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Abstract

It is well known that spectral methods (tau, Galerkin, collocation) have a condition number
of O(N*) where N is the number of retained modes of polynomial approximations. This
paper presents some efficient spectral algorithms, which have a condition number of O (N?),
based on the ultraspherical-Galerkin methods for the integrated forms of second-order
elliptic equations in one and two space variables. The key to the efficiency of these
algorithms is to construct appropriate base functions, which lead to systems with specially
structured matrices that can be efficiently inverted. The complexities of the algorithms are
a small multiple of N%*! operations for a d-dimensional domain with (N — 1)¢ unknowns,
while the convergence rates of the algorithms are exponentials with smooth solutions.

2000 Mathematics subject classification: primary 65N35; secondary 65N22, 65F05, 35J05.
Keywords and phrases: spectral-Galerkin method, ultraspherical polynomials, Poisson and
Helmholtz equations.

1. Introduction

The problem of approximating solutions of differential equations by spectral meth-
ods, known as Galerkin approximations, involves the projection onto the span of
some appropriate set of basis functions. The members of the basis functions may
automatically satisfy the auxiliary conditions imposed on the problem, such as initial,
boundary or more general conditions. Alternatively, these conditions may be imposed
as constraints on the expansion coefficients, as in the Lanczos t-method ([17]).

It is of fundamental importance to realize that the choice of the basis functions
is responsible for the superior approximation properties of spectral methods when
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compared with the finite difference and finite element methods. The choice of different
basis functions leads to different spectral approximations; for instance, trigonometric
polynomials for periodic problems, Chebyshev, Legendre, ultraspherical and Jacobi
polynomials for non-periodic problems, Laguerre polynomials for problems on the
half-line, and Hermite polynomials for problems on the whole line.

Spectral methods provide a computational approach which has achieved substantial
popularity over the last four decades. They have gained new popularity in automatic
computations for a wide class of physical problems in fluid and heat flow. The
principal advantage of the spectral methods lies in their ability to achieve accurate
results with substantially fewer degrees of freedom.

This paper aims to develop some efficient spectral algorithms based on the ultra-
spherical-Galerkin methods (UGM) for elliptic second-order differential equations in
one and two space variables but by considering their integrated forms.

Spectral methods (see, for instance, Ben-Yu [1, 2], Canuto er al. [4], Doha [5-7],
Gotlieb and Orszag [12] and Siyyam and Syam [23}) involve representing the solution
to a problem in terms of a truncated series of smooth global functions. They give
very accurate approximations for a smooth solution with relatively few degrees of
freedom. For Dirichlet problems, Heinrichs [14] uses the Chebyshev polynomials
as basis functions. It turns out that for the well-known standard spectral methods
(tau, Galerkin, collocation) the condition number is very large and grows as O(N*),
see Orszag [19]. Heinrichs [15] proposes a spectral method based on a subclass of
orthogonal ultraspherical polynomials (@ = 3/2) for solving the Helmholtz equation
in two dimensions subject to Dirichlet homogeneous boundary conditions with a
symmetric and sparse matrix, whose condition number grows only as O(N?); and he
shows in [16] that certain algebraic spectral multigrid methods can be efficiently used
for solving the resulting system. Doha and Abd-Elhameed [10] use ultraspherical-
Galerkin approximations to develop a generalization of the improved technique of
Heinrichs [14] and Shen [21, 22].

In this paper we are concerned with direct solution techniques for the integrated
forms of second-order elliptic equations, using ultraspherical-Galerkin approxima-
tions. We present two appropriate bases for the UGM applied to the integrated forms
of Helmholtz elliptic equations with various boundary conditions. This leads to dis-
crete systems with specially structured matrices that can be efficiently inverted. We
note that two algorithms, namely, the Legendre and Chebyshev-Galerkin approxima-
tions, and some other very interesting cases, can be obtained directly as special cases
from our proposed ultraspherical-Galerkin approximations.

The remainder of this paper is organized as follows. In Section 2 we give some
properties of ultraspherical polynomials, and in Section 3 we discuss two algorithms
for solving the integrated forms of Helmholtz equations in one and two dimensions.
In Section 4 we consider the integrated forms of the general second-order elliptic
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differential equations. In Section 5 we present some numerical results. Finally, some
concluding remarks are given in Section 6.

2. Some properties of ultraspherical polynomials

The ultraspherical polynomials {C*(x),n = 0,1,2,...,a € (—1/2,00)} are a
sequence of orthogonal polynomials on the interval (—1, 1) with respect to the weight
function w(x) = (1 — x2)*~1/2, that is,

1
f (1= )OOy dr = |0 "™ @.1)
-1 ny M=mn,
where
o JanT(a +1/2) 2a), = I'(n + 2a)
" Qo). (n+ o)l (@)’ T TQa)

They are eigenfunctions of the Sturm-Liouville problem
(1 = x*)¢"(x) — Qo + Dx¢'(x) + n(n + 2a)p(x) = 0.

For our present purposes, it is convenient to weigh the ultraspherical polynomials
so that C®(1) = 1, n = 0, 1,2, .... This is not the usual standardization but has
the desirable properties that C?(x) are identical to the Chebyshev polynomials of
the first kind, C{/?(x) are the Legendre polynomials L,(x), and C{V(x) is equal to
(1/(n + 1)U, (x), where U, (x) are the Chebyshev polynomials of the second kind.

In this form the ultraspherical polynomials may be generated by using the recurrence
relation (n + 2“)C,(.1)1 (x) =2(n + )xC@(x) —nC?,(x),n =1,2,3, ..., starting
from C{”(x) = 1 and C*’(x) = x, or obtained from Rodrigues’ formula

T+ 1/2) dr

(@) — (_ n — Y 2=e _ y2ynta=1/2
CO0 = VD we T gl

The special values

CO(£l) = (£1)" and

d1C@ (1) I (n— k) (n + k + 20)
—Tn M7 (1)
dx9 (£ ]_I Ck+2a+1)

k=0

will be of important use later.

Let f(x) be an infinitely differentiable function defined on the closed inter-
val [—1, 1]. Then we can write f(x) = Y oo b9 C® (x), and for the Ith derivative
of f(x) in the form

[P = b PC@ ), 1=01,....9-1,

n=0
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and in particular f@(x) = 3 b,C(x), b, = b, then

q . .
A@D —9-a Z(_l)j 9 (n—g+2j +a?F(n—q+J + )
" Fn+j+a+1)

n—q+2j,
Jj=0

wheren > g fora #0,n > g fore =0, and

b = 2+ a)l(n +201)A£q)’ I=0,1,....q.
nC(a + 1/2)

If we define the g times repeated integration of C*(x) by

199 (x) = /"'/Ci")(x)dx--- dx,
N e’

then q times

270! & g\ Tn—j+a)T(n+q —2j+2a)
5 > (1)
j=0

1090 = = . . .
F(n+2 jJjn+q—-2)DTn+qg—j+a+1)
X (n+q —2j+a)C, 5;(x), 2.2)

where g > 0,n > g+ 1 fora =0; g > 0, n = g for @ # 0. For the proof, see
Doha [9]. Another interesting formula is

k! LT+ 1 + 20 —2j)
| ~(e) — new .. 2.3
YOTW = Sk 20 ; k+i=zp  wBC® @3
for all k, I > 0, where, for o # 0,
w(k)a;_y ok + 1), i=0,
a;(k) = u®a_y jk+ D +vk)ajk—-1, j=1,...,1-11>1,
v(K)a;_y j-1(k — 1), j=1,

and a;;(k) = (j)(k+l —2j)/k, for @ = 0, and where u(k) = (k+ 1)/(k + @),
v(k) = 2 — u(k), ag(k) = 1. For the proof, see Doha [8].
The following five lemmas will be of fundamental importance in what follows.

LEMMA 2.1.
(1 — x)CE (x) = =0, C2 @) + ( + B)CE(x) — BCEL(x), (2.4
where

B k(k — 1) _(k+ 20k + 20+ 1)
T Akt o) k+a—1) T Ak + )k ta+ 1)

O
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PROOF. Set! = 2 in relation (2.3) to get
P00 = G + (1 = — BICI () + BCH (),
and hence we have relation (2.4).
LEMMA 2.2,

129 (x) = 8, (n)C,(x) + 8,(n)C (x) + 8;(n)C, (x),

where
0, n=0,1,
8i(n) = (n—1), R
dn+a — r(n 4+ 20 — 2),
1
n=0,1,

Bo(n) = 1 A e+ D)

, o n=>2
2n+a—Nn+a+1)
(n 4+ 2a);
4(n + a(n + ),

d3(n) =
and in particular, forn =2 anda =0
5;(2)y = —-3/16.

PROOF. By setting ¢ = 2 in relation (2.2), we obtain

(n—1)

1(2.(1)(x) — l l: C(u) (x)
" 4{(n+a—-1),(n+2a-2), "
2 (n+2ax),
_ ()
nta—DerarD " Ot s Dot

wheren > 3forea =0andn > 2 fora # 0,

189(x) = [CE() + (1 +20)CP ()],

4(1 + )

1,(2'“)(x) — [3C1(“)(x) + 1+ 2a)C§a)(x)] )

122 + a)
@.0 3 1 1
L7 (x) = —ETO(X) - gTz(x) + &th(x),

and hence we have relations (2.6) and (2.7).
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LEMMA 2.3.
I89(x) = 1 (MC2, (x) + (M) CEL (),
where
0, n=0, (n+2a)
n) = —n nN—=———— ————, 2.
Yi(n) T 1S > 1, y2(n) RS EE)) (2.8)
and in particular, forn = 1 and a = 0,
yi(l)=—1/4. (2.9)
PROOF. If we set ¢ = 1 in relation (2.2), we get
1890 = n(C2 @) + nMCE (),
wheren > 2 forae =0,and n > 1 fora # 0,
) =C(), and L") = 1/4[-To(x) + T},
and hence we have relations (2.8) and (2.9). O

LEMMA 24. For|i — j| <2
Si(Dhy i=j+2,
S0 =],
(// C (x)dx dx, cj"’(x)> A
w 53(l)h1+2 L=J] - 2,
0, i+ Jj odd

PROOF. From relation (2.5) and making use of the orthogonality relation (2.1), we
can show for i 4+ j odd that

(// C®(x) dxdx, C;“)(x)> =0,

but for |i — j| < 2,i + j even, and after performing some lengthy manipulations, we
get

8i(Dhi—y, i=j+72,

(//C,‘“)dxdx,cj.")) =180k i=],

83(Dhiyy i=j—2.
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LEMMA 2.5. For )i — jl <1,

w@hioy, i=j+1,
(/ Cf“’(.r)dx,C,‘“)(x)) ={yv@hip, i=j—1,
Y 0 i+ j even.

PROOF. The proof of this lemma is not difficult, and it can be accomplished by
following a similar procedure to that of Lemma 2.4. g

3. Helmholtz equations

We are interested in using the UGM to solve the Helmholtz equation
Bu—Au=g in Q=19 ulze=0, 3.1)

where I = (—1, 1) and d = 1, 2, but by considering its integrated form.

Let us first introduce some basic notation that will be used in the upcoming sections.
We set Sy = span{C{”(x), C#(x), ..., C&,(x)}, Vy = (v € Sy : v(£1) = 0}, then
the standard ultraspherical-Galerkin approximation to (3.1) is to find u, € V3 such
that

Bi(un, )y = (Buy, 1)y = (8, V). forall ve Vg, (3.2

where w(X) = 1_[7:1(1 —x?)*"'2 and (u, v)y = f, uvwdX is the scalar product in
the weighted space L2 (£2). The norm in L2 (£2) will be denoted by || - ||,,.

Let us denote H;(S2) as the weighted Sobolev spaces with the norm ||v||;,. Itis
well known (see, for example, Canuto ez al. [4]) thatfor 8; > 0,5 > landu € H(),
that the following optimal error estimate holds:

e —unllo + Nllu —unlhio < CEON(ul;o.

Although approximation (3.2) achieves the optimal convergence rate, its practical
value depends on the choice of a basis for V. It is essential for the sake of efficiency
to choose an appropriate basis for V such that the resulting linear system is as simple
as possible.

However, to the best of our knowledge, the only Chebyshev and Legendre bases
available in the literature are

(1) Vi = span{$y(x), ¢3(x), ..., dn(x)} with

Ti(x) — To(x), k even, N
= = 1 - — 5
& (x) T.(x) — T,(x), k odd, or ¢ (x) =( X)Ti_2(x)
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and

Liy(x) — Lo(x), keven,

Pe(x) = or ¢(x) = (1 — x)Lir(x);

Lk(X) - LI(X), k Odd,

{8]

see Canuto et al. [4], Heinrichs [14], and Gottlib and Orszag [12]. Unfortunately, all
these bases lead to linear systems with full matrices even in the simplest case 8, = 0.

(2) Vy = span{@o(x), d1(x), ..., dny-2(x)} with @x(x) = Ti(x) — Try2(x) and

¢r(x) = Ly (x) — Liyo(x); see Shen [21,22].

These bases lead to discrete systems with either special matrices that can be efficiently

inverted or sparse matrices for variational formulations.

The interested reader is referred to Doha and Abd-Elhameed [10] for efficient
spectral-Galerkin algorithms for direct solution of second-order equations using ultra-

spherical polynomials.

An alternative approach to differentiating solution expansions is to integrate the
differential equation ¢ times, where ¢ is the order of the equation. An advantage of
this approach is that the general equation in the algebraic system then contains a finite
number of terms. Phillips and Karageorghis [20] have followed this approach, see also
Fox and Parker [11]. An explicit formula expressing the integration of ultraspherical
polynomials in terms of ultraspherical polynomials themselves is given in Doha [9].

3.1. One-dimensional Helmholtz equation It is of fundamental importance to note
here that the crucial task in applying the Galerkin-spectral approximations is how to
choose an appropriate basis for Vy such that the linear systems resulting from (3.2)

and its integrated form are as simple as possible.

In this section, we consider two kinds of bases to numerically solve the one-

dimensional Helmholtz equation
Biu(x) —u"(x)=g(x) in I =(=1,1), u(xl)=0,
but by considering its integrated form, namely,
B /fu(x) dxdx —u(x) = f(x)+dC () +di C (x) inl = (-1, 1),
u(x1) =0.
(i) The first choice of basis. We choose the basis functions of the expansion
H(x) =1 =xHCP W), k=01,...,N=2,

which fulfills the boundary conditions of (3.3).
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LEMMA 3.1. We have, for arbitrary constants ay,

N=-2 N
Y a1 = x)CPx) =) el (), (3.5)
k=0 k=0
where e, = ~Br_2ax_; + (o + Bi)ax — Qry20x42, and
k(k—1) k +2a)(k + 20+ 1)
Yk B =

Takta)kta—1) 4k +a)k+a+1)

Moreover, if

N-2 N+2
f / D a1 =P (x)dxdx =) ECP(x), (3.6)
k=0 k=0

then E, = e;_783(k — 2) + e;8,(k) + €k+251(k +2,k=0,1,..., N+ 2.
PROOF. If we write 3 p 0 ar(1 — x)CP(x) = Y p ,exC&(x), then it is not

difficult to show, by using Lemma 2.1, that ¢, = — Br_za,—> + (0 + Bi)ar — Qrs2Giya-
Since

N=-2 N
// I:Zak(l — xz)C,ﬁa)(x)] dxdx = Zek // C®(x)dxdx,
k=0 k=0

then making use of Lemma 2.2 (Formula (2.5)) immediately yields

N=-2
/ / [Z a (1 — xz)c,ﬁ‘”(x)] dx dx
k=0
N
=Y a8 (k) COx) + 8 C (x) + 8 CE ()],
k=0

Finally, if we write

N+2

N=-2
[ / [Z a1 — x)CY (x)] dxdx =) EC2(x),
k=0 k=0

then Ey = e;_283(k — 2) 4+ ex6,(k) + er428,(k + 2), and this completes the proof of

Lemma 3.1. (W
THEOREM 3.2. Ifuy(x) = :’;02 a(1 — x5C ,ﬁ“) (x) is the Galerkin approximation
to (3.3), then the expansion coefficients {a,, k = 0,1, ..., N — 2} satisfy the matrix
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system (B1A + E)a = f*, where the nonzero elements of matrices A and E are given
by

—(k + 20 — 4),
o= , k=4,...,N,
k2= 160k — Dotk + o — 4,4
(k + 20 — 2)2(2k* + Qo — 5)k + 20 — @ — 3) f—2 N
a = ’ = LA ] ’
o 8(k — Dok +a — 3tk +a+ 1)

~3(k* + 20k + 22+ — 4)

= , k=2,...,N -2,
k2= Rk o — 2,k + o + 1)
; (k4 1)2(2k% + (6 + 5)k + 60> + 9 — 3) PR N _4
e S TRk o — Dk +a + Dyk +20); I
—16(k + 1),
— s k =2, .,N—6v
Wkt = et o + Dalk + 20),
(k+2a —2),
_ Gt 202 k=2,...,N,
k= Akt o —2);
K2+ 20k 4202 —a—1)
. , k=2,...,N -2,
€ k+2 2(k+a_ 1)(k+a+1)
(k+ 1),
- K+ k=2,...,N—4,
Chktd = 4k +a + D);

and a = (a09ala ey aN—Z)Tr f* = (fz*v f3*7 ey f[;)T, f* = (l/hk)(fa C]Ea)(x))wx
where hy, is as defined in relation (2.1).

PROOF. The application of the Galerkin method to (3.3) gives

(ﬂ. / / uNdxdx—uN,m(x)) =(f()+doCe’ () +d C(x), g (%)), (3.7

where ¢, (x) is given by (3.4). Substitution of formulae (3.5) and (3.6) into (3.7) yields

N+2 N
<ﬂ1 Z E;C®(x) — Z e,C*(x), (1 — xz)c,i"’(x))

j=0 1=0

= (f(x) +do+diCP (x), 1 — xHHC (x)) (3.8)

w '

The constants of integration dp and d, would disappear if we take k > 4 in (3.8), and
if we substitute (2.4) into (3.8) and make use of the orthogonality relation (2.1), then
we get

— (B1Ex—2 — ex)aihi_z + (B Ex — e) (o + Bi)hi — (BiExa — €ky2) Bihisa
= —oy fi-2 + (@ + B fe — Befiwa, k=4,5,...,N+2. 3.9
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(1]

Now, it is not difficult to show that (3.9) holds for f;,_» = (B1Ev-2 — er-2)hi_s,
k=415 ..., N+2or

Je = (BiEx — ex)hy;

this means that, instead of solving (3.9), we can solve the neater system (3.10), which
is equivalent to (3.7). This linear system may be put in the form

k=2,3,...,N; (3.10)

BiEi—e)=f', k=2,3,...,N, 3.11)

which in turn may be written in the matrix form
(BiA + E)a = f*, (3.12)
and this completes the proof of Theorem 3.2. 0

COROLLARY 3.3. Ifa = 0, then the nonzero elements of A and E in system (3.12)
are given by

5/24, k=2,
—1/96, k=4,
Ak = -1 ‘> s ey = 5(/21k9_2+-,1 k=3,
16k — 1, = 7 @k+D oy
8(k — 1);
Qi ky2 = ~3 k>3, A k+a = m,
8k — Dk +1)
—1 1/2, k=2,
a = T~ e =
TN .k 14, k>3,
iz = —1/2, epira = 1/4.

COROLLARY 3.4. If & = 1, then the nonzero elements of A and E in system (3.12)
are given by

W2 = 16— 3k — D, e Siit ?)EZ,:;), >3,
P (i ) L (k+D@k+3)
ST 8 — 1)a(k +2) AT Bk (k + 2)(k + 3)?
L =&+ . _ G+
T e+ 20k +5) S Ak- 1y
k+1)
e = —1/2, Chkts = Z((m
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(3.12) are given by

Ay k-2 =

Ak k+2 =

Ay k+6 =

Crikr2 =

—(k - 3), .
24k —7/2)s’ bk
—6(k2+k —3)
25k — 3/2),k + 3/2), ek
—(k +3), ,
2k +3/2)s “k
—2(k2 +k—1)
€k k+4

2k — )2k +3)°

(12]

1/2, then the nonzero elements of A and E in system

_2(2k* -4k —3)
232k —5/2)3(2k + 3)’
(4k* + 16k + 9)

Bk — 1)k +3/2)5°
o (k=1),
22k —3/2),’

k+ 1),
22(k +3/2),

In particular, if 8; = 0,a € (—1/2, o), then the system in this case is Fa = f*,
where the matrix E is a special upper triangular matrix.

REMARK 3.6. If 8, # 0 and @ € (—1/2, 00), then the system (3.12) can be solved
by LU factorization.

(ii) The second choice of basis. Here, we choose ¢;(x) to be of the form

Pe(x) = CP(x) — C&(x).

(3.13)

This choice may be considered as a generalization of the bases used by Shen [18, 19].

It is now clear that (3.3) is equivalent, fork =0, 1, ..

., N,to

B ( / / uy dxdx, ¢k(x)> — (n, D))y = (F(X)+do+d i C (x), $p (%)) (3.14)

The constants dy and d; would not appear if we take k > 2 in (3.14), therefore we get

Bi ( / / uydxdx, C® (x) — c,ﬁ‘;)z(x)> — (un, C2(x) = CEL ™)),

= (f(x), CP(x) = C&, (X)),

Let us denote fi = (f, ox (XN, f =(fa, -

av_)T, A= (axj)2<k,j<v and B = (by)2<k j<n, then (3.15) is equivalent

a = (ay, - .

L]

to the matrix equation

(BlA+Bla=f,

k=2,3,...

N (3.15)

T un(x) = YN a, 2paa(x),

(3.16)

where the nonzero elements of matrices A and B are given explicitly in the following

theorem.
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THEOREM 3.7. If we take ¢, (x) as defined in (3.13), and if we denote

ay = (// ¢,-2(x) dxdx, ¢k(X)) and by = —(¢,-2(x), p(x)),,

then Vy = span{go(x), $1(x), ..., ¢n(x)}, and the nonzero elements (ay;), (by;),
2 <k, j <N, are given by

—T(1/2)T (@ + 1/2)(k ~ 2)!

2 = N @) Qa)eatk + @ — 2);
T/ (a + 1/2)kN(2k* + Qo — 3)k + 2% + 3 — 2)
k= T @ Qaytk — Dotk +a -2k +ayk+a+2)
=3rQ/)r(a+ 1/2)klk + o + 1)(2k2 + 4(x + 1)k + 40% + 100 — 2)
Tkt = AT () Qa)ek + & — D)ok + @ + 2)2(k + 2a), ’
_ T(/2T(@ + 1/2)(k + 2)!(2k* + (60 + 1)k + 60 + 21 + 12)
s = T r @ ek + )k +a + Dk +a + DKk +2a+2);
S —T(1/2)T (e + 1/2)(k + 4)! b C(1/2)T (o + 1/2)k!
HH T AN @) Qadgak +a +2)s T T T(@Qa)k+a)
b —I'(1/2)T(a + 1/2k!k + o + 1)(2k* + (4o + Dk + 40® + 6a)
e = () 2a)e(k + @) (k + & + 2)(k + 2a); ’
brra = ra/2)rie+ 1/2)k + 2)

F@)Qaptk +a+2)

PROOF. The proof of this theorem is not difficult, but it is rather lengthy, and it can
be accomplished by following the same procedure used in proving Theorem 3.2. 0O

REMARK 3.8. For k + j odd, a;; = b; = 0. Hence system (3.16) of order N — |
can be decoupled into two separate systems of order N /2 and (N /2 — 1), respectively.
In this way one needs to solve two systems of order n instead of one of order 2n,
which leads to substantial savings.

COROLLARY 3.9. Ifa = 0, then the nonzero elements (ay;), (by;), for2 <k, j <N,
are given as follows:

T
Gpy = — T 4y = | 8@k =3k +2)’ k=23,
: 8k — 1), ‘ 7k +1) - N
4tk — 1)k +2)° Y
_ Brk®+2k-1) _ a2k + 3)
Qe k42 = 4k — Dk +2), Qg k4 = m,
k6 = §(7<Tn2—)2’ bu =7n/2, b= —m, brppa=m/2.
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COROLLARY 3.10. If a = 1, then the nonzero elements (ai;), (byj), for2 <k, j <
N, are given as follows:

_ —7T a _ 7'[(2/(2 —k+ 3)
W2 T Bk — D2k, T Ak = D+ DA+ 3)
W2 = 1)k +3) T A DU+ K+ K+ 5
-7 b g
= Y b = S 1y
Wkt = Bk + 2)(k + A (k + 5)2 * T2k + 12
b —n(k* + 4k + 5) berin = —
kk+2 = k + 1)2(k + 3)? s kk+4 = 2(k + 3)2

COROLLARY 3.11. If ¢ = 1/2, then the nonzero elements (ay;), (by,), for 2 <
k, j < N, are given as follows:

-1 8
k2= 3k Z372)5’ k= Dk =3)2k+ Dk +5)
—3(2k + 3) 8
Tkt = R 1 D0k +5/2)2" ™" T 2k + )2k + 5)(2k + 9)
—1 2
= 3Gt 572 @
L —Ak+3) 2
K k+2 2k + Dk +5)’ ko k+4 = —__(2k 5

REMARK 3.12. If B8 # 0, ¢ € (—1/2, 00), we explicitly form the LU factorization
BiA+B=LU.

3.2. Two-dimensional Helmholtz equation Now we consider the Helmholtz equa-

tion in two dimensions (d = 2)
9%u  d%u )
pulx, y) — (—— + 5—2) =g(x,y) in Q= (—1,1)% ulpe =0,

but in its integrated form, namely

B /f [//u(x,y)dxdx]dydy—/f u(x,y)dxdx—f/ u(x, yydydy

= £, 5) +r@CG) + s@CT () + () Ce? (x)

+v(NCP(x), in Q, ulp =0, (3.17)

where r(x), s(x), t(y) and v(y) are arbitrary functions in x and y ‘respectively, and

f&x,y)= // [/]g(x, y) dxdx] dydy.
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It is clear that if we take ¢ (x) as defined in (3.13), then V? = span{¢:(x)¢,(y) :
k,j =0,1,...,N}. Letusdenote uy = Y, _,u2j202()0;2(¥), fiy =
(f, (X)D, (Y, U = (il y=0.1,. N2 F = (fij)k.j=23,..~, then applying the
Galerkin method to (3.17) we obtain the matrix equation

BIAUA" + BUAT + AUB" = F, (3.18)

where A and B are the matrices defined in Theorem 3.7.

This equation can be solved by the matrix decomposition method described in
Buzbee et al. [3} and Haidvogel and Zang [13]. Now, let D be the diagonal matrix
whose diagonal elements are the eigenvalues of A~' B, and let E be the matrix formed
by the eigenvectors of A~'B. Then A~"'BE = ED. Applying A™! to (3.17), we
obtain BiUAT + A"'BUAT + UBT = A™'F. Setting U = EV, the preceding
equation becomes 8, EV AT + EDV AT + EV BT = A~'F. Now applying E~! to the
preceding equation and setting G = E~'A~'F, we find

BVAT + DVA" +VB” =G. (3.19)

Let vp = (vp09 vpl7 ey va—Z)T9 gp = (ng’ gpl: L ] gpN—Z)T fOr p = Oy ey N - 2
Then the pth row of (3.18) becomes

Bi+Ar,)Av, +Bv,=g,, p=0,1,...,N-=2, (3.20)
which is equivalent to (N — 1) one-dimensional equations of the form (3.16). In

summary, the solution of (3.17) consists of the following four steps:

(1) Compute the eigenpairs D, E for A~!'B and compute E~'.
(2) Compute G = E~'A7'F.

(3) Obtain V by solving (3.19).

4) SetU =EV.

It is worth mentioning here that the previous procedure can be applied to (3.17),
but with ¢, (x) as defined in (3.4). In this case we get the matrix equation

BIAUAT + AUET + EUAT = F,

where A and E are the matrices defined in Theorem 3.2. This system has the same
method of solution as that of (3.18).

4. Extensions to more general problems in one dimension

The UGM can be applied to more general problems. In this section, we describe
several extensions in one dimension.
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4.1. Mixed-type boundary conditions When other boundary conditions are pre-
scribed, it is necessary to construct a basis incorporating the boundary conditions.
Now consider the equation Bu(x) + fu’(x) — u”’(x) = g(x)in I = (—1,1), and
instead, we deal with its integrated form

B f/ u(x)dxdx + ,32/u(x) dx —u(x) = f(x)+dy +d1Cf°’)(x) inl, 4.1
with the mixed homogeneous boundary conditions
au()+1u'(1) =0, ou(—1)+ ru'(-1)=0.

Let Wy = {v € Sy : aiv(£l) + A (£1) = 0, i = 1,2}, then the standard
ultraspherical-Galerkin approximation to (4.1) is to find uy € Wy such that, for all

Ve WN,
Bi (//uNdxdx,v) + B> (/u,wix,v) ~ Uy, V)y

= (f(x) +do+diC(x),v),_ . 4.2)
‘We can find an appropriate basis for Wy by setting
$e(x) = C*(x) + de G, () + e Ca (), 4.3)
where d, and e, are the unique constants such that ¢, (x) € Wy, k=0,1,..., N =2,
Therefore Wy = span{go(x), ¢, (x), ..., dn(x)}, where
4Q2a + DAy + oA )k +a + 1) Den(k — 1)
di = L = (44)
Den(k) Den(k)
where

Den(k) = 2Qa+ 1oy, — 23, A (k+ 1)y (k+ 20 + 1),
— Qa+ (s — apd)[(k+ Dk +2a+ 1)+ (k+2)(k+2a +2)],

and uy = 3 b, ax @2 (x).
Now (4.2) is equivalent to the matrix equation

(BIA+ BB+ C)a = f, 4.5)

where the nonzero elements of the matrices A = (a;j), B = (by;) and C = (cy,),
2 <k, j < N, are given explicitly in the following theorem.
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THEOREM 4.1. Let ¢ (x) be as defined in (4.3) and denote

Ay = (// ¢j2(x)dx dx,d)k(x)) s
byj = (/ ¢j-z(X)dx,¢k(X)) ,

€y = (¢j—2(x), ¢k(X))w.

Then the nonzero elements of the matrices A, B and C in system (4.5) are given as
follows:

-2 = €483k — Dby,  app1 = 83k — 2)dy_3h; + e,_383(k — D)dihyy,

arr = (83(k — 2) + ex—28:(k)) iy + dy_2di 53(k — 1)hpyy + er_26x83(k) Ay 2,
A1 = Sy (K)dirhy + (83(k — 1) + er_182(k + 1))dihiys + er83(k)diy by,
Az = B2(k) + exd (k + 2))hy + 82(k + Ddihyss + (B3(k) + exda(k + 2))exhisa,
A pv3 = 81 (k+2)dpyr b+ (S2(k+1) + €418 (k+3))drhiir +erd2(k +2)disrhisa,
A pva = 1(k + 2)hy + 81 (k + 3)drdriahiq) + (2(k + 2) + €281 (k + 4))echy,a,
A irs = 8y (k + Ddihiyr + edi(k + Hdiishisa,  arrie = edi(k + Dhyyo,
bii-1 = er3ya(k — Dhy, by = yalk — Ddishy + ex2v2(K)dihiy,
brir1 = itk — 1) + ercivik + Dby + v (K)dimrdihirr + va(k + Dep-rechiya,
biiv2 = vitk + Ddihy + (r2(k) + eyi(k + 2) sy + ey2(k + Ddihigo,
biivs = itk + Dhy + itk + 2)didir by + 2k + 1) + yi(k + 3))echisa,
brirs = itk + 2)dihyss + exyi(k + 3)diiahirr,  brirs = ik + 3hpa,

Ckk = Cho2k42 = €2hks  Crpyz = g + dihiyy + €l hiya,
Chitl = Ceorhs2 = deoihi + drec_1 s,

where {8:(k), 82(k), 85(k)}, {n1(k), v2(k)} and {dy, e} are given by (2.6)—(2.7), (2.8)-
(2.9) and (4.4), respectively, while h,, is defined by (2.1).

PROOF. The proof of this theorem is rather lengthy but not difficult, and it can be
accomplished by following the same procedures used in proving Theorem 3.2 and by
using Lemma 2.3. O

4.1.1. Dirichlet problem In the special case where oy = a; = 1, A} = A, = O (that
is, the homogeneous Dirichlet boundary condition), we have, in particular, d; = 0,
e, = —1, and accordingly the basis functions ¢,(x), k = 0,1,..., N — 2, take the
form given in (3.13).

It is of fundamental importance to note here that all the results of Theorem 3.7 can
be obtained immediately as a special case from Theorem 4.1.
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4.1.2. Neumann problem In this case, where a; = a; = 0, A; = A, = 1, we have
d, =0, e = —k(k +2a)/(k +2)(k + 20 + 2) and

kk+20) oy (4.6)

__ @ _
) =Cr) - T ka2 k42

In summary, all the results of such a case are given in the following theorem and its
corollaries.

THEOREM 4.2. Let ¢ (x) be defined as in (4.6), then the nonzero elements of
matrices A, B and C in system (4.5) are given as follows:

I(1/2)T (e + 1/2)(k — )k — ) (k + 20 — 4)(k + 20 — 1)
AT (@) Qa)(k + o — 2)3 ’
_ T(1/2)C (e + 1/2)(k — 2)!(k + 2a — 2)
T AT (@) Rk k + 2)(k +a — 2k + )k + a + 2)(k + 2 + 2)
x [2k* + K> (6 + 1) + k> (60 + 9o + 4) + 2k (20 + 130 + 13 — 6)
+ 420 + Ta* + 100 + 8)],
T(1/2)T (e + 1/2)k!k +a + 1)
T AT (@) Qo) (k+2) (k+a — D)alk+a +2),(k+20+ 1) (k+ 20 +2)?
x [3k* + 12k% (@ + 1) + k*(18a” + 55a + 41)
+ 2k (60 + 37a® + 60 + 29) + 820 + 11a® + 172 + 6)],
T/ (e +1/2)k + Dk +o + 1)
2 (@) (2o )is2(k + )3k + o + 4)(k + 2 + 2);
x [2k* + 5k°2a + 3) + k* (180 + 63 + 46)
+ 2k(6a’ + 35a® + 6la + 40) + 420 + 15a* + 34a + 24)],
LA/ (a + 1/2)kk + H!(k + 22)
AT () 202k + 2)(k + o + 2)3(k + 2a + 2)2(k + 20 + 3)’
F(1/2)T(a + 1/2)(k — 3)(k — 2)!(k + 2a — 3)

- 2 (o) Qa)i(k +a — D (k +a) ’

T/ (@ + 1/2)(k — Dk +2a — 1)
2 (@) Qo) (k + 2)(k + a — D) (k +a + 2)(k + 2a);
x [3k* + k°(10a + 7) + 4k*(3a” + 8x + 5)
+ 4k (22’ + 13a® + 16 + 2) + 820 + 7o + Ta +2)],

FA/2)T (e + 1/2)(k + 1)!

2l (@) a1k + 2)(k + a)(k + o + 3)(k + 2 + 2)2(k + 20 + 3)
x [3k* + k> (140 + 17) + 2k* (120> + 37 + 25)
+ 4k(4a’ + 220 + 36a + 21) + 820> + 11a® + 18a + 9)],

Ak k-2 = —

ik

A k42 =

A k44 =

Ak k+6 =

bk.k—l

bk.k+l =

bk,k+3 = -
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I'(1/2)T (@ + 1/2)(k + 3)k(k + D!k + 2)
2T (o) (2ot )gpa (b + @ + 2),(k + 20 +2)2
F(1/2)I (@ + 1/2)(k — 2)(k — D!k +2a — 2)
o) Ra)i(k + a)(k + 2a)
M (1/2)T (a + 1/2)k!(k + o + 1)(k + 2a)
[(@)(2a)is2k + 2)(k + ) (k + o + 2)(k + 2a + 2)2
x [k* + 4Kk (a + 1) + k7 (62 + 190 + 12)
+ k(4’4 260> + 38 + 16) + 42’ + 7o’ + T + 2)].

kk+5S =

Crk = Cr—24+2 = —

3

Crk+2 =

COROLLARY 4.3. If @ = 0, then the nonzero elements of matrices A, B and C in

system (4.5) are given by
a(k —4)? m(Rk* + k3 + 4k* — 12k + 32)
Qg2 = — y Qpk = ,
8k —2)(k — 2); 4(k — Dk2(k + 2)3
2 w3kt 4 12k> + 41k% + 58k + 48)
T Ak - DG+ D4k +3)
_ m(2k* + 15k + 46k> + 80k + 96)
ks = Tk + Dk + Dk + D
_ nk? b _ a(k —3)?
Ukts = TRk + 2Pk +3) T T2k — D%
by ars = m(3k* + 7k + 20k* + 8k + 16)
o 4(k)s (k +22)
w(k + DBk* + 17k3 + 50k* + 84k + 72) mk?
biiss = — Ak + 22k + 3)2 v brpas = m,
m(k —2)? a(k* + 4k + 12k* + 16k + 8)
Chkk = Chk—2,k42 = _—21(2—’ Crk42 = & +2)° .
COROLLARY 4.4. If a = 1, then the nonzero elements of matrices A, B and C in
system (4.5) are given by
nk —4) m(2k* 4+ 7k + 19k + 44k + 108)
Q-2 = Ay = )

8k — Dk — 1)
37r(k2 + 4k + 6)(k2 + 4k + 16)

4k — D2k + 1)k + 1)y

Wkt = T 0k + D2k + 3)2(k + 4
(2K +25K + 127k + 285k +300) Tk
Bukers = 4+ Dotk +3k+5) T TRk 43k +4),
k=3 K 4 17K + 64k + 132k + 144)
YT T gk 1)20 R T 2k + 22k + 32k +4)
7 3k + 31K+ 148k2 4332k +320) wk
bk,k+3 = - s 'k k+S5 =

4k + 1) (k+2)2(k+4)2(k+5) 4k +3)(k+4)*°
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. n(k —2) 7 (k* +8K>+37k2 484k +72)
= Cj_ = — , C =
RET AR T 0+ D2k +2) (k+1)2(k+3)2(k +4)2

COROLLARY 4.5. If @ = 1/2, then the nonzero elements of matrices A, B and C in
system (4.5) are given by

_ (k —4), _ 8(k* +2k° + 5k* + 4k + 30)
Tk = T — 0,k — 3/ T 0.k =32k + Dk +5)
2k +3)GK* + 18K + 73k + 138k + 140)
2 = T (ke + 202k — 120k + 5/2),
_ 8(k* + 10K + 41k + 80k + 90)
A = 2.2k + )2k + 52k +9)°
) ®)> R (2
4k +2)2(k +5/2)5 o 2(k — D)a(k — 1/2),°
b 60+ 2k + 4+ 2k + 5)
Rk + Dk 4+ 2)(2k — 1)(2k +5)°
6(k* + 8k + 31k% + 60k + 56)

Ak k+6 =

buks = = S kT D+ )
br s = ®): sy Ckk = Ck—2k42 = —M,
’ 2(k +2)2(k +5/2), ' ' (k)2(2k + 1)
_4(2k + 3)(K* + 6k + 23K + 42k + 30)
Chit2 = ((k +2)2)2(2k 4+ 1)(2k + 5)

4.2. Nonhomogeneous boundary conditions In this case, the integrated form of the
general second-order differential equation (4.1) is subject to the boundary conditions

ou()+2u' (1) =g, oau(=1)+ ru'(—1) = ¢g,. .7
In such a case we proceed as follows: Set
V() =u(x) — Ex - F, 4.8)
where E = (162 — 261) /W, F = (61(hy —ap) —&2(y + A1)/ Wand W = a4, —
axx, — 2aja; # 0. The transformation (4.8) turns the nonhomogeneous boundary
conditions (4.7) into the homogeneous boundary conditions

aVI)+ A4V A)=0, aV(=D+rV(-1)=0. 4.9

Hence it suffices to solve the following modified equation

B // Vx)dxdx + ﬂZ/ Vix)dx — V(x) = f*(x), (4.10)
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subject to the homogeneous mixed boundary conditions (4.9), where V (x) is given by
(4.8), and

ffx) = f(x)+d0+d|x—ﬂl//(Ex+F)dxdx—ﬂz (Ex+F)dx+(Ex+F)

_ _ B +20E ), (1+20)(BF + BE) o
=S - Hate & W 41 +a) G )
+ d;CP(x) + diC ().

If we apply the Galerkin method to the modified equation (4.10), we get the
equivalent system of equations

(BIA+ BB +Cla = f~, 4.11)
where A, B and C are the matrices defined in Theorem4.1and f* = (f}, f5', ..., f3)
where (1 +2)

o
- EYh,, k=2,
2 4((11 +2a))(ﬁlF + B,E)h,
=g 8120 gy k=3
f3 12(2 _*_a)ﬁl 3 3
S k>4

REMARK 4.6. In the case of W = 0, the previous treatment fails but we can take
the approximate solution in the form uy (x) = ¢o(x) + le(v;lz a, ¢ (x), where the basis
{p(x) : k=0,1,..., N — 2} is chosen so that ¢(x) satisfies the nonhomogeneous
boundary conditions and so that every ¢.(x), k = 1,2,..., N — 2, satisfies the
homogeneous parts of the boundary conditions.

5. Numerical results

In this section we give some numerical results obtained by using the algorithms
presented in the previous sections.

It is worth mentioning that the pure spectral-Galerkin method is rarely used in
practice, since for a general right-hand side function f one is unable to exactly compute
its representation by ultraspherical polynomials. In fact, the so-called pseudospectral
method is used to treat the right-hand side; that is, we replace f by its polynomial
interpolation over the set of Gauss-Lobatto points.

We consider the following example.

EXAMPLE 1. Consider the one-dimensional nonhomogeneous Helmholtz equation

_u” +b2u = eﬂX’ X € [_19 1]1 u(:}:l) = 09 (51)
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TABLE 1. Maximum pointwise error of u — uy for N = 4, 8, 16, 20.
N o UG1 UG2 alb UGl UG2
32 [ 2111 %1073 | 2363%x 1073 2.445 x 1072 | 2.984 x 1072
1 1.808 x 103 | 2.374 x 1073 2211 x 1072 | 2.736 x 102
172 | 1.465 x 1073 | 2.374x 1072 1.725 x 1072 | 2.445 x 1072
4 0 1.075x 107 | 1.810x 1072 | 2| 1| 1.284 x 1072 | 2.110 x 10~2
-0.2 | 8.960 x 10™* | 1.677x 1073 1.093 x 1072 | 1.962 x 1072
-0.45 | 8.258 x 107* | 1.502% 1073 8.0465 x 1073 | 1.764 x 1072
3/2 ] 9.405x 1078 | 1.583x 1077 1.766 x 1075 | 2.925 x 10
1 6.599 x 1078 | 1.251 x 1077 1.245 x 1075 | 2.338 x 10~°
172 | 4171 x 107% | 9.405x 10~8 7.486 x 107¢ | 1.766 x 1073
8 0 2252 %1078 | 6.599%x 1078 | 2| 1| 3.542 % 10°% | 1.245 x 10~3
-0.2 | 1.643x 1078 | 5.373x 10°8 3.160 x 1075 | 5.373 x 107
045 | 1.621 x 1078 | 4223 x 10°8 2.878 x 107¢ | 7.691 x 10-¢
3/2 [9.884 x 1071 | 5.414 x 1071° 3.018 x 107" | 1.073 x 10713
1 9.662 x 1079 | 5.414 x 10716 2.207 x 107'* | 6.853 x 10714
1/2 | 9.532x107'¢ | 5.356 x 10716 1.044 x 107" | 4.039 x 10~"
16 0 4796 x 1071 | 8.058x 10710 |2 | 1 | 4.186 x 10715 | 2.212 x 107"
—0.2 [9.521 x 1071¢ [ 6.773 x 1071¢ 2.983 x 107" [ 1.715 x 10~
—0.45 17942 x 107" | 5.641 x 1076 2.503 x 107'% } 1.184 x 1071
3/2 [9.884 x 10716 | 5.414 x 10716 7.126 x 107'¢ | 7.617 x 10~'¢
1 9.662 x 10716 | 5414 x 1016 7.308 x 10716 | 7.342 x 10716
1/2 [9.532 x 1076 | 5.356 x 1071 7.192 x 107'¢ | 7.867 x 10~
20 0 4796 x 107'° | 8.058 x 1076 | 2 1 11 7.257 x 10~'¢ | 7.674 x 10~'6
—0.2 |9.521 x 107'¢ | 6.773 x 10716 6.857 x 107" [ 7.512 x 10~'¢
—0.45 | 7.942 x 1076 | 5.641 x 10~1® 6.922 x 107'6 | 7.033 x 107

with an exact smooth solution
e“* 4+ e%* sinh(a — b) cosech(2b) — e** sinh(a + b) cosech(2b)

u(x) = g

Now the integrated form of (5.1) is
b77u¢Mx—u=37+¢p$u)+chux xe[-1,1], u*x)=0
a

We shall compare the ultraspherical-Galerkin approximations obtained, using the
first and second choices of bases (UG1) and (UG2), for some different values of the
parameter «.

(1) ForUGI,uy = ZZV;OZ a (1 — xHC ,ﬁ“) (x), where the vector of unknowns a is
the solution of the system

(b*A + E)a = f*, (5.2)

where the nonzero elements of matrices A and E are those given in Theorem 3.2, and

2k + o)L (k + 20)

ft’wam%mm+un s

[k+(!(a)3 k=25 35"
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TABLE 2. Cond(E) fora =0, 1/2, 1.

N o ®min Omax Cond(E)
4 2

8 2

16| 0 2.500 x 107! | 5.000 x 107! 2

32 2
64 2

4 3.428 x 107! 1.9444
8 2.871 x 107! 2.32143
16 | 0.5 | 2.669 x 107! | 6.666 x 10~! | 2.49722
32 2.581 x 107! 2.58266
64 2.539 x 107! 2.62483
4 4.166 x 10™! 1.800
8 3.214 x 107! 2.3333
16 1 2.833 x 107! | 7.500 x 10~! 2.6471
32 2.661 x 10! 2.81818
64 2.579 x 107! 2.90769

where /,(-) represents the modified Bessel function of the first kind (see Luke [18,

page 32]).
(i) ForUG2,uy = ¥ po a(C(x) — C&,)),
(b*A + Ba = f, (5.3)
and the nonzero elements of matrices A and B are those given in Theorem 3.7, and
2aT 2a)
=—'Iu ——1 o y k=2,3,...,N.
Je az(2a)“F((¥)[ k+a(@) k+ +2(a)]

Table 1 lists the maximum pointwise error of i — uy using the UGM with various
choices of «, a, b and N.

The main source of roundoff errors comes from the matrix decomposition. For
UG]1, the system resulting from the integrated form of —u"” = g(x) is Ea = f*,
where E is an upper triangular matrix whose diagonal elements are

1/2, k=2, a=0,
o = | 1/4, k=3.4,...,N, a=0,
k +2a —2),

, k=2,3,...,N, a #0.
4k +a—2)
Thus we note that the condition number for E behaves like O (k°) for every value of a.
For UG2, the resulting system is Ba = f, where B is also an upper triangular matrix
with
/2, a=0,
by = {TQ/D)T(a + 1/2)k!
R a b
(@) Qa)ek +a)
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and accordingly, its condition number behaves like O (k**) for large values of k and
o> —1/2.

Tables 2 and 3 illustrate the condition numbers for matrix E in (5.2) and matrix B
in (5.3), respectively.

REMARK 5.1. If we add b%A to matrix E of system (5.2) and add b*A to matrix
B of system (5.3), then we find that the eigenvalues of matrices D = E + b*A and
C = B + b®A are all real positive. Moreover, the effect of these additions does not
significantly change the values of the condition numbers for the two systems. This
means that the matrices £ and B, which resulted from the integrated form of the
highest derivatives of the differential equations under investigation, play the most
important role in the propagation of the roundoff errors. The numerical results of
Table 4 illustrates this remark.

TABLE 3. Cond(B) fora =0, 1/2, 1.

N | « Corun Umax Cond(B) Cond(B)/N | Cond(B)/N?
4 1

8 1

16 | 0 1.571 1.571 1

32 1

64 1

4 2.222 x 107! 1.800 4.500 x 107!

8 1.176 x 10~} 3.400 4.250 x 107!

16 | 0.5 | 6.060 x 10~2 | 4.000 x 10! 6.600 4.125 x 107!

32 3.676 x 1072 1.300 x 10' | 4.062 x 107!

64 1.550 x 102 2.580 x 10' | 4.031 x 107!

4 6.281 x 1072 2.777 1,736 x 107!
8 1.939 x 1072 9.000 1.406 x 107!
16 1 | 5433 x107% | 1.745x 107" | 3.211 x 10! 1.254 x 10~
32 1.445 x 1073 1.210 x 102 1.181 x 107!
64 3.713 x 1074 4.694 x 10? 1.146 x 107!

6. Concluding remarks

We have presented a systematic way to construct appropriate bases for the UGM
applied to the integrated forms of general second-order differential equations in one
dimension and, in particular, the integrated forms for Helmholtz equations in one and
two dimensions. We have also developed efficient direct solvers, whose complexities
are a small multiple of N¢*' operations in a d-dimensional domain, with (N — 1)¢
unknowns.
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TABLE 4. The condition number for the matrix C = b*A + B fora = 0,1/2, 1.

N o Crun Cmax Cond(C) Cond(C)/N | Cond(C)/N?
4 1.512 2414 1.595

8 1.332 2.425 1.819

16| 0 1.322 2.425 1.833

32 1.322 2.425 1.833

64 1.322 2.425 1.833

4 2237 x 107! | 5.589 x 10! 2.636 6.592 x 107!

8 1.149 x 10! | 5.590 x 10! 5.131 6.414 x 10!

16 | 0.5 | 5.982x 1072 | 5.590 x 107! 9.861 6.163 x 107!

32 3.055x 1072 | 5.590 x 107! | 1.930 x 10! | 6.033 x 10!

64 1.544 x 1072 | 5.590 x 107! | 3.819 x 10" | 5.967 x 10!

4 6.377 x 1072 4.013 2.508 x 107!
8 1.922 x 1072 1.331 x 10! 2.081 x 10!
16 1 5.404 x 1073 | 2.559 x 107! | 4.737 x 10! 1.850 x 107!
32 1.437 x 1073 1.780 x 102 1.738 x 107!
64 3.711 x 10~* 6.897 x 102 1.684 x 107!

The two algorithms, namely, the Legendre and Chebyshev Galerkin methods can be
obtained as special cases from our UGM by taking @« = 1/2 and o = 0, respectively.
Although we concentrated on applying our algorithms to solve constant coefficient
differential equations, we do claim that such algorithms can be applied to solve not
only differential equations with polynomial varying coefficients of any order but also
evolution equations.
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