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over large finite fields
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ABSTRACT

We prove an analogue of the classical Bateman—Horn conjecture on prime values of
polynomials for the ring of polynomials over a large finite field. Namely, given non-
associate, irreducible, separable and monic (in the variable x) polynomials Fi, ..., F,, €
F,[t][x], we show that the number of f € F[t] of degree n > max(3,deg, Fi, ..., deg, Fi,)
such that all Fi(t, f) € F[t],1 <1i < m, are irreducible is

m
<H ]l<;>qn+1(1 + Om7 maxdegFi,n(q71/2))7
=1

%

where N; = ndeg, F; is the generic degree of Fj(t, f) for deg f = n and p; is the
number of factors into which F; splits over Fq. Our proof relies on the classification of
finite simple groups. We will also prove the same result for non-associate, irreducible
and separable (over Fy(t)) polynomials Fi,..., Fy, not necessarily monic in x under
the assumptions that n is greater than the number of geometric points of multiplicity
greater than two on the (possibly reducible) affine plane curve C defined by the equation

[[Fitz) =0
=1

(this number is always bounded above by (ZZZI deg Fi)2 /2, where deg denotes the total
degree in ¢,z) and

p = charF, > max N;,

1<is<m

where N; is the generic degree of F;(t, f) for deg f = n.

1. Introduction

The classical Bateman—Horn conjecture [BH62] predicts the frequency at which a set of
irreducible polynomials over the integers attains simultaneously prime values at integer points.
Namely, let Fi,..., F, € Z[z],deg F; > 0, be non-associate (i.e. no two differ just by a sign)
irreducible polynomials over the integers and suppose that for each prime p there exists a € Z
such that p{ Fi(a) - - Fi(a). Then

C(Fl,...,Fm) xz
[~ deg F; log™a’

#{l1<a<uz|Fia),...,Fi(a) are prime} ~
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A. ENTIN

where

1—v
C(F,....Fn) = [] (1_1(2)/5,

p prime
v(p) being the number of solutions to Fi(x)--- Fp,(z) =0 (mod p) in Z/p. The only proved case
of the conjecture is the case of a single linear polynomial, which is the prime number theorem
for arithmetic progressions.

In the present paper we establish an analogue of this conjecture for polynomials over large
finite fields. Let ¢ be a power of a prime p and F, the field with ¢ elements. We will consider
an analogue of the Bateman and Horn problem with the ring Z replaced by the one-variable
polynomial ring F,[t]. For polynomials in several variables we will denote by deg the total
degree and by deg,,deg,, etc., the degree in the respective variable. Let F1,..., F,, € F[t][z],
deg, F; > 0, be non-associate (i.e. not differing by a multiplicative constant in F), irreducible
and separable over F(t), i.e. F; & F[t][z”]. Let n be a natural number. We ask for how many
of the polynomials f € Fy[t] with deg f = n all the values Fi(t, f) € Fy[t] for i = 1,...,m
are irreducible. We are interested in the asymptotics of this quantity for fixed m,deg F;,n and
q — oo. We will attack this problem by two different methods, each applicable under different
additional conditions on Fi, ..., Fy,,n and p = char F,, and obtain two sets of results. The first
method requires the classification of finite simple groups for its strongest form, while the second
method is more direct and does not use any non-elementary facts from group theory.

Our first set of results applies to F; which are all monic in x. The second set of results,
which applies also to the non-monic case, will be given as Theorem 1.4 at the end of the present
section. To state our results, we define the slope of a polynomial

r

P(t,x) = ch(t)a:j,cr =1

Jj=0

which is monic in z to be d
_i(t
sl P = max M

1<g<r J

(1)

(the degree of the zero polynomial is —o0). The slope has the property that sl PQ < max(sl P,
sl@) and sl PQ = sl P if sl P = sl @ (to see the latter, observe that if sl P = sl @, deg, P = rp,
deg, Q = rg and jp, jg are the largest indices for which the maximum in (1) is attained for P
and @, respectively, then the degree of the coefficient of 2”77 ~IP=iQ in PQ is (jp + jg)sl P).
Also we always have sl P < deg, P.

Our main result for the monic case is the following.

THEOREM 1.1. Let Fi,...,F,, € F[t][z],deg, F; = r; > 0, be non-associate irreducible
polynomials which are separable over Fy(t) (i.e. F; & Fy[t][aP]) and monic in z. Let n be a

natural number satistying n > 3 and n > sl F; for 1 <1i < m. Denote N; = r;yn. Denote by p; the
number of irreducible factors into which Fj(t,z) splits over F,. Then

#{f € Fylt],deg f =n | F(t, f) € Fy[t] is irreducible}

= < ]/i;‘>qn+l(1 + Om,degFi,n(q_1/2))’ (2)
i=1""

the implicit constant in the O-notation depending only on m,deg F; for 1 < ¢ < m and n.

2526

https://doi.org/10.1112/50010437X16007570 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007570

ON THE BATEMAN—HORN CONJECTURE FOR POLYNOMIALS OVER LARGE FINITE FIELDS

The assumption that n > sl F; implies that N; = rn is the generic degree of Fi(t, f) for
deg f = n, i.e. if ag, ..., a, are free variables, then

n
deg, F; (t, Z ajt]) = N;.
j=0

We note that the implied constant can be made explicit, but we do not concern ourselves with
tracking it. We conjecture that Theorem 1.1, as well as Theorems 1.2 and 1.3 stated below, hold
more generally without the monicity condition on the F;, without any conditions on n except
n > 3 and for even ¢ as well. The separability condition on the F; generally cannot be omitted;
it is not difficult to construct inseparable polynomials violating the Bateman—Horn statistics or
even not assuming any irreducible values on F[t]. See [CCGO8] and [Swa62].

The proof of Theorem 1.1 requires the classification of finite simple groups. If we content
ourselves with a result valid for n > 3deg, F;,1 <i < m (as well as n > sl F}), then a much more
elementary result from group theory is sufficient. See the discussion following the statement of
Theorem 3.2. The same applies to Theorem 1.2 below.

Several related, less general, results have been known previously. Bary-Soroker and Jarden
[BJ12] established (2) for polynomials Fi, ..., Fy which are characteristic-0-like and nodal (see
[BJ12, §1] for the precise definitions) in the case n = 1. Bary-Soroker [Barl2] and Pollack
[Pol08] treated the case of F; independent of ¢, i.e. F; € F[z]. Bary-Soroker also treated the case
F; = x + hj, hi € Fy[t],n > degh; (analogue of the Hardy-Littlewood prime tuples conjecture)
in [Barl4]. The special case m = 2 of the latter result was previously established by Bender
and Pollack [BP09]. Bank et al. [BB15] treated the case of a single linear polynomial and n > 3
(n > 2 for odd q).

We follow the general strategy used in most of the cited work above, which reduces the
Bateman—Horn conjecture to computing the Galois group of the set of polynomials F;(¢, a,t"™ +
.-+ + ag) over the field F(ao,...,an), ao,...,a, being free variables, using a version of the
Chebotarev density theorem (see the next section). The Galois group computation is the novel
part of the present work. Unlike the previous results described above where the Galois group
was computed directly by algebraic means, we will use the arithmetic significance of the Galois
group provided by the density theorem to prove a strong transitivity property, after which we
will invoke results about multiply transitive groups. For the proof of Theorem 1.4, we will use a
more direct algebraic method.

In the setting of Theorem 1.1, we will not just compute the probability of all the F;(t, f)
being irreducible but the probability of any possible decomposition. For simplicity we state here
our result just for the case of absolutely irreducible polynomials, by which we mean polynomials
irreducible over F,,.

THEOREM 1.2. Let Fy,...,Fy,, € Fy[t][z] and n satisfy all the conditions of Theorem 1.1 and
moreover assume that the F; are absolutely irreducible. Denote N; = r;n, where r; = deg,, F;.
Fix partitions

M;
Ni = sik, ik > 1
k=1

of each N; for 1 < i < m. Then the number of f € F[t],deg f = n, such that each Fi(t, f)
decomposes into M; irreducible factors of degrees s;;,1 < k < M; is

(H P(Sil’ s 73iMi)qn+1> (1 + Ok,deg Fi,n(qilﬂ))a
=1
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where P(s;1,...,Sim;) is the probability of a random permutation in Sy, having the cycle
structure (S;1, ..., SiM;)-

The connection between decompositions of polynomials and cycle structures of permutations
will be made clear in the following section. Meanwhile, note that for absolutely irreducible
Fi,...,Fy,, Theorem 1.2 implies Theorem 1.1, since the probability of a permutation in Sy,
being a full (i.e. length N;) cycle is 1/N;. For not absolutely irreducible F; a similar result can be
obtained with the usual permutation groups replaced by certain permutational wreath products.
See Theorem 2.3 in the next section.

As a byproduct, we will also obtain the following result, which is a generalised Chowla
conjecture for polynomials (the original Chowla conjecture for integers appears in [Cho65]).

THEOREM 1.3. Let F1,..., F,, and n satisfy the conditions of Theorem 1.1, except the condition
n > 3 is not required if q is odd (if q is even, we still require n > 3). Then for every sequence
S1,...,8m = %1 of signs, the number of f € F[t],deg f = n, such that u(F;(t, f)) = s; for
1<i<mis

qn—i-l

om (1 + Ok,deng-,n(q_l/Z))'

Here 1 denotes the Mébius function for F[t].

It is easy to see that in the case of absolutely irreducible polynomials Theorem 1.3 follows
from Theorem 1.2, but in fact if ¢ is odd it follows directly from the much simpler Proposition 5.1
on the multiplicative independence of the discriminants DiscF;(t, ag + - - - + ant™) € Fy(ag, .. .,
an) (ag,...,a, being free variables) modulo squares in Fy(ao,...,a,)*. Similarly, in the even
characteristic case it follows from Proposition 5.2, which is a similar statement about the linear
independence of Berlekamp discriminants. The proof of Theorem 1.3 or Propositions 5.1 and 5.2
does not require the classification of finite simple groups or any other non-elementary fact from
group theory. The equivalence of Theorem 1.3 and Propositions 5.1 and 5.2 is shown by the
method of Carmon and Rudnick [CR14], which they applied to the special case of Theorem 1.3
with F; = x + h; for h; € Fy[t] with n > degh; and ¢ odd. Carmon recently generalised the
result to even characteristic [Carl5]. The only part of their proof which requires this special
form is proving Proposition 5.1 for this case. In fact the only part of the present work that
requires the conditions that all the F; are monic in x and that n > sl F; for all 7 is in the proof
of Propositions 5.1 and 5.2 so if one can prove Theorem 1.3 or Propositions 5.1 and 5.2 without
these conditions then one can dispense with them in all of our results. We conjecture that for
n > 3 these conditions are not required.

Next we state our second set of results obtained by a different method, which apply to not
necessarily monic Fi, ..., F,,. We will need to consider the possibly reducible affine plane curve
C over F, defined by the equation F(t,z) = 0, where F = [[[*, F;. For a point P € C(F,), we
denote by mp its multiplicity in C, i.e. the degree of the lowest-degree form appearing in the
Taylor expansion of F'(t,x) around P.

THEOREM 1.4. Let Fi,...,F, € Fy[t]lx] with deg, F; > 0 be non-associate irreducible
polynomials which are separable over Fy(t), ie. F; & Fy[t][zP]. Set F = [[", F;. Let C/F,
be the (possibly reducible) affine plane curve defined by F(t,x) = 0. Let n > 3 be a natural
number satisfying

n>#{P e C(F,) | mp > 2}.
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Denote N; = deg, Fi(t,ant" + --- 4 ap), where ao,...,a, are free variables. Denote by p; the
number of irreducible factors into which Fj(t,z) splits over F,. Assume that

p> m<X N;.

1<i<m

Then the assertions of Theorems 1.1-1.3 hold in this case as well.

The proof of Theorem 1.4 is also based on a Galois group computation, like the proof of
Theorems 1.1-1.3, but the computation is more direct and does not use any non-elementary
results from group theory. It will be carried out in §§6 and 7.

2. Galois groups, Frobenius classes and equidistribution

Let p be a prime number and ¢ a power of p. Let g € Fy[t] be a separable polynomial (i.e.
having distinct roots over F,) of degree N. The Frobenius map Fr, (given by y —> y?) defines a
permutation of the roots of g, which gives a well-defined conjugacy class ©(g) of the symmetric
group Sy. The degrees of the prime factors of g correspond to the cycle lengths of ©(g). In
particular, g is irreducible if and only if ©(g) is (the conjugacy class of) a full cycle. We call ©(g)
the Frobenius class of g. If g1,...,gm € F[t] are separable polynomials with degg; = N;, we
get a conjugacy class ©(g1,...,gm) in Sy, X -+ X Sy,, by taking the product of the individual
Frobenius classes O(g;). We call O(g1, ..., gm) the Frobenius class of g1,. .., gm.

Let Fi,..., Fy, € F[t][z],deg, F; > 0 be non-associate, irreducible and separable over F(t)
and n a natural number. Set F' = [[;", F;. Note that by our assumptions F is separable over
F,(t). Let ag, . .., a be free variables, f = a,t"+- - -4+ap € Fy[a, t] (a is a shorthand for ay, ..., ay)
and N; = deg, Fi(t,f).

Convention. For the rest of the paper the asymptotic big-O notation always implies a constant
depending only on m, deg F; for 1 < i < m and n.

To proceed further, we need the following lemma.

LEMMA 2.1. Under the above assumptions on the F; and F = || F;, the polynomial F(t,f) €
F,[a][t] is separable over F ;(a). For all but O(q") of the polynomials f € F[t] such that deg f =n
(the total number of such polynomials is ¢"(q — 1)), the polynomials F;(t, f) € F,[t] have degree
N; and F(t, f) € Ft] is separable.

Proof. This is proved in [Rud14]. O

The second part of the lemma implies that for all but O(¢") of the polynomials f € F,[t],
deg f = n (again note that the total number of such polynomials is ¢" (¢ — 1)), the Frobenius
class ©(Fi(t, f),..., Fn(t, f)) is a well-defined conjugacy class in Sy, X --- X Sn,,.

Let L be the splitting field of F'(t,f) over F4(a). Denote by G its Galois group. It can be
viewed as a subgroup of Sy, x --- x Sy, by its action on the roots of each F;(t,f). These roots
are all distinct by the first assertion of Lemma 2.1. Let F be the algebraic closure of Fy in L.
Denote by G the set of o € G such that o acts as the Frobenius map Fr, on Fgv. It is a coset
of the normal subgroup Gal(L/Fg(a)) C G.

The fundamental tool we will use in the present work is the following equidistribution result.

THEOREM 2.2. Let F1,..., Fy, € F[t][z],deg, F; > 0, be non-associate, irreducible and separable
over Fy(t), F =[[;", Fi. Here we do not assume that the F; are monic in x. Let n be a natural
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number, ayg,...,a, be free variables, a = (ag,...,a,), f = Z?:o ajt/ and N; = deg, F;(t,f).
Denote by L the splitting field of F(t,f) over Fy(a), G = Gal(L/F,(a)) its Galois group and Fy
the algebraic closure of ¥y in L. Denote by G the set of o € G acting as Fr, on Fy . Consider
G as a subgroup of Sy, x --- x Sy, via its action on the roots of F;(t,f).

Then, for every conjugacy class C' in Sy, X --- x Sp,,, we have

#{f € Flt],deg f =n | O(F1(t, f),..., Fu(t, f)) = C}
#(CNGy)

= an+l(l + Om,degFi,n<q71/2)>~

This result is now quite standard and can be seen for example as a special case of [Barl2,
Proposition 2.2]. A variant of Theorem 2.2 appears as [ABR15, Theorem 3.1]. There only the
case of monic F; and v = 1 is considered. However, the result is deduced from a more general
explicit Chebotarev theorem [ABR15, Theorem A.4], which implies Theorem 2.2 in the same way.
Theorem 2.2 can also be viewed as a 0-dimensional case of Deligne-Katz equidistribution [KS99],
with the Galois group acting as the monodromy group. Our results (especially Theorem 1.2) can
then be seen as a 0-dimensional disconnected fiber analogue of the much deeper equidistribution
results of [KS99].

Theorem 2.2 reduces the study of the factorisation statistics of

Fl(taf)a'--va(tvf)

to the computation of the Galois group G = Gal(L/F4(a)) as a permutation group on the roots
of Fy(t,f) over Fy(a). It is this computation which is the heart of the present work. One of the
novelties in our work is that unlike all the previous work cited in the introduction we actually
use Theorem 2.2 in the computation of the Galois group (in the proof of multiple transitivity,
see the next section) and not only apply it after the Galois group has been computed directly.

Theorem 1.2 would follow from Theorem 2.2 if we can show that for Fi,..., F,, satisfying
the conditions of Theorem 1.2, the Galois group of F(t,f) (F =[] F;) over F4(a) is the maximal
possible, i.e. Sy; X - -+ x Sy,,. In the general case (not necessarily absolutely irreducible F;), the
answer is a little bit more complicated and will be stated next.

Let P € Fy[t][z] be irreducible and separable. There is some minimal field Fgu over which
P splits into absolutely irreducible factors. It is not difficult to see that the number of these
factors is p and they are transitively permuted by the Galois group Gal(F g /F,), which is cyclic
of order u.

THEOREM 2.3. Let Fi,..., Fy,, € Fyt][z],deg, F; = r; > 0 and n > 3 satisfy the conditions of
Theorem 1.1. Let ay, . . ., a,, be free variables,a = (ag, . . .,a,),f = Z?:o a;t) and N; = deg, Fj(t, f)
= ryn (the last equality holds because n > sl F;).
Let
Hi
F; = H Pij, Pij S Fq#i [t] [93]
j=1

be the decomposition of F; into absolutely irreducible factors. It is easy to see that deg, P;;(t, f)
= N; /. Let Fyu be the composite of all the F gu; .

Denote by L the splitting field of F'(t,f) over Fy(a) and let G = Gal(L/F,(a)) be its Galois
group, which can be considered a subgroup of Sy, X --- x Sy, through its action on the roots
of Fi(t,f). Denote by §);; the set of roots of P;j in L. The Galois group H, = Gal(Fg/F,) =
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Gal(Fgx(a)/F4(a)) is isomorphic to Z /i and for each i it acts on the set { Pj; }1<j<y,; transitively;
the action factors through a principal action of H,, = Gal(Fgu /Fq) = Z/u,;. For o € H,, we
denote by €2 the set of roots of P;;. The Galois action of o on the roots sends (Y;; into 7.

The following holds: G consists of all the permutations m on Uij Q;; for which there exists
some o € H,, such that m(§2;;) = Qf; for each i and j.

Note that if all the F; are absolutely irreducible, i.e. u; = 1 for 1 < @ < m, then we get
G = Sy, X -+ x Sp,,. Theorem 2.5 gives a complete description of the Galois group of F;(t, f)
over F,(a) as a permutation group together with its map to H,, = Gal(Fyu /Fy) = Z/p. It is now
an elementary exercise on permutation groups to deduce Theorems 1.1-1.3 from Theorems 2.2
and 2.3. For example, Theorem 1.1 follows from the fact that the probability of a random
permutation 7 of Uij Q;; satisfying 7(;) = QF; for all 4,5 for a given generator o of H,
(considered as a cyclic permutation on {1,..., u;} for each i) being a full cycle on each |, Q;
is [T~ (1i/N;). The elementary proof of this fact is carried out in [Barl2]. Theorem 1.2 follows
at once from Theorems 2.2 and 2.3 and the remark immediately following the statement of
Theorem 2.3.

The essential result from which Theorem 2.3 will follow is the following.

THEOREM 2.4. Let p > 2 be a prime number and k = Fp. Let
F, ..., By, € klt][x], deg, Fi=r; >0,

be non-associate, irreducible, monic in z and separable over F,(t). Let n > 3 be a natural
number such that n > slF; for 1 < i < m. Let ag,...,a, be free variables, a = (ay,...,ay),
f=>" a;jt/ and N; = deg, F;(t,f) = r;n. Denote by L the splitting field of [[[~, F(t,f) over
k(a) and G = Gal(L/k(a)) its Galois group. Then G is the full permutation group Sy, X--- X Sn,,
acting on the roots of F;(t,f) over k(a).

The proof of Theorem 2.4 will occupy the next three sections and is the heart of the present
work. Theorem 2.3 follows directly from Theorem 2.4 applied to the factors of the F; over Fgu
(we use the notation of Theorem 2.3). To see that it can be applied to the factors, it needs to
be verified that n > sl F; implies the same for the factors of F; over F .. But these factors have
the same slope as F; since sl PQ = sl P whenever sl P = sl Q). So, Theorem 2.4 applies to the
factors of the F; over Fgu. Now in the notation of Theorem 2.3 every o € H,, = Gal(Fy/F,) =
Gal(F,u(a)/F4(a)) lifts to some ¢’ € Gal(L/F,(a)). It can then be composed with some element
of Gal(L/F 4 ) (which can be chosen to permute each €;; as we please) to obtain any permutation
of the form described in the assertion of Theorem 2.3.

Thus, Theorem 2.4 implies Theorem 2.3, which in turn implies Theorems 1.1-1.3. By the
same considerations, Theorem 1.4 follows from the following result.

THEOREM 2.5. Let p be prime. Let Fi,...,F, € F,lt][z],deg, F; > 0, be non-associate
irreducible polynomials which are separable over F,(t) and not necessarily monic in x. Denote
F =TI~ Fi. Let C be the affine plane curve defined by F(t,z) = 0. Let n > 3 be a natural
number such that

n>#{P e C(F,) | mp > 2}

(the definition of the multiplicity mp is given just before the statement of Theorem 1.4). Denote
f=3"7_ait' € Fp(ao,...,an)[t], wherea = (ao, ..., an) are free variables and N; = deg, I;(t,f).
Assume that

> max N;.
P s
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Let L be the splitting field of F(t,f) over F,(a) and let G = Gal(L/F,(a)) be its Galois group,
which we view as a subgroup of Sy, X --- x Sy, via its action on the roots of F;(t,f). Then in
fact G = Sy, x --- x Sy, is the full product of permutation groups.

The proof of Theorem 2.5 will be given in §6.

Remark. Theorems 2.4 and 2.5 hold in fact for any algebraically closed field £ and not just
k= Fp, provided the required conditions on the characteristic are satisfied or the characteristic
is 0. This is because for any fixed m,n, deg F; the assertion can be formulated in the first-order
language of fields and all the algebraically closed fields with a given characteristic are elementarily
equivalent for this language. Furthermore, if a statement in the first-order language of fields holds
in algebraically closed fields of arbitrarily large characteristic, it must also hold in characteristic 0.
See [Mar02, §3.2].

3. Computing the Galois group: an outline

In the present section we outline the proof of Theorem 2.4, from which all our other results
follow (see §2). We will show that under the assumptions of Theorem 2.4 for each F; the Galois
group G; of each F;(t,f) over k(a) is Sy,. Furthermore, we will show that the permutation sign
map G — {£1}" is onto. This will finish the proof of Theorem 2.4 by the following elementary
lemma on permutation groups.

LEMMA 3.1. Let G C Sy, X --- x Sn,, be such that the projections G — Sy, are onto and the
permutation sign map

G — [[Sn/An, = {£1}"

=1

is also onto. Then G = Sy, X --- x Sn;,,.
Proof. See [Barl2, Lemma 3.2]. O

In §4, we will prove that each G; is (n + 1)-transitive (as a permutation group) on the roots
of F;(t,f) (Proposition 4.1). Since we always assume that n > 3, this implies that each Gj is
4-transitive. While the result is stated over F,, our proof will use the arithmetic significance of
the Galois group, namely we will use Theorem 2.2 in this step as well.

In § 5, we will show that the sign map G — {£1}" is onto. We call this the sign-independence
property. In particular, G; ¢ Ay, for each i. Next we will use the following deep fact from group
theory (see [Cam99, Theorem 4.11] or [DM96, §7.3]).

THEOREM 3.2. Let G C Sy be a 4-transitive permutation group not contained in Ay. Then
G = Sy.

In fact it is known that except for Sy and Ay the only 4-transitive groups are simple Mathieu
groups (which then must be contained in Ay ). The proof of this fact requires the classification of
finite simple groups, more precisely the Schreier conjecture (that the outer automorphism group
of each finite simple group is solvable) which follows from it.

Theorem 3.2 combined with the 4-transitivity of the G; and the fact that G; ¢ Ay, implies
that G; = Sn,. Combined with the sign-independence property of G and Lemma 3.1, this shows
that G = Sy, x --- x Sy, as asserted in Theorem 2.4.
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Remark. By much more elementary means it can be shown that a [3v/N — 2]-transitive group
G C Sy is either Sy or Ay; see [Hal63, §5.7]. Therefore, if in addition to the assumptions of
Theorem 1.1 we assume that n > 3deg, F;,1 < ¢ < m, our results can be proved without using
the classification of finite simple groups.

4. Computing the Galois group: multiple transitivity

In the present section we will prove the (n + 1)-transitivity property for the Galois groups of
the individual F;(¢,f) asserted after the statement of Lemma 3.1. Let p be a prime number. Let
Fy € F,lt][z],deg, F1 > 0, be irreducible and separable over F,(¢). In the present section we do
not assume that F) is monic in z, nor that p is odd. Neither do we require any conditions on n.
Proposition 4.1 below is valid in this generality.

Let n be a natural number, a = (ag,...,an) free variables and f =377 a;it’ € F,la][t].
Denote N = Ny = deg, Fi(t,f). Let aq,...,an be the roots of Fi(t,f) in the algebraic closure
of Fy(a). By Lemma 2.1, they are distinct. Let G = G(Fp(a, a1, ..., a,)/Fp(a)) be the Galois
group of Fy(t,f). We view G as a permutation group on aq,...,ay.

In the present section we prove the following transitivity property.

PROPOSITION 4.1. The action of G on ay,...,ay is (n + 1)-transitive, i.e. every sequence of
n+ 1 distinct roots of Fy(t,f) can be mapped to any other such sequence by some element of G.

Although the proposition is formulated over an algebraically closed field and one might expect
a purely algebraic or algebro-geometric proof for it, our approach is actually to use its arithmetic
significance implied by Theorem 2.2.

Denote by L the smallest extension of F,(a) containing the coefficients of F; and
ai,...,on. It is finitely generated over F, and so the algebraic closure of F), in L is a finite
field F,. Replacing ¢ by a large enough power and replacing L by LF,, we may assume that
Gal(L/F,(a)) = Gal(LF,/F,(a)) = G. The field L is the splitting field of F; (¢, f) over F,(a) and
by our assumptions F is algebraically closed in L. These properties persist if we replace g by
any power of it. This will be used later.

In the present section we continue using the convention of § 2 that the asymptotic O-notation
has an implied constant depending on n, deg Fi. For a polynomial g € F[t] and a natural number
e, we denote by .(g) the number of length-e sequences of distinct roots of ¢ in the coefficient field
F,. We have of course .(g) = Hf;ol (¢1(g) — 7). For a permutation o € Sy, we will also denote
by f.(o) the number of length-e sequences of distinct fixed points of o. This is well defined on
conjugacy classes in Sy . Observe that for a separable g with deg g = N, we have £.(g) = £.(©(g)),
where O(g) is the Frobenius class of g. In the present section the Frobenius classes are defined
via the action of Fr, (not Fr).

PRrRoOPOSITION 4.2. We have

Y (Bt ) =" 1+ 0(g?).

JEF[t]
deg f=n

Proof. Denote by C' the affine plane curve defined by Fj(t,z) = 0. It is absolutely irreducible
since F is absolutely irreducible. Let C"*! be the (n + 1)-fold product of C' with itself and
V C C™! the open subset of (n + 1)-tuples of points with distinct ¢-coordinates, X = C* T\ V
its closed complement. The variety C"*! is irreducible and defined by equations of degree O(1).

2533

https://doi.org/10.1112/50010437X16007570 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007570

A. ENTIN

The proper subvariety X is also defined by equations of degree O(1). Therefore, by the Lang—Weil

estimates we have #V (F,) = ¢"*1(1 + O(q~1/?)). For every sequence of points (7;,&;) € C(F,),

i=1,...,n+ 1, with distinct 7;, there is a unique polynomial f € F[t],deg f < n such that
Now, by the definition of /., we have

Yo (Rt )= ) #{f R, deg f <n, Fi(m, f(ri) = 0}

FEF[¢] 1y Tnt1€F
deg f<n distinct
= > #{f € Fylt],deg f <n, f(:) = &}
(T1,61)55(Tn+1,En+1)EC(Fq)
7; distinct
= #V(Fg) =" (1+0(¢ ). (3)

Since the number of f with deg f < n is ¢", we may replace the condition deg f < n in the
summation with deg f = n, introducing an error of O(g"). O

Recall that G = Gal(L/F,(a)) C Sy and Fy is algebraically closed in L. For a random
variable X on a finite probability space S, we will denote by (X(s))secs its expected value. We
always assume the probability measure to be uniform on the space.

PROPOSITION 4.3. We have

{lnt1(0))occ = 1.

Proof. By Theorem 2.2, the Frobenius elements of Fi(t, f) for f € Fgt],deg f = n are
equidistributed in the Sy-conjugacy classes of G up to O(qfl/ 2) (note that v = 1 in the notation
of Theorem 2.2 since F, is algebraically closed in L). Using Proposition 4.2, we see that

{tn+1(0))oec = (Eas1 (O(F1(t, £))) pery (i deg f=n + Ola %) = 14+ O(¢7'/?)

(we may disregard those f with F(t, f) non-separable by Lemma 2.1). The implicit constant in
the error term depends only on deg F',n and not on q. We have observed in the beginning of the
section that ¢ may be replaced by any power of ¢ with all of our assumptions remaining valid.
Since (le(0))seq is a rational number with denominator dividing N!, replacing ¢ with a large
enough power of it we see that we must have an equality (¢,+1(0))seq = 1. O

To complete the proof of Proposition 4.1, we need the following elementary lemma from
group theory.

LEMMA 4.4. Let G be a finite group acting on a finite set X. For o € G, denote by {.(c) the
number of length-e sequences of distinct fixed points for the action of G on X. Then

<€€(U)>U€G > 1,
with equality if and only if G is e-transitive.

Proof. First we prove the assertion for e = 1. For « € X, we denote by O, its orbit and by G,
its stabiliser. We have

#1G§:€1(0):#élc:#{(a,x)EGXthﬂ::x}:#:GZ#G}:Z

ceG zeX zeX

1
#0z

> 1,
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since #0, < #X for all x. Equality holds if and only if O, = X for all z € X, i.e. if the action
of G is transitive.

To prove the assertion for general e, consider the set X (¢ of e-sequences of distinct elements
in X with the G-action defined by o(z1,...,2.) = (0x1,...,02¢). For ¢ € G, the number of
fixed points for this action is exactly £.(c). The action of G on X(©) is transitive if and only if
the action of G on X is e-transitive. Now applying the case e = 1 to the action of G on X(©), we
obtain our assertion. O

Combining Proposition 4.3 and Lemma 4.4, we see that the action of G on aq,...,ay is
(n + 1)-transitive, which finishes the proof of Proposition 4.1.

5. Computing the Galois group: sign independence

Let p be a prime number. Denote k = F,,. Let Fy,..., F,, € k[t][z],deg, F; = 7; > 0 be non-
associate, irreducible and separable over k(t). Denote F' =[], F;. Let n be a natural number,
a = (ap,...,an) free variables and f =37, a;t’ € k[a][t]. Assume that n > sl F;,1 < i < m.
Denote N; = r;n = deg, F;(t,f) (the last equality follows from the assumption n > sl F;). Let L
be the splitting field of F(t,f) over k(a), G = Gal(L/k(a)) its Galois group, which we view as a
subgroup of Sy, X -+ x Sy, via its action on the roots of F;(¢,f).

From § 3, we know that to complete the proof of Theorem 2.4 it is enough to show that the sign
projection map G — [[;~, Sn,/An, = {£1}"™ is onto. In the case of odd p, by a well-known fact
from Galois theory this is equivalent to the discriminants Disc,F;(t, f) being linearly independent
as elements of k(a)* /k(a)*? (note that they are non-zero by Lemma, 2.1). This fact follows from

the expression of the discriminant of a polynomial g = ZZ]\L o bit’, by # 0 over an arbitrary field
K as Disc g = A?, where

A=by " T](ei = py),

1<j

pi being the roots of g. The expression A is fixed by even permutations but not by odd ones (in
odd characteristic), so A € K if and only if the Galois group of g over K is contained in Ay (this
argument applies to a single polynomial, but is easy to extend to the case of several gy, ..., gk)-
This is valid only in odd characteristic. A similar criterion can be formulated in characteristic 2
using Berlekamp discriminants [Ber76].

5.1 Sign independence: odd p

Assume that p > 2. We will need the following basic facts about the discriminant (see [GKZ14,
§12]). For every natural number N, there is a universal polynomial Dy (bo, . ..,bnx) € Z[bo, ..., bN]
such that over any field K and for any g = Eévzo Bjt) € K|t], By # 0, we have

Disc g = Dn(Bo, ..., Bn).

Furthermore, if we assign to each variable b; the weight j, the polynomial Dy (bo,...,bn) is
homogeneous of (weighted) degree N(N — 1).
For polynomials g1, go with non-zero discriminants, we have

Disc g1 g2 = Disc g1Disc go  mod K.

Therefore, to show the multiplicative independence of the discriminants Disc,F; (¢, f) (modulo
squares) it is enough to show that the discriminant of any partial product of the F; is not a

2535

https://doi.org/10.1112/50010437X16007570 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007570

A. ENTIN

square. Without loss of generality, we may assume that this partial product is F = [[;*, F;
(otherwise repeat the argument with a subset of the F;). Note that since sl PQ < max(sl P, sl Q),
we have n > sl F. So, it is enough to prove the following.

PROPOSITION 5.1. Let F € kl[t][x] with deg, F = r > 0 be separable over k(t) and monic in
x. Assume that n > sl F and as usual a = (a, ...,a,) are free variables, f = Z?:o a;jt’. Then
Disc, F(t,f) is not a square in k(a).

Proof. We may assume without loss of generality that F'(0, ) is separable. Otherwise find an « €
k suchthat F(a,x) isseparable and replacet with¢ — a (such an « exists because Disc, F'(t, z) # 0
since F' is separable over k(t)). This does not change the discriminant of F'(¢,f). By Lemma 2.1,
F(0,f) is separable over k(a).

Let us assign weights to the variables a; by w(a;) = j (and to monomials by additivity). For
a polynomial H € k[a], we will denote by deg,, H the highest weight of a monomial appearing
in it. The fact that F' is monic in x and n > sl F' imply that N = deg, F'(¢,f) = rn. Write
N
> Ci(a)t!,Cy € klal,

<

(t,f) =

0

F(0,f) =) _Dj(a)t/, D; € ka].
=0

<

We have deg,, C; < j. Moreover, the degree j form of each C; with respect to w is exactly D;
(since a polynomial of the form #*f” has a coefficient of weight j — v at /), which is homogeneous
of degree j by construction. We have deg, F'(t,f) = deg, F(0,f) = rn = N. It follows from
the homogeneity of the discriminant with weight j for the coefficient of #/ and the fact that
Disc; F'(0,f) # 0 that the degree N(N — 1) form of Disc,F(¢,f) is exactly Disc,F'(0,f), which is
homogeneous of degree N (N — 1). This is the leading (highest weight) form of Disc,F'(¢, f). It is
therefore enough to show that Disc,F'(0,f) is not a square. But this is just a special case of the
proposition for a polynomial with constant coefficients (i.e. independent of ¢) and this has been
proved in [Bar12, Proposition 1.7] for odd gq. O

5.2 Sign independence: p = 2

Assume that p = 2. We recall the definition and basic facts about the Berlekamp discriminant. See
[Ber76] and [Carl5] for more details. Let N be a natural number and by, ..., by free variables. In
the case of even characteristic, the discriminant Dy (b, ..., bn) € Fa[by ..., by] (reduced modulo
2) is in fact the square of a polynomial dx (bo, . ..,bx) € Falbg,...,bn]. For a field K D Fs and a
polynomial g = Z;V:o Bjt) € K[t], By # 0, we will denote 6(g) = dn(Bo,...,Bn). If p1,...,pN
are the roots of g in an algebraic closure of K, the Berlekamp discriminant of g is defined to be

BDisc(g) = Z Pip;

2 2"
1<i<j<N Pi +p;

It can be written as
¢(By,...,Bn)
o9
where £(bg ...,bn) € Fa(bg,...,by) is a universal polynomial depending on N. We will denote

€(g9) = &n(g) when deg g = N. If we assign the weights w(b;) =i to the variables by, ..., by, then
dn is homogeneous of degree N(N — 1)/2 and £y is homogeneous of degree N(N — 1).

BDisc(g) =
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A fundamental property of the Berlekamp discriminant is that the Galois group of g over
K contains an odd permutation of the roots of ¢ if and only if there exists a 7 € K such that
BDisc(g) = 72 + 7. We now need to prove the following analogue of Proposition 5.1 for even
characteristic.

PROPOSITION 5.2. Let F' € k[t][x] with deg, F' = r > 0 be separable over k(t) and monic in x.
Assume that n > max(3,sl F') and as usual a = (ag, ..., ay,) are free variables, f = Z?:o a;tl.
Then BDisc;F(t,f) is not of the form 72 + 1 for T € k(a).

Proof. Assume to the contrary that there exists 7 € k(a) such that
BDisc,F(t,f) = 72 + 7.

Since BDisc,F(t,f) = £(F(t,f))/6(F(t,f))? and k(a) is a unique factorisation domain, we can
write 7 = u/d(F(t,f)),u € k(a), and we have

E(F(L,F)) = u? + 5(F (L, ))u. (4)

Now let us assign the weights w(a;) = i to the variables and denote by If H the leading form
of a polynomial H € k(a) with respect to this weight. By the homogeneity properties of dx, En
and the fact that

deg F(t,£) = deg F(0,f) = ndeg, F
(since n > sl F'), we have that (denoting N = ndeg, F')
I 6(F(¢,£)) = 0(F(0, 1)), . S(F(E, £)) = £(F(0,1)),
deg,, 8(F(t,f)) = deg,, §(F(0,£)) = N(N — 1)/2,
deg,, §(F(t,f)) = deg,, £(F(0,f)) = N(N — 1)

and, from (4), we also have deg,, u = N (NN — 1)/2. Using these facts and taking leading forms in
(4), we deduce that

E(F(0,6)) = (IFw)? + 8(F(0,1)) - Ifu,
so, taking 7 = lf u/§(F(0,f)), we have
BDisc(F(0,f)) = 72 + 1.

Now assuming, as we may after a shift in the variable ¢, that (0, f) € k(a)][t] is separable, we have
reduced our problem to the constant-coefficient case (i.e. the case when F'(t,z) is independent
of t). But this is a special case of [Carl5, Lemma 6.3]. O

6. Proof of Theorem 1.4

The proof of Theorem 2.5, from which Theorem 1.4 follows, will occupy the present section as well
as the next one. Let p be a prime number. Denote k = F,,. Let Fy,..., F,, € k[t][z], deg, F; > 0,
be non-associate, irreducible and separable over k(t). Denote F' = [, F;. Let n > 3 be a natural
number. At this point we impose no further restrictions on the F;,n or p. They will be required
later. Let a = (ao,...,a,) be free variables over k,

f=> ait’ €kfallt], N;=deg, Fi(t,f).
j=0
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By Lemma 2.1, the polynomial F'(¢,f) € k[a][t] is separable over k(a). Let L be the splitting field
of F(t,f) over k(a), G = Gal(L/k(a)) its Galois group. We view G as a subgroup of Sy, x---x Sy, ,
via its action on the roots of each F;(¢,f). Our aim is to show that in fact G = Sy, X -+ X Sn,,
under the assumptions of Theorem 2.5. Denote by G; C Sy, the Galois group of Fj(t,f) over
k(a). This is the projection of G to Sy, defined by restricting its action to the roots of F;(¢,f).

By Proposition 4.1, each G; acts 2-transitively (in fact (n + 1)-transitively) on the roots of
F;(t,f). Suppose that we could show that for each i = 1,...,m, there exists an element o € G
which transposes two roots of F;(t, f) and leaves all the other roots of F'(t, f) fixed. Then G; = Sy,
since G; is 2-transitive and Sy, is generated by transpositions. Furthermore, the sign projection
map G — [[;", Sn,/An, = {£1}™ is onto. Lemma 3.1 would then imply that G = [[\", Sn;,.

It is therefore sufficient to prove the existence of transpositions as above. Our plan is to
construct a discrete valuation ring in k(a) which ramifies in L such that its inertia group contains
the required transposition. An important ingredient in the proof is the following technical claim,
the main idea behind its proof having been suggested to the author by U. Zannier.

PROPOSITION 6.1. Let H € kla]\k[ay,] be an irreducible polynomial. Let K be the algebraic
closure of the field of fractions of kla]/H. Let b; be the image of a; in K, g =3, bit' € K[t].
Then one of the following holds for F(t,g) € K|t].

(i) F(t,qg) is separable, i.e. has only simple roots in K.
(ii) F(t,g) has one root of multiplicity two and the other roots are simple.

(iii) There exists a point (1,€) on the affine plane curve C defined by F(t,z) = 0 with
multiplicity mp such that H ~ (1) — £ € k[a] (by ~, we denote association), T is a root of
F(t,g) of exact multiplicity mp and the other roots of F(t,g) are simple.

The proof of Proposition 6.1 will be given in § 7. We now proceed to the proof of Theorem 2.5.
Assume that

n>#{PecC|mp>2}.

Also assume that p > max N;. We have seen that it is enough to produce for each 1 < i < m
an element o € G which transposes two roots of F;(¢,f) and fixes the other roots of F(¢,f). By
symmetry, it is enough to show this for ¢ = 1. Let (7,§),l =0,...,n — 2, be distinct points on
C including all the points P such that mp > 2. Denote

(I; - f(Tl) - gl?
K = k(ag,...,a,_s,an),

a a root of Fi(t,f) in L (recall that L is the splitting field of F(t,f) over k(a)). The variables
Ay .., _o,Qn_1, 0y are obtained from ag,...,a, by an invertible affine transformation (it
is invertible because of the non-vanishing of Vandermonde determinants with distinct second
column entries). We have k(a) = K(ap—1). The field k(a, o) = K(an—1, @) can now be viewed as
a one-variable function field over K.

LEMMA 6.2. The polynomial Fi(t, f) considered as an element of KC[t, a,,_1] is irreducible over K.
Proof. We may write

f=u(t)+ap_1v(t), deg,u,deg,v < n, (5)
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where u € K[t] has coefficients which are affine forms in ay, ..., al,_5,a, and v(t) € k[t]. We have
v # 0 again by the non-vanishing of the Vandermonde determinant with second column entries
70y -+, Tn—2,t. By (5), we have

an—1 = (£ —u(t))/v(t).

The elements ¢, f € K(an—_1,t) are algebraically independent over K. Suppose that Fi (¢, f) = U(t,
an—1)V(t,an—1), where U,V € K[t,a,—1] are non-constant. Then

But this is impossible since Fy(t, f) is irreducible in K[t, f] and, by Gauss’s lemma, also in K(t)[f].
We have obtained a contradiction. O

PROPOSITION 6.3. There exists an irreducible polynomial H € k[a] which when viewed as a
polynomial in K[a,_1] is non-constant and defines a place which is ramified in the extension

k(a) = K(an—1) C K(ap-1,a) = k(a, a)

of one-variable function fields over K (recall that « is a root of Fy(t,f)).

Proof. By the previous lemma, the extension (an,—1) C K(an—1,a) is geometric, i.e. K(an—1) is
algebraically closed in KC(a,—1, ). We assumed that p > Ny, so the Galois closure of K(a,—1,a)
over K(an—1) is a Galois extension of degree prime to p and so must ramify at some finite place
of K(an—1) (the tame fundamental group of the affine line is zero; see [SGA1, § XIII, Corollary
2.12]), which can be defined by some irreducible polynomial H € k[a] = k[ay, - . ., al,_o, an][an—1].
Of course H ramifies in K(ay,—1,«) as well. This proves the proposition. O

We remark that the proof of Proposition 6.3 is the only place where we use the condition
p > max N;. Now let H be as asserted in the proposition. Note that since H is non-constant as a
polynomial in K[a,—1], we have H ¢ k[a,,] and also H is not associate to a polynomial of the form
f(7)=¢& for any point P = (7,&) € C with mp > 2 (since these elements are in I by construction).
The image of the polynomial F'(¢,f) € k[a][t] modulo H has degree N = deg, F'(¢,f) (since the
leading coefficient of F'(t,f) is in kla,] and so is prime to H) and, by Proposition 6.1, it has at
most one double root over the algebraic closure of the fraction field of k[a]/H, the other roots
being simple, and no root of multiplicity 3 or higher.

Denote by R the discrete valuation ring K[a,—1]g in K(a,—1) and by S any discrete valuation
ring lying over it in L. The field R/HR is isomorphic to the field of fractions of k[a]/H as a
k[a]-module (recall that k[a] = K[a,,—1]). Denote by 7 a prime element of S. Since H is ramified
in the extension K[a,—1] = k[a] C L, the inertia group of S relative to R is non-empty, so
there exists a non-trivial o € G satisfying oa; = a;(mod 7nS) for any root o of F(t,f). By the
previous paragraph, there can be at most two roots a;, ag of F(t,f) for which a; = as(mod 7nS5)
and they must be roots of Fj (¢, f) since R ramifies in the extension defined by Fi (¢, f). Therefore,
o transposes aq, @y and leaves the other roots of F(¢,f) fixed, which is exactly what we needed
to complete the proof of Theorem 2.5.
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7. Proof of Proposition 6.1

We keep the setting and notation of the previous section, but we assume no restrictions on n
and p other than n > 3. Let H € k[a]\k[a,] be an irreducible polynomial. Let K be the algebraic
closure of the field of fractions of k[a]/H. Let b; be the image of a; in K, g=3"7" bit' € K|t].

We begin by noting that H(bg,...,b,) = 0 and, up to a constant, this is the only relation
satisfied by by, ..., b,. By our assumption that H ¢ kla,|, we have

deg, I, ( g) i:degtFi(t7f)ﬂ

since the leading coefficient of F;(¢, f) is in k[a,] and so is prime to H.
Denote d = deg,, F. Over a finite separable extension E of k(t), we may factor

d
H x — (i/c(t)
=1

where (; € F are integral over k[t] and ¢(t) is the leading coefficient of F' as a polynomial in z. The
¢; are distinct since the F; are distinct, irreducible and separable. We will denote ¢; = &;/c(t) € E

A place on a field F with values in a field £ is a map 7 : F — £U{oc} such that R = 7~1(€)
is a valuation ring in F and w|g is a ring homomorphism. See [Jac89, §§9.7 and 9.8] for the
definition and basic properties of valuation rings and places. The most important fact we will
use is that if £ is algebraically closed and R C F is any subring, then any homomorphism
m: R — F can be extended to an £-valued place on F. If 7 is a place on F which is regular on
R, i.e. does not assume oo, then it is also regular on the integral closure of R in K.

Recall that K is the algebraic closure of the field of fractions of k[a]/H. Let aw € K be any
element. Evaluation at o defines a place 7, : k(t) = K U {oo} which is regular (i.e. does not
assume 00) on k[t]. For each a € K, 1, can be extended to a place E — K U {oo}, which we
will also denote by m,. We choose one such extension for each o € K. Since the (; are integral
over k[t], we have 7,(&;) € K. If c(a) # 0, then 7, (i) € K. For h € E, we will use the notation
h(a) = ma(h). For h € k(t), this coincides with the usual meaning of h(«). Note that for h € E
and any algebraically closed field k C K’ C K, we have h(a) € K'U{co} whenever o € K'. This is
because h is algebraic over k(t), so h(«) is algebraic over k() (since 7, is a ring homomorphism
on its valuation ring).

The usual derivative defines a derivation D : k(t) — k(t) over k. Since E/k(t) is a finite
separable extension, D extends uniquely to a derivation D : E — FE. For h € E, we will denote
R = Dh. On k(t), this coincides with the usual definition of the derivative. Similarly, the usual
derivative on K (t) can be extended to K(t)E = K(t)[x]/F(t,x) and this extension is coherent
with the extension from k() to E by uniqueness.

While we may assume that p > 2 for our application, we will prove Proposition 6.1 for
p = 2 as well, as this only requires a slight modification and the proposition might be useful in
full generality. To accommodate the case p = 2, we will need to use the second Hasse—Schmidt
derivative (see [Gol03, § 1.3] for background on this notion). For a polynomial f =3%_, ujt! € ([t]
over a field £, it is defined by

f(2) = i Uj (‘;) 2.

j=2
The second Hasse—Schmidt derivative is ¢-linear and satisfies

(fif2)® = O % + fifs+ ff2 (6)
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In characteristic # 2, we have f(2) = 2 f”. An element o € /s a triple (or higher multiplicity) root
of f if and only if f(a) = f'(a) = f®(a) = 0. Like the usual derivative, the second Hasse-Schmidt
derivative has a unique extension to ¢(t) and then to any finite separable extension of it. We
extend the second Hasse-Schmidt derivative from k(¢) to £ and from K (t) to K(t)E (these are
coherent extensions by uniqueness, i.e. the derivative on K (t)E when restricted to E coincides
with the derivative on E).

After setting up the notion of evaluation of elements of E (which we view as algebraic
functions on K) on elements of K and the notions of derivative and second Hasse-Schmidt
derivative for elements (algebraic functions) in K (¢)E, we proceed to the proof of Proposition 6.1.

First assume that there exists an element 7 € k such that F(7,¢g(7)) = 0. Since k is
algebraically closed, we have £ = g(7) € k. The point (7,&) € A2 (k) lies on the curve C defined
by F(t,z) = 0. We have g(1) = >"_b;77 = ¢, so

n
H ~ E aj’i'] -
Jj=0

(this relation is irreducible since it is linear and so it is associate with H by uniqueness). We also
see that 7 is the only root of F(t,g) contained in k (again by the uniqueness of the algebraic
relation satisfied by by, ..., b,). For simplicity, we assume that 7 = £ = 0, otherwise we may
shift the variables ¢, x by a constant without affecting either the assumptions or the conclusion
of the proposition. Then H ~ ag,byp = 0 and by, ...,b, are free variables over k. We also have
g="bit+-- -+ bpt"

Let mp be the multiplicity of (7,£) = (0,0) as a point on C. We claim that the multiplicity
of 0 as a root of F(t,g) € K|[t] is exactly mp. Let F = Z?:mp}"l(t,x),deg]:l = [, be the
decomposition of F' into homogeneous forms. We have

d
F(t,g) = Z Fi(t,bit + - - + byt") = Fop (1,01)t™F + terms of degree > mp.

l:mp

Since Fp,, # 0, this proves our claim.

Now we want to show that any other root o # 0 of F(t,g) is simple. Let « # 0 be such a
root. We have observed that necessarily o ¢ k. In particular, c(a) # 0 (since k is algebraically
closed and ¢(t) € k(t)). Therefore, ¢; = (;/c are regular at « (i.e. 7, is regular at ¢;) and so are

. ¢§2). We have
F(a,g(a)) = ¢() [[(9(a) - ¢i(a)) =0,
i=1
so for some i we must have g(a) = ¢;(a), i.e
bia + 52042 + o+ bpa” = gi(a). (7)

We will assume that i = 1, so g(a) = ¢1(a). Now assume that « is a double root of F'(¢, g). Then
F(t,9)'(a) = 0. We have

d d
Ft,g) =ct)Y (¢ —¢) J] (9-)+@®]](g— i);
i=1 1<j<d i=1
J#i
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therefore, either ¢'(a) = ¢} (a), or g(a) = ¢j() for some j # 1. The latter cannot happen
since then ¢;(a) = ¢1(a) and so o € k (because (¢; — (1)(«) = 0, ¢; — (1 divides some non-zero
polynomial in k[t] and k is algebraically closed), which is a contradiction. So, we have

g (a) = by +2bsa + -+ nb,a" ' = ¢ (a). (8)
Multiplying (8) by « and subtracting from (7), we obtain
—boa? — 2b30> — - — (n — D)bpa™ = p1() — ad(a).

Since a # 0, it follows that by lies in the algebraic closure of k(bs, ..., b,,«) and by (8) so does
by. This implies that the transcendence degree of k(bi,...,b,) over k(bs,...,b,) is at most 1,
which is a contradiction since b1, ..., b, are algebraically independent over k.

Now we handle the case when F(¢,g) has no roots in k. First we show that F(¢,g) has
no root of multiplicity 3 or higher. Assume to the contrary that @ € K is such a root. Then
F(t,g)(a) = F(t,g) (a) = F(t,g)®(a) = 0. As above, this implies (using the product rule (6)
and the fact that « ¢ k) that for some 7 we have

g(a) = ¢i(a), (@) =), ¢?(a)=¢(a).

We assume that this happens for ¢ = 1. The relation
9P () = by + bga + - + <g> a2 = 6@ (a)

implies that bo is algebraic over k(bs, . . ., by, @). The same then follows for by, by from the relations
g (a) = ¢} (a),g(a) = ¢1(«). This implies that k(bo,...,b,) has transcendence degree 1 over
k(bs,...,by, ), so the transcendence degree of k(by,...,b,) over k is at most n — 1. This is a
contradiction since by, ..., b, satisfy only one algebraic relation over k.

Finally, we want to exclude the possibility of two double roots «, 8 & k,a # 8 of F(t, f).
Assume to the contrary that such «, 5 exist. Arguing as in the previous cases, we see that there
must exist ¢ # j such that

g9(@) = ¢i(a), g'(a) =¢i(a), 9(B)=0;(8), ¢'(B)=}(B). (9)
We assume that ¢ = 1,j = 2. The relations (9) imply that

bo 4+ bro + baa® + b3a®, by + b1 + baB% + by 32,
by + 2bsax + 3bga?, by + 2b9f8 + 3b33°

are all algebraic over k(by,...,b,,«,3) (recall that n > 3). This gives an inhomogeneous
linear system of equations for by, by, by, bs over the algebraic closure of k(by, ..., by, a, ) with
determinant

1 a o o

1 g 5 B 4

det 1 20 302| = —(a—pB)* #0.
1 28 3p?
This implies that by, b1, ba, b3 are algebraic over k(by, ..., by, «, ), which is a contradiction since
bo, . .., by satisfy only one algebraic relation over k. This concludes the proof of Proposition 6.1.
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