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1

Let X% o4, be a given infinite series and {s,} the sequence of its
partial sums. Let {$,} be a sequence of constants, real or complex, and let

us write
P, = Dotprt+oet - P
If
1 n
O = 5~ ZPn—»Sv—’U (P";EO)
Pn pan(

as n — oo, then we say that the series is summable by the Nérlund method
(N, p,) to 0. And the series Y 4, is said to be absolutely summable (N, p,)
or summable |N, p,| if {¢,} is of bounded variation, i.e.,

Eo lAanl = Eo Ian_an-i-l‘ < .

2

Suppose that ¢{f) is an even and integrable function, periodic with
period 2n. Let

o(2) ~% + 3 a, cos nt.
Ne=]l
In this note, we prove a theorem for the absolute Nérlund summability ?
of the series a,/2+ 372, a,,.

THEOREM. Let {p,} be a sequence of positive comstants. If {Vp,} =
{(pn—2r_1)} ts monotonic and bounded, and if

. 2 n
@) ,Eg P, (log n)4
for some A > 0, and

< ©

! For further results concerning the absolute N&rlund summability of a Fourier series,
cf. [2].
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4
(i (108 7) 1ot = o)

as t — 0+, then the series ay|2-+ o @, is summable |N, p,|.

3

In the proof of the theorem, the following lemmas are required.
LemMA 1. If {p,} is defined as in the theorem, and if the series
[£]

o<
ZP ‘w’

n

where t, = 3, _,S,, then > a, is summable [N, p,|.
This lemma is due to Bhatt [1] with improvement.

Proor. We have

1 n 1 n+l
Op—0Opt1 = -ﬁ; Eoﬁn—vsv— P”+1 vgopn+1—wsv
1} 3 DosS,
=4 (_) Z PnvSyt Z (Pn—v ?n+1—v) Io, =2
Pn y=0 n+1 v=0 n+l

= In+.’n+K1u

say. By Abel’s transformation,

34(3) 3 Gt

ya=0

+ 3 4(5) bt

s

Z | =

SAzA(

<A ZA(P)+A

ye=0 Nyt 1

m—1 |t |
sAz +4
< A.

By Abel’s transformation once more,

n—1 m
E sl = E 2 IVhnos—Vhurrl 18]+ Zl P [Po— 21 4l
n= n+1
Smilltl % van-—v_vpn+1—v| +A

=yl P n+l
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m—1 |t l m
S z z lvpn—v_vﬁn+1—v‘+A
y=0 Pv n=p4+1
1)
43 5 +4
=4,

since {Vp,} is monotonic and bounded. Fina.lly,

Z KAl = Z 41—l
P,y
™o
<A

Since the A’s are independent of m, the lemma follows.
LEMMA 2. If (45) is satisfied, then
t, = O {n(log n)~4}
as n — .

ProoF. Choose 0 < r < } and write

at, = J’ {smszl—l—t};gtﬂ)} @t

-J

= Il +I2 ]
say. We have

L= we {w}zﬂ

sin (¢/2)
< sup IJ‘ {sm (n+1) (t/2)= it

OStsn" sin t/2

= a(n+1) sup [40]

n
= (g
as n — oo by (ii), since

1 T (sin (n+1) (/202
n(n—{—l)Jo { sin (¢/2) } dr=1
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=2 ot ("N a0

e ¢
= 2I,40(1),
say. By integration by parts,
in2 1) (2n" 17 t i 1)
1 (o SEEHDEDY il (7 20 sn (o)

+2J‘ﬂ D(t) {sin (ntl)(t/z)}zdt

dt

o

n+1

= 0(1)— =~ I +2I,

say. In order to estimate I, let us construct a function:
1
f) = —
YO = Flog 1

where 0 < 7 < 1. This function is monotonic decreasing in (8, e~4/7) for
every 6 > 0. If we write

B(f) = M),

¢
(log 1/£)4
then A{t) = O(1) as t - +0. We write

e~ 4/ L
i
n-t e~A/n

= 6+I1:
say. We have

|Ie| =

A R()  (sin (n-+1)(¢/2))2
f”_, (log 1/t)’1{ ¢ } “

O
_f t“(log 1/t)4

[,

2

= w(n“')fT Al dt <t <e)

e 81

— Ofp(n-rywi-n)

=tz
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as # — 0. I; = o(1) by Riemann-Lebesgue’s theorem, Finally,

1, =f' %?sin (n+1)t dt

_ nszf B () sin (n-+1)¢ds
= O(n-?r-1),

since @(¢) is an integral. Hence,

(n+1)I, = O(nw¥) = O {@”W}

as n —» 0.

By Lemma 2, we have

2 7, = 0l& w0

M3

as # — oo by (i).
The theorem follows from Lemma 1.
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