. 1969 Electrohydrodynamics - a review of role of interfacial shear stress.
Annu. Rev. Fluid Mech. 1, 111–146.

MEREDITH, C.H., MOERMAN, P.G., GROENEWOLD, J., CHIU, Y.-J., KEGEL, W.K., VAN BLAADEREN, A.
& ZARZAR, L.D. 2020 Predator-prey interactions between droplets driven by non-reciprocal oil exchange.
Nat. Chem. 12, 1136–1142.

PARK, J.S. & SAINTILLAN, D. 2010 Dipolophoresis in large-scale suspensions of ideally polarizable spheres.
J. Fluid Mech. 662, 66–90.

SAINTILLAN, D. 2008 Nonlinear interactions in electrophoresis of ideally polarizable particles. Phys. Fluids
20, 067104.

SAVILLE, D.A. 1997 Electrohydrodynamics: the Taylor-Melcher leaky dielectric model. Annu. Rev. Fluid
Mech. 29, 27–64.

SHENG, P. & WEN, W. 2012 Electrorheological fluids: mechanisms, dynamics, and microfluidics applications.
Ann. Rev. Fluid Mech. 44, 143–144.

SORGENTONE, C., KACH, J.I., KHAIR, A.S., WALKER, L.M. & VLAHOVSKA, P.M. 2021 Numerical and
asymptotic analysis of the three-dimensional electrohydrodynamic interactions of drop pairs. J. Fluid Mech.
914, A24.

SORGENTONE, C. & TORNBERG, A.-K. 2018 A highly accurate boundary integral equation method for
surfactant-laden drops in 3D. J. Comput. Phys. 360, 167–191.

SORGENTONE, C., TORNBERG, A.-K. & VLAHOVSKA, P.M. 2019 A 3D boundary integral method for the
electrohydrodynamics of surfactant-covered drops. J. Comput. Phys. 389, 111–127.

SORGENTONE, C. & VLAHOVSKA, P.M. 2021 Pairwise interactions of surfactant-covered drops in a uniform
electric field. Phys. Rev. Fluids 5, 053601.

SQUIRES, T.M. & BAZANT, M.Z. 2004 Induced-charge electro-osmosis and electrophoresis. J. Fluid Mech.
509, 217–252.

TAO, R., TANG, H., TAWHID-AL-ISLAM, K., DU, E. & KIM, J. 2016 Electrorheology leads to healthier and
tastier chocolate. Proc. Natl Acad. Sci. USA 113 (27), 7399–7402.

TAYLOR, G.I. 1966 Studies in electrohydrodynamics. I. Circulation produced in a drop by an electric field.
Proc. R. Soc. A 291, 159–166.

VLAHOVSKA, P.M. 2019 Electrohydrodynamics of drops and vesicles. Annu. Rev. Fluid Mech. 51, 305–330.
YARIV, E. 2006 ‘Force-free’ electrophoresis? Phys. Fluids 18 (3), 031702.
ZABARANKIN, M. 2020 Small deformation theory for two leaky dielectric drops in a uniform electric field.

Proc. R. Soc. A 476 (2233), 20190517.
ZUKOSKI, C.F. 1993 Material properties and the electrorheological response. Annu. Rev. Mater. Sci. 23 (1),

45–78.

951 R2-12

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
2.

87
5 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2022.875

	1 Introduction
	2 Problem formulation
	3 Methodology
	3.1 Integral representation for the electric field and fluid velocity
	3.2 Asymptotic theory for large separations

	4 Results
	4.1 Droplet cooperative propulsion
	4.2 Droplet trajectories

	5 Conclusions
	Appendix A. Migration of a pair of droplets with different size
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


