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On the Existence of a New Class of Contact
Metric Manifolds
Themis Koufogiorgos and Charalambos Tsichlias

Abstract. A new class of 3-dimensional contact metric manifolds is found. Moreover it is proved that there
are no such manifolds in dimensions greater than 3.

1 Introduction

Let M be a Riemannian manifold. The tangent sphere bundle T1M admits a contact
metric structure (φ, ξ, η, g) and so T1M together with this structure is a contact met-
ric manifold [1]. If M is of constant sectional curvature, then the curvature tensor R of
T1M(φ, ξ, η, g) satisfies the condition

R(x, y)ξ = κ[η(y)x − η(x)y] + µ[η(y)hx − η(x)hy](*)

for any x, y ∈ X(T1M), where 2h is the Lie derivative of φ with respect to ξ and κ, µ are
constant. Moreover, the converse is also true [3]. This class of contact metric manifolds
is especially interesting, because apart from its other characteristics, it contains the well
known Sasakian manifolds. In [5], [6], [7] are studied contact metric manifolds satisfying
(*) but with κ, µ smooth functions not necessarily constant. In these papers it is proved
that, with an extra assumption, the functions κ, µmust be constant. On the other hand, up
to now, we didn’t know any example of a contact metric manifold satisfying (*) and with
κ, µ non-constant smooth functions. The following question comes up naturally. Do there
exist contact metric manifolds satisfying (*) with κ, µ non-constant smooth functions,
independent of the choice of vector fields x, y? In this paper we give a negative answer to
the above question for dimensions > 3. For dimension 3 we give an affirmative answer,
through the construction of examples.

2 Preliminaries

A differentiable (2m + 1)-dimensional manifold M2m+1 is called a contact manifold if it
carries a global differential 1-form η such that η ∧ (dη)m �= 0 everywhere on M2m+1. It is
known that a contact manifold admits an almost contact metric structure (φ, ξ, η, g), i.e., a
global vector field ξ, which will be called the characteristic vector field, a (1,1) tensor field
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φ and a Riemannian metric g such that

φ2 = − Id +η ⊗ ξ, η(ξ) = 1,(2.1)

g(φx, φy) = g(x, y)− η(x)η(y),(2.2)

for all vector fields x, y on M2m+1. Moreover, (φ, ξ, η, g) can be chosen such that dη(x, y) =
g(x, φy) and thus the structure is called a contact metric structure and the manifold M2m+1

a contact metric manifold. Equations (2.1) and (2.2) imply

φξ = 0, η ◦ φ = 0, dη(ξ, x) = 0.(2.3)

Denoting by L and R, Lie differentiation and the curvature tensor respectively, the opera-
tors l and h are defined by

lx = R(x, ξ)ξ, hx =
1

2
(Lξφ)x.(2.4)

The (1,1) tensors h and l are self-adjoint and satisfy

hξ = 0, lξ = 0, hφ + φh = 0.(2.5)

If∇ is the Riemannian connection of g, equations (2.1)–(2.5) imply

∇xξ = −φx − φhx,(2.6)

φlφ− l = 2(φ2 + h2),(2.7)

∇ξφ = 0,(2.8)

∇ξh = φ− φl− φh2.(2.9)

A contact structure on M2m+1 gives rise to an almost complex structure on the product
M2m+1 × R. If this structure is integrable, then the contact metric manifold is said to be
Sasakian. Equivalently, a contact metric manifold is Sasakian if and only if

R(x, y)ξ = η(y)x − η(x)y.(2.10)

For more details concerning contact manifolds the reader is referred to [1].

3 Main Results

Let M2m+1(φ, ξ, η, g) be a contact metric manifold. We suppose that

R(x, y)ξ = κ[η(y)x − η(x)y] + µ[η(y)hx − η(x)hy],(3.1)

for some smooth functions κ and µ on M independent of the choice of vector fields x and y.
We call such a manifold M, a generalized (κ, µ)-contact metric manifold. In the special case
κ, µ = constant, the manifold will be called simply a (κ, µ)-contact metric manifold.
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The 3-dimensional case, (m = 1)

Now, we are going to construct examples of 3-dimensional generalized (κ, µ)-contact met-
ric manifolds, which are not (κ, µ)-contact metric manifolds.

Example 1 We consider the 3-dimensional manifold M = {(x1, x2, x3) ∈ R3 | x3 �= 0},
where (x1, x2, x3) are the standard coordinates in R3. The vector fields

e1 =
∂

∂x1
, e2 = −2x2x3

∂

∂x1
+

2x1

x3
3

∂

∂x2
−

1

x2
3

∂

∂x3
, e3 =

1

x3

∂

∂x2

are linearly independent at each point of M. Let g be the Riemannian metric defined by
g(ei , e j) = δi j , i, j = 1, 2, 3. Let ∇ be the Riemannian connection and R the curvature
tensor of g. We easily get

[e1, e2] =
2

x2
3

e3, [e2, e3] = 2e1 +
1

x3
3

e3, [e3, e1] = 0.

Let η be the 1-form defined by η(z) = g(z, e1) for any z ∈ X(M). Because η ∧ dη �= 0
everywhere on M, η is a contact form. Let φ be the (1,1)-tensor field, defined by φe1 = 0,
φe2 = e3, φe3 = −e2. Using the linearity of φ, dη and g we find η(e1) = 1, φ2z =
−z+η(z)e1, dη(z,w) = g(z, φw) and g(φz, φw) = g(z,w)−η(z)η(w) for any z,w ∈ X(M).
Hence (φ, e1, η, g) defines a contact metric structure on M and so M together with this
structure is a contact metric manifold.

Putting ξ = e1, x = e2, φx = e3 and using the well known formula

2g(∇yz,w) = yg(z,w) + zg(w, y)− wg(y, z)− g(y, [z,w])− g(z, [y,w]) + g(w, [y, z])

we calculate

∇xξ = −

(
1 +

1

x2
3

)
φx, ∇φxξ =

(
1−

1

x2
3

)
x,

∇ξx =

(
−1 +

1

x2
3

)
φx, ∇ξφx =

(
1−

1

x2
3

)
x,

∇xx = 0, ∇xφx =

(
1 +

1

x2
3

)
ξ, ∇φxx =

(
−1 +

1

x2
3

)
ξ −

1

x3
3

φx, ∇φxφx =
1

x3
3

x.

Therefore for the tensor field h we get hξ = 0, hx = λx, hφx = −λφx, where λ = 1
x2

3
. Now,

putting µ = 2(1− 1
x2

3
) and κ = x4

3−1
x4

3
we finally get

R(x, ξ)ξ = κ
(
η(ξ)x − η(x)ξ

)
+ µ
(
η(ξ)hx − η(x)hξ

)
R(φx, ξ)ξ = κ

(
η(ξ)φx − η(φx)ξ

)
+ µ
(
η(ξ)hφx − η(φx)hξ

)
R(x, φx)ξ = κ

(
η(φx)x − η(x)φx

)
+ µ
(
η(φx)hx − η(x)hφx

)
.
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These relations yield the following, by a straightforward calculation,

R(z,w)ξ = κ
(
η(w)z − η(z)w

)
+ µ
(
η(w)hz − η(z)hw

)
,

whereκ and µ are non-constant smooth functions. Hence M is a generalized (κ, µ)-contact
metric manifold.

Example 2 We consider the 3-dimensional manifold M = {(x1, x2, x3) ∈ R3 | x3 �= 0}
and the vector fields

e1 =
∂

∂x1
, e2 =

1

x2
3

∂

∂x2
, e3 = 2x2x2

3
∂

∂x1
+

2x1

x6
3

∂

∂x2
+

1

x6
3

∂

∂x3
.

We define ξ, g, η, φ by ξ = e1, g(ei , e j) = δi j , (i, j = 1, 2, 3) and φe1 = 0, φe2 = e3, φe3 =
−e2. Working as in the previous example we finally get that M(φ, ξ, η, g) is a generalized
(κ, µ)-contact metric manifold with κ = 1− 1

x8
3
, µ = 2(1 + 1

x4
3
).

Let us give some more examples. Starting with the examples given previously we will
now construct new 3-dimensional generalized (κ, µ)-contact metric manifolds for any pos-
itive real number.

Let M(φ, ξ, η, g) be a 3-dimensional generalized (κ, µ)-contact metric manifold. By a
Da-homothetic deformation [8] we mean a change of structure tensors of the form η̄ = aη,
ξ̄ = 1

aξ, φ̄ = φ, ḡ = ag + a(a − 1)η ⊗ η, where a is a positive constant. It is well known
that M(φ̄, ξ̄, η̄, ḡ) is also a contact metric manifold. Moreover the curvature tensor R and
the tensor h transform in the following manner [3], h̄ = 1

a h and

aR̄(x, y)ξ̄ = R(x, y)ξ + (a− 1)2
(
η(y)x − η(x)y

)
− (a− 1){(∇xφ)y − (∇yφ)x + η(x)(y + hy)− η(y)(x + hx)},

for any x, y ∈ X(M).
Additionally it is well known [9, pp. 446–447], that any 3-dimensional contact metric

manifold satisfies (∇xφ)y = g(x + hx, y)ξ − η(y)(x + hx). Using the above relations we
finally obtain

R̄(x, y)ξ̄ =
κ + a2 − 1

a2

(
η̄(y)x − η̄(x)y

)
+
µ + 2(a− 1)

a

(
η̄(y)h̄x − η̄(x)h̄y

)

for any x, y ∈ X(M). So we have proved the following Theorem.

Theorem 3.1 For any positive number, there exists a 3-dimensional generalized (κ, µ)-contact
metric manifold.

The case m > 1 Let M2m+1(φ, ξ, η, g) be a generalized (κ, µ)-contact metric manifold
and B = {p ∈ M | κ(p) = 1}. The set N = M − B is an open subset of M and
thus N2m+1(φ, ξ, η, g) is a contact metric manifold, which satisfies the equation (3.1) with
κ �= 1 everywhere.
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Lemma 3.2 The following relations are valid on N2m+1(φ, ξ, η, g)

lφ− φl = 2µhφ,(3.2)

h2 = (κ− 1)φ2, κ < 1(3.3)

R(ξ, x)y = κ[g(x, y)ξ − η(y)x] + µ[g(hx, y)ξ − η(y)hx],(3.4)

(∇xh)y − (∇yh)x = (1− κ)[2g(x, φy)ξ + η(x)φy − η(y)φx]

+ (1− µ)[η(x)φhy − η(y)φhx],
(3.5)

ξκ = 0.(3.6)

for any x, y ∈ X(N).

Proof The proof of (3.2)–(3.5) is similar to that of Lemma 3.1 of [3] and hence we omit it.
To prove (3.6), we operate (3.2) by φ and use (2.7) and (3.3) we get l = −κφ2 + µh and so
through (2.8) we find

∇ξ l = −(ξκ)φ2 + (ξµ)h + µ(∇ξh).(3.7)

Moreover from (2.9), (3.3) and l = −κφ2 + µh we obtain

∇ξh = µhφ.(3.8)

The use of (3.8) in (3.7) shows

∇ξ l = −(ξκ)φ2 + (ξµ)h + µ2hφ.(3.9)

Differentiating (2.7) along ξ and using (3.8) we get φ(∇ξ l)φ−∇ξ l = 0. This together with
(3.9) complete the proof of the Lemma.

Lemma 3.3 For any vector fields x, y on a (2m + 1)-dimensional generalized (κ, µ)-contact
metric manifold the following differantial equation is valid

(yκ)φ2x − (xκ)φ2 y + (xµ)hy − (yµ)hx + (ξµ)[η(y)hx − η(x)hy] = 0.(3.10)

Proof Differentiating (3.1) along an arbitrary vector field z and using (2.6) we find

∇zR(x, y)ξ = (zκ)[η(y)x − η(x)y] + (zµ)[η(y)hx + η(x)hy]

+ κ
[(
η(∇z y)− g(y, φz)− g(y, φhz)

)
x + η(y)∇zx

−
(
η(∇zx)− g(x, φz)− g(x, φhz)

)
y + η(x)∇z y

]
+ µ
[(
η(∇z y)− g(y, φz)− g(y, φhz)

)
hx + η(y)∇zhx

−
(
η(∇zx)− g(x, φz)− g(x, φhz)

)
hy + η(x)∇zhy

]
.
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The use of the last relation, (3.1) and (2.6) in Bianchi second identity yield to the following
relation, by a direct calculation,

⊕
{x,y,z}

{(zκ)[η(y)x − η(x)y] + (zµ)[η(y)hx + η(x)hy]

+ κ
[(
η(∇z y)− g(y, φz)− g(y, φhz)

)
x + η(y)∇zx

−
(
η(∇zx)− g(x, φz)− g(x, φhz)

)
y + η(x)∇z y

]
+ µ
[(
η(∇z y)− g(y, φz)− g(y, φhz)

)
hx + η(y)∇zhx

−
(
η(∇zx)− g(x, φz)− g(x, φhz)

)
hy + η(x)∇zhy

]
− κ[η(y)∇zx − η(∇zx)y]− µ[η(y)h∇zx − η(∇zx)hy]

− κ[η(∇xz)y − η(y)∇xz]− µ[η(∇xz)hy − η(y)h∇xz]

+ R(x, y)φz + R(x, y)φhz} = 0,

where
⊕
{x,y,z} denotes the cyclic sum of x, y, z. Putting ξ instead of z in the last relation

and using (3.4) and (3.6) we obtain

− (yκ)x + (xκ)y + [(ξµ)η(y)− (yµ)]hx + [−(ξµ)η(x) + (xµ)]hy

+ η(y)(∇ξh)x − µη(x)(∇ξh)y + µ(∇xh)y − µ(∇yh)x

+
[
−(xκ)η(y) + (yκ)η(x) + κ

(
g(y, φhx)− g(x, φhy)

)
+ µ
(
g(hx, φhy)− g(hy, φhx)− g(hy, φx) + g(hx, φy)

)]
ξ

− µη(x)h∇yξ − µη(y)h∇xξ = 0.

Substituting (2.1), (2.5) and (3.5) in the last relation we finally get (3.10) and it completes
the proof of the Lemma.

Lemma 3.4 For any P ∈ N there exist an open neighbourhood U of P and orthonormal local
vector fields xi , φxi , ξ, i = 1, . . . ,m, defined on U , such as

hxi = λxi , hφxi = −λφxi, hξ = 0, i = 1, . . . ,m,(3.11)

where λ =
√

1− κ.

Proof Using (3.3), we see that, at any point of N the tensor h has three eigenvalues; 0
with multiplicity 1,

√
1− κ with multiplicity m and −

√
1− κ with multiplicity m. The

function λ =
√

1− κ is smooth on N . Let y1, . . . , ym, ym+1, . . . , y2m, y2m+1 be a basis of
TPN , such that hyi = λyi , i = 1, . . . ,m, hy j = −λy j , j = m + 1, . . . , 2m, y2m+1 = ξ. We
extend yk’s to vector fields on N and define the vector fields wi = (h + λI)yi − λη(yi)ξ,
i = 1, . . . ,m, w j = (h−λI)y j +λη(y j )ξ, j = m+1, . . . , 2m and ξ. At P we have wi = 2λyi ,
i = 1, . . . ,m, and w j = −2λy j , j = m + 1, . . . , 2m. Thus w1, . . . ,wm,wm+1, . . . ,w2m, ξ
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are linearly independent at P and hence in a neighbourhood U of P. At each point of U we
have

hwi = h
(
(h + λI)yi − λη(yi)ξ

)
= λwi, i = 1, . . . ,m,

hw j = h
(
(h− λI)y j + λη(y j )ξ

)
= −λw j , j = m + 1, . . . , 2m,

hξ = 0.

The vector fields ξ, xi =
wi
|wi |

and φxi , i = 1, . . . ,m, satisfy (3.11) and so the proof is
completed.

From now on, we will call the vector fields of Lemma 3.4 a local h-basis. We suppose that
{xi , φxi, ξ}, i = 1, . . . ,m, is a local h-basis on N . Substituting x = xi , y = φxi in (3.10) we
get

λxiµ = xiκ, −λφxiµ = φxiκ, i = 1, . . . ,m.(3.12)

Since m > 1, replacing x, y by xi , x j (i �= j) respectively, equation (3.10) gives

−λxiµ = xiκ, i = 1, . . . ,m.(3.13)

Finally, substituting x = φxi , y = φx j , (i �= j), in (3.10) we have

λφxiµ = φxiκ, i = 1, . . . ,m.(3.14)

By virtue of (3.6), (3.12), (3.13) and (3.14) we obtain

xiκ = φxiκ = ξκ = xiµ = φxiµ = 0, i = 1, . . . ,m.(3.15)

Considering the 1-form dµ and using (3.15) we have dµ = (ξµ)η, and so

0 = d2µ = d(ξµ) ∧ η + (ξµ)dη.(3.16)

Using (3.15) and (3.16) we obtain d(ξµ) = ξ(ξµ)η and so ξµ = 0. This together with
(3.15) show that the functions κ and µ are constant on N . Therefore by the continuity
of κ, µ we conclude that the functions κ, µ are constant on M. If κ ≡ 1, then using
h2 = (κ− 1)φ2, which is valid on any (κ, µ)-contact metric manifold, we get h = 0 and so
by (3.1) and (2.10) M is Sasakian manifold.

So we have proved the following Theorem.

Theorem 3.5 On a non Sasakian, generalized (κ, µ)-contact metric manifold M2m+1 with
m > 1, the functions κ, µ are constant, i.e., M2m+1 is a (κ, µ)-contact metric manifold.

Using Lemma 3.3, for the 3-dimensional case, and working as in the case m > 1, we
easily prove the following Theorem.

Theorem 3.6 Let M be a non Sasakian, generalized (κ, µ)-contact metric manifold. If κ, µ
satisfy the condition aκ + bµ = c (a, b, c, constant), then κ, µ are constant.
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Remarks 1. If κ = µ = 0, then R(x, y)ξ = 0 and such a contact metric manifold M2m+1 is
locally the product of a flat (m + 1)-dimensional manifold and an m-dimensional manifold
of constant curvature 4 [2].

2. Recently, we have been informed by D. E. Blair, that (κ, µ)-contact metric manifolds
have been classified [4]. For the 3-dimensional case see also [3].
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