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In this paper we discuss the existence of an arc of minimal length joining
two arbitrary, yet fixed points in a complete metric space, where the metric is
restricted only by the properties (A) and (B) given below. It is shown that under
these conditions an arc of least length joining any two fixed points exists, and is
unique. In addition, its length is shown to be equal to the metric distance between
the points.

The additional restricting properties on the metric: p, are the following:

PROPERTY (A). Given any pair of points, p, q with p(p,q) = a, for any
b^O, c ^ O , b + c = a, and any e>0, there is a point r such that
p(p, r) :g b + e and p(r, q) :g c + e.

We use the notations: Np(a) = {x | p(p, x) < a} and diam[S] = lubx,y eSp(x,y)
here and subsequently throughout the paper.

PROPERTY (B). Given any pair of points p,q and a > 0 such thatq$Np(a),
for any e>0 there is a ft > 0 such that (i) Np(oi)r\Nq(fi) ^ 0 , (ii) diam[Np(a)

We remark that the octant surface of a sphere with the Euclidean metric
in 3-space has property (B) but not property (A). A surface of a sphere with the
same metric also fails to have property (B), as may be seen by considering p, q
to be any pair of opposite poles. As an example of a space with property (A)
and not (B), we may consider the Cartesian plane with p((x, y), (p, q)) =
ma\{\x-p\,\y-q\}.

In the following theorems, for notational convenience, we refer the unit
interval I = [0,1] to a binary representation. We shall also, on occasion, mix
ordinary ftactions with this representation; for example 0.11 + | which is ^ ,
or 1.001 in binary notation.

Theorem 1 illustrates that a complete metric space with a metric function
having property (A) is arcwise connected.
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THEOREM 1. / / (R,p) is a complete metric space, and the metric p has
properties (A), then (R,p) is arcwise connected.

PROOF. Let e > 0 be given, and p0, pt be any two points of R, with
p(Po, Pi) = d • Set up the correspondence p0 = / (0 ) , pt = / ( I ) . With a = d,
b = c, p = p0, q = Pi, e = e/22, property (A) permits the selection of a point
pQ i such that , , ,

d e d e us
P(Po,Po.i)< 2 + 2 I < 2 + 2 ' a n d ^ o . i , P i ) < 2 + 2-

Set up the correspondence p0A = / (0 .1 ) . Then, with a = d/2 + e/22, b = c,
e = e/24, again applying property (A) find j>o.oi.Po.n such that p(p0.oo>Po.oi).

and set up the correspondence po.Oi =/(0.01), /7o . n =/ (0 .11) . Proceeding in-
ductively, (n = 1,2,3, •••) suppose that, with a,/? equal to 0 or 1, pao.ai ,
Pto-Pi-Pn ^ a v e ^ e e n found, where P0.PiP2'" Pn ~ ao.aia2 "• a« = 2~". Then, with

+ + + + b 2 "

property (A) permits the selection of pXo.Xl...an, such that

. d e e e d e
pKPxo.ai—Xn'Pxo-xr-xnl) ^ 2"+l 2 n + 1 2ln+l ^ *2ln+l 22n + 2 "^ 2 " + 1 "*" *2"'

The correspondence pa o . a o . . . a n l = / ( a o . a i . . . a n l ) is made.

We show that if pao.ai...ak,pba.bl...b,, (a, b = 0 or 1; k, I < oo) are two points

with &<,.&! ••• fe, ^ a o - a i '•• a t t n e n

Let a = I / — k | and consider the sequence of numbers

{ao-al-ak+jll'\j = 0 , l , 2 , - , s ; s = \bo-b1 ••• b, - ao.at ••• a t

with their associated images pao.ai...ak+;/2»- Then:

s - l

P(P»o.»i-»i>Poo.ai-ai,) = S P(Pao.ar-ak
J=0

s - l

J = O

T h e f u n c t i o n p s a t i s f i e s p(p(x),p(y)) < \x—y\{d + e ) f o r a l l x a n d y i n a d e n s e

https://doi.org/10.1017/S1446788700034467 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700034467


428 S. K. Hildebrand and Harold Willis Milnes [3]

subset K of / . Thus p is uniformly continuous on K and has a unique continuous
extension to / .

We adopt the following definition of arc length, that will be used in subsequent
theorems.

DEFINITION. If S = / [ / ] is an arc, its length is defined as

/(S) = sup Sp(/(X|),/(*£+i))
{Xi} i = 0

where {x;|0 = x0 < Xj < ••• < xN = 1} is any partition of I. If l(S) < oo,
then S has finite length; otherwise l(S) is infinite.

THEOREM 2. / / (R, p), a complete metric space, has properties (A) and (B),
and p,qeR with p(p,q) = d, then there is an arcf(I) joining p and q such that
P( /W, /W) = d\x-y\ for all x,yel.

PROOF. Let p0, pt be the two points of R. We shall use the same notations
as in the proof of theorem 1. Let /(0) = p0, /(I) = pt. The procedure for
establishing the correspondence/: / -> S is similar to that of theorem 1, with some
modification. Suppose that pXo.IXl...an,P0o.p1...pn have been found, and that
Po 'Pi ••• Pn — ao"ai "" an = 2~". Using properties (A) and (B), putting a = d/2",
b = c, letting e,, = 2~y, (y = 1,2, •••), and choosing e' > 0 sufficiently small, pick

PyeNpao_tl...Xn(b + £') ONpMl...fn{c + £') with:

diam[NPxo.xl...xJib + e') nNp^.^...^ + O ] < h

If n, A IS y, then p(pw, px) < ey. By completeness the sequence {py} has a limit
which we denote as: pao.a,...anl. We make the correspondence pX0.Xi...Xnt =
/ ( a o - a i - - a n l ) .

In a metric space p(qy,r)-+p(qo,r) when ?y->^0» (y = 1,2,••-)• With
9.y = Py,4o = P*0.*r..*ni and r alternately equal to pxa.xl...Xn and pPo.Pl...Pn, it

follows that pOvai...anl,r) = b = c = a/2 = d/2"*1.
The construction of S and the proof of the continuity of/follow the technique

of theorem 1.
We consider two points pao.ai...ak and Pbo....b, which correspond to termi-

nating binary decimals:

bo-bl-bl ^ ao-ar--ak.

We show p(pbo.bl...bl,pao.ai...ak) = ( W " &,-ao-ai"-fl*>*- Let <r = | / - fc |
and consider the sequence of numbers:

{ao.a1-ak+Jl2'\j = O,l,2,-,s; s = (b0-b.-b,-a0-ai-ak)2'}

with their associated images pao.ai-ak+j/2'- Then, as above:
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Therefore:

P(Pao.al..-ak,Pbo.bl-b,) = s d l r = iK'b r--bt - a0-ax---ak)d (1)

By a similar argument, it follows that :

P(A)» Pa0. ai-ai) ^ («o • «i • • • ak)d

P(Pb0.bl...b,,Pi) ^ (1 -bo.bl-b)d
But:

d = p(Po,Pl) ^ P(PO> Pa0. m-aj + PiPao.oi-akfPbo.br-b) + PiPboM-b,, Pi)

g d[a0'a1---ak + (b0-b1---b,-a0. a1---ak)+(l - W " & / ) ] = d
so that:

piPao.an—ak>Pbo- b,—b) =

= d- p(p0, pao.ai...ak) - p(pbo. bi...b,,Pi) 1 d[l - a0 • ax - at - (1 - V ^ i - &/)]•

Combining this with equation (1) and noting that if {qy}, {ry}, (y = 1,2, •••) are

any two sequences of points with terminating representations that tend to qa, qb

in the limit, then piqa,qb) = d\b—a\, the stated conclusion follows.

COROLLARY (i). The arc / ( /) in theorem 2 has minimum length and
U(i)) = Pip,q)-

PROOF. Suppose that {xt\i = 0,1,••-.AT} is any partition of / ; then

/ V - l J Y - l

2 pifixi),fixi+1)) = d Z (xj+1 - Xi) = d(xs - x0) = d.
i = O i = O

Therefore Z(S) = d. Since the length of any arc joining p0 to p± is at least p(p0, pt)
we have proven the corollary.

COROLLARY (ii) Let r be any third point on the arc / ( /) joining p and q,
and let So and St be the subarcs of f (I) from p to r, and r to q. Then So and St

have minimum length and l(S0) = pip,r) and /(Sx) = p(r,b).

PROOF. By Theorem 2 and Corollary (i) there is an arc To of length
P(P)r) joining p to r; and there is an arc Tu joining r to / of length p(r,f).
Also l(T0) g /(S0),/(r1) ^ /(Si). Therefore:

p(p,r) + p{r,q) = l(T0) + /(TJ ^ l(S0) + KSJ = /(/(/)) = p(p,q).

But the triangle inequality implies

p(p,r) + p(r,q)t p(p,q).

Therefore: l(T0) + KTJ = l(S0)+ l(St). Suppose l(T0) < l(S0) then l(Tx) > l(St)
and there is a contradiction. Similarly if liTJ < /(Sj).

THEOREM 3. If (R,p), a complete metric space, has properties (A) and (B)
and if po,Pi are any two points, then any arc of least length joining p0 to p^
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intersects the locus of points Ca = {x \p(j>0,x) = a, 0 ^ a ^ p(j>o>Pi)} ' " exactly
one point.

PROOF. Since any arc of least length joining p0 to pt is a continuum, it
must have at least one point in common with C,, (0 ̂  a ^ P(Po>Pi))- Suppose
there are two points qu q2 common to S and Cx. Without loss of generality,
let qt be the first point according to the mapping of the arc from the unit interval
to So. If So denotes the subarc of S from p0 to qt, then corollary (ii) of theorem 2
shows that l(S0) = p{Po,P\) = cc.li SL denotes the subarc of S from q2 to plt

then the same corollary shows that /(Sx) = p(p0, Pi) — <x. Hence, the subarc
of S from qt to q2 must have zero length; or qt = q2.

THEOREM 4. / / (R, p), a complete metric space, has properties (A) and (B)
then the minimizing arc joining any two points />0>Pi IS unique up to parametric
representation.

PROOF. Let S be the arc of least length according to the construction of
Theorem 2. Assume that T is any other arc with l(T) = l(S). Let
Ca = {x\p(po,x) = a]. By theorem 3, CxnS and Cxr\T are singleton sets,
for 0 ^ a ^ p(po,Pi). If Car\S = C a n T for all 0 ^ a ^ p(po,Pi), then T
is merely a different parametric representation of S. Suppose therefore that for
some a, CXC*S = q # r = Ca O T . Then p(p,r) = k # 0. Using the notation
introduced in the definition of property (B), by property (B) there exists an s > 0
such that:

diam[iVP0(a) n NPl(d - a + e)] < fe/2.

We note that diam [NPo(pi) n JVPl(<* - a + e)] < fe/2. Now q e NPl(d - a + e)
and since qeCx, therefore q e Npo(x). By an elementary theorem of topology,
if A, B are subsets of a topological space and A is open, then A n E £ A O B
noting that NPl(d — a + e) is open, it follows that:

qeNJL<z)nNPl(d-a

But r$NP0(jz)nNPi(d-iz + e), since p(q,r) > fe/2 and diam[JVP0(a) n Npl(d
< fe/2. However, r e NPa(a), so that by the above cited theorem, r $ NPl(d — a + e)
Therefore p(pu r) ^ d — a + s.

If To is the subarc of Tfrom p0 to r , and Tx is that from r to p t , then:

d = /(To) + /(TO ^ pQ>0> r) + p(r,px) = a + pQ>1; r) ^ a + ( d - a + e) = d + e.

This is a contradiction, and hence S is the unique arc of minimal length joining
Po to Pi .
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