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PART I. THE MOTION OF THE POLE 

N U T A T I O N AS D E R I V E D F R O M L A T I T U D E O B S E R V A T I O N S 

B Y E . P . F E D O R O V 
Grav ime t r i ca l O b s e r v a t o r y of t h e A c a d e m y of Sciences of t h e U k r a i n i a n S. S. R., P o l t a v a , U . S . S . R . 

Abstract. T h e resu l t s of severa l long series of l a t i t u d e o b s e r v a t i o n s h a v e been used for a s e p a r a t e d e t e r m i n a t i o n of t h e 
coefficients of some n u t a t i o n a l t e r m s in ob l iqu i ty a n d long i tude . 

T h e der ived va lue of t h e c o n s t a n t of n u t a t i o n is essent ia l ly s m a l l e r — a n d those of t h e coefficients of t h e semiannual and 
s e m i m o n t h l y t e r m s l a r g e r — t h a n t h e respec t ive theore t i ca l va lues , d e t e r m i n e d on t h e suppos i t i on t h a t t h e e a r t h a s a who le 
is a n elast ic body . T h e theore t ica l va lue of t h e r a t i o of t h e axes of t h e n u t a t i o n a l ellipse e v i d e n t l y does n o t need any 
correct ion. 

O n t h e basis of these d a t a some conclus ions of a q u a l i t a t i v e c h a r a c t e r a re m a d e on t h e i n t e r a c t i o n b e t w e e n the core and 
t h e shell of t h e e a r t h . 

The object of the present paper is to show t h a t 
some conclusions about the interaction between 
the ear th 's core and shell can be drawn from an 

investigation of nuta t ion . For this purpose we 
mus t derive directly from observat ions more de
tailed information concerning nuta t ion t han was 
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hitherto available. La t i tude observations over 
long intervals are likely to give the most favor
able material . T h e main, semiannual and fort
nightly terms of nuta t ion deserve special a t 
tention. 

The effect of the main term on declinations 
may be expressed by the formula: 

A05 = — No (no cos a sin 12 — sin a cos 12), ( i ) 

where 

No = the adopted value of the cons tant of 
nutat ion, 

no = t h a t of the rat io of the axes of the nuta
tional ellipse, 

a — the right ascension of a star , 
12 = the longitude of the ascending node of 

the moon's orbit. 

Let us suppose t h a t both No and no need cor
rections, and besides t h a t there exists a lag of 
phase different for nuta t ion in longitude and 
obliquity. Then equat ion ( i ) should be replaced 
by the following: 

A8 = - (No + AN) 
X [.(no + An) cos a sin (12 — 0i) 

— sin a cos (12 — 0 2 ) ] . (2) 

If the actual effect of nuta t ion is expressed by 
formula (2) the analysis of la t i tude observations 
should reveal the difference 

A<p = A0B - Ad (3) 

since in the reduction of observations formula (1) 
was employed. This difference m a y be repre
sented in the following form: 

A<p = A1 cos a cos 12 + -Bi sin a cos 12 
+ A 2 cos a sin 12 + B2 sin a sin 12, (4) 

where 

A1 = - N0n0l3i A 2 = N0An + ANn0 

Bi = - AN B2 = - N0P2 

Thus , our problem is reduced to the determi
nation of the coefficients A1, A 2, B\, B2. I decided 
to use for this purpose observations of the inter
national lat i tude stat ions. However, the results 
of these observations, as taken directly from 
publications of the Central Bureau, are unsuit
able for an analysis for deriving the periodical 
variation of the form (4). I t is necessary first to 
apply certain corrections. This was done by T . 
Hat tor i when he used the la t i tude values derived 
a t the international s tat ions for the determina

tion of the cons tant of nu ta t ion (Hat tor i 1947, 
1 9 5 1 ) . M y preliminary calculations in some re
spects resemble those of Ha t to r i b u t they differ 
substant ial ly in some points. 

Earlier I noticed t h a t sometimes the scale 
values adopted by the Central Bureau of t h e l . L . S . 
had been subject to considerable errors. Con
t ra ry to Hat to r i , I made an a t t e m p t to free the 
observed lat i tudes from the effect of these errors, 
as well as t h a t of a variat ion of the mean lati
tudes. T h a n k s to Uemae 's work (1953), it be
came possible to exclude the errors made by the 
Central Bureau in applying corrections for the 
Ross terms of nuta t ion . 

I do not dwell here on the description of each 
phase of my calculation as all the necessary de
tails are given in another paper (Fedorov 1958). 
I confine myself to giving the final result of this 
calculation. F rom the analysis of abou t 135,000 
observations a t Carloforte, Mizusawa and Ukiah 
the following expression has been ob ta ined : 

A<p = — o' 'oo8i cos a cos 12 
± 2 5 

— o' 'o i28 sin a cos 12 + o ' 'o i20 cos a sin 12 
± 2 5 ± 1 9 

— 0*0004 sin a sin 12. (6) 
± 1 9 

The same material has been used for deriving 
the fortnightly te rm in la t i tude variat ion, b u t in 
addit ion I have availed myself of the result ob
tained by H. R. Morgan (1952) from observa
tions with the Washington P.Z.T. from 1931 to 
1951 and t h a t obtained by A. J . Orlov (1952) 
from observations with the Pulkovo zenith-
telescope from 1915 to 1928. Thus , the total 
number of observations used for deriving the 
fortnightly term is 230,000. Some details of this 
calculation are given in two other papers (Fedo
rov 1955, 1958). T h e final result i s : 

A<p = + o'?oo86 sin (2 (D — a) 
± 1 4 

— 0^0019 cos (2 (D — a) 
± 6 

+ 0T0021 sin (2 © + a) 
± 7 

+ o^oooi cos (2 C + a). (7) 
± 1 0 

I t will be of much interest to have also an 
expression for the semiannual term. However, in 
this case the analysis of rout ine la t i tude observa
tion meets special difficulties. T h e only observa-
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tions which are likely to provide favorable d a t a 
for such an analysis are those of two bright zenith 
stars a t Poltava. An a t t e m p t to derive the semi
annual nutat ional term from these observations 
was made by N. A. Popov. He obtained the fol
lowing result : 

A(P = 0*027 sin ( 2 0 - a ) , (8) 
± 4 

O being the mean longitude of the sun. 
Using the results of (6), (7) and (8), I have 

derived the expressions of the three above-men
tioned nutat ional terms both in longitude (\f/a) 
and obliquity (e 0 — co). They are given in the 
Table together with the theoretical expressions 
of the same terms. The la t ter have been obtained 
assuming for the constant of nuta t ion the value 
9*220 which was found from the following rela
tion between H, the mechanical ellipticity of the 
earth, JJL the ratio of the moon's mass to t h a t of 
the earth, and the constant of nu t a t i on : 

N = 2 3 i 9 8 i * 8 # 
1 + / * ' (9) 

Both this relation and the theoretical expressions 
for the nutat ional terms given in the Table were 
first deduced on the assumption t h a t the ear th is 
rigid, bu t they would be practically unaffected if 
allowance were made for its elasticity. If we 
compare these theoretical expressions of the 
nutat ional terms with the results of observations 
we shall notice a t once some evident differences 
which cannot be ascribed solely to errors of 
observational da t a bu t may be explained as due 
to the dynamical effect of the ear th ' s core. 

We must keep in mind t h a t equat ions of nuta
tion govern the motion of the ear th ' s angular 
momentum G. Since the position of an observa
tory is a definite place on the ear th ' s surface and 

Term 

M a i n 

F o r t n i g h t l y 

Semiannua l 

M a i n 

F o r t n i g h t l y 

Semiannua l 

T A B L E I 

Nutation 

Theoretical, 
tfy sine 

-6^869 s i n £ 

- o ' ' o 8 i 2 sin 2( 

—0^507 s in 2 O 

in longitude 
Derived from 
observations, 

sine 

-6T853 sinQ 
4-O.008 cos£> 
-o ' 'o866 sin 2 ( 
+ 0 . 0 0 1 9 cos 2 ( 
- o ? 5 3 3 sin 2 O 

Theoretical, 

4-9''220 cosQ 

+o ' 'o884 sin 2<C 

+OT552 C 0 S 2 0 

Nutation in obliquity 
Derived from 
observations, 

eo — eo 

+ 9 * 1 9 8 cosQ 
—0.001 sin <ft 
+0T0894 cos 2i 
+ 0 . 0 0 1 9 sin 2<c 
+0*578 cos 2 O 

an observer is thus always a t tached to the shell, 
so are the d a t a obtained from astronomical ob
servations relevant of the motion of the shell 
alone bu t not of the ear th as a whole. I t follows 
t h a t for a comparison with observations we 
should take equat ions governing the motion of 
the ear th ' s shell. We shall denote its angular 
momentum by Gs. 

Since bo th G and Gs are vectors lying in the 
equatorial plane XOY, they m a y be expressed 
by complex numbers , as follows: 

Q = G (sin e - ^ + it) (10) 

Gs = Gs (sin e-ypa + ie a ) . ( i l ) 
Let L be the couple arising from the a t t rac t ion 

of the moon and sun on the ear th ' s shell. I t is 
easy to show t h a t 

L = hGs (sin €-\p + ie), (12) 

where h is the rat io of Hs, the mechanical ellip
ticity of the shell to t h a t of the ear th as a whole. 
Since we deal now with the shell, the effect of 
the core should be considered as an action of ex
ternal forces. Denot ing the moment of these 
forces by M , we may write an equat ion for the 
motion of Gs in the following form: 

G. L + M. (13) 

The couple M transfers the angular momen tum 
between the shell and the core b u t does not 
affect the momen tum of the ear th as a whole. 

Let us pu t 
M = X + iY. (14) 

Subst i tu t ing ( 1 1 ) , (12) and (14) in (13) , we shall 
have 

X + iY 
= Gs [sin e 0£ a - h$) + i ( e a - h'e)~], (15) 

Let us compare now this expression for M with 
t h a t obtained on the assumption t h a t the core is 
rigid or, in general, t h a t no motion of the core 
relative to the shell is possible. For this special 
case we denote the couple arising from a mutua l 
action between the core and shell by 

M' = X' + %Y\ (16) 

and the angular m o m e n t u m of the shell by G8'. 
I t s direction is practically the same as t h a t of 
the vector G and, consequently, its motion is 
governed by the equat ion 

Gs

f = Gs (sin e-\p + ie), 

in which \f/ and e are the same as in (10). 

(17) 
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Subst i tut ing the values of (? / and L given by 
(17) and (12) in the following equat ion 

Mf = 6/ - L 

we find 

X' + iY' = Gs (1 - A)(sin e - ^ + ik). (18) 

Let 
Ac = the equatorial moment of inertia of the 

core, 
A = tha t of the ear th as a whole, 
Hc = the mechanical ellipticity of the core. 

According to K. Bullen (1936) 

Ac/A = 0 .112 , He = 0.0026. 
Then 

h = 1.027. 

If we denote the ear th ' s angular velocity by n 
and pu t 

12 = corf, 2 £ = CO2^, 20 = co^ 

we shall have 

COI = — 0.000146 n, 

U 2 = + O.O73OO 

o>3 = + 0.00547 n. 
The substi tution of theoretical expressions for \p 
and e — eo in (18) leads to the following equat ion : 

X' + iY' = U1 + U2 + V1 + W! (19) 

in which 
tfi = + o ! 2 i 7 w i G . e + ^ S ^ 

f? 2 = — o'io^oiGse-^1 I 
= + 0".0022>a>2G8e+i**t, ' ^ 

Wi = + o , ' o i4o) 3 G 8 6 + i w 3« ^ 

Now let us take the values of \f/a and ea — €0 from 
our Table . Being subs t i tu ted in (15) they give: 

X + iY = (1.09 + 0.02*') Ut 
+ (1.09 + 0.13O U2 

+ ( - 0.43 + 0.83*') V1 - o . 8 6 T F L (21) 

Having regard to the uncertaint ies of the ob
served values as well as the computed values of 
N and h, it is not easy to say to w h a t extent this 
result is t rus twor thy . Nevertheless I should like 
to point ou t the following conclusions which, in 
my opinion, deserve some considerat ion: 

(1) T h e actual magni tude of the vector Ui, as 
inferred from observational da ta , is larger 
t han t h a t obtained theoretically for a 
rigid core; 

(2) T h e actual directions of the vectors Vi 
and Wi are opposite to those for the rigid 
core. 

At first glance these conclusions seem to con
t radict one another . However this contradict ion 
vanishes under more close consideration. T h e ob
served changes of the vectors mentioned above 
agree in sign with t h a t which would be expected 
on the theory of the dynamical effect of a liquid 
core. A quant i t a t ive comparison makes no sense 
because of the lack of accuracy of observational 
da ta . 
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N U T A T I O N A N D T H E V A R I A T I O N O F L A T I T U D E 

B Y H A R O L D J E F F R E Y S 
St . J o h n ' s College, C a m b r i d g e , E n g l a n d 

Abstract. A theore t ica l discussion b y t h e a u t h o r a n d R. O. Vicen te uses geophys ica l e s t i m a t e s of t h e m e c h a n i c a l p r o p e r 
t ies of t h e e a r t h ' s shell a n d t w o e x t r e m e mode l s for t h e core, chosen t o m a k e t h e m a s s a n d m o m e n t of i n e r t i a cor rec t . T h e 
period found for t h e v a r i a t i o n of l a t i t u d e is in good a g r e e m e n t w i t h obse rva t i on . T h e 18.6-year n u t a t i o n is in b e t t e r 
a g r e e m e n t t h a n h a s been found p rev ious ly b u t is still no t a l t o g e t h e r sa t i s fac to ry . 

I t is well known t h a t the period of the 14-
monthly variat ion of la t i tude is great ly affected 
by the elasticity of the ear th . For a rigid ear th 
the period would be abou t 305 days . T h e actual 
period is ra ther uncertain b u t can be taken as 
440 days with an extreme uncer ta in ty of 15 

days . T h e difference was for a long t ime our best 
d a t u m on the elasticity of the ea r th as a whole. 

Seismology has shown the ear th to have a 
central core, wi th a radius of abou t 0.55 of t h a t 
of the outs ide ; this does not t r ansmi t t ransverse 
waves and is presumably liquid. Seismology has 
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