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Let G be a locally compact Abelian Hausdorff group (abbreviated LCA
group); let X be its character group and dx, <L% be the elements of the
normalised Haar measures on G and X respectively. If 1 ^ p, q < oo,
and L*(G) and L"{G) are the usual Lebesgue spaces, of index p and q
respectively, with respect to dx, a multiplier of type (p, q) is defined as a
bounded linear operator T from L"(G) to L*(G) which commutes with
translations, i.e. xxT = Txx for all x e G, where xxf{y) = f(x-\-y). The
space of multipliers of type (p, q) will be denoted by L\. Already, much
attention has been devoted to this important class of operators (see, for
example, [3], [4], [7]).

It is known that if G is non-compact and p > q, then L\ = {0} (cf.
[7], Theorem 1.1). The discussion therefore divides naturally into two parts:
one for compact G with p > q, and one for general LCA G with p ^ q.
Observe that if h e CC(G) (the space of continuous functions with compact
supports) and Thf = h * f (/ e LP(G)), it is easy to see that Th is a multiplier
of type (p, q): for if G is an LCA group and 1 ^ p ^ q < oo, then
h * f e L°° n l ' C L"; if G is compact and p and q satisfy 1 ^ g < p < oo,
we have again that 7 \ e L\, this time because h * f e C(G) (the space of
continuous functions) and C(G) C L"(G) for all q.

The main result of this note (Theorem 1) asserts that every element
of Lq

v can be approximated, boundedly in the strong operator topology,
by multipliers of the form Th with h e Ce(G). For multipliers of type (p, p)
with p ^ 1, this result is contained in [3]. In Theorem 2, we establish a
representation theorem for multipliers of type (p, q); this is an analogue
of Theorem 1 of [3].

THEOREM 1. Suppose that TeL"v {with p f^,q if G is non-compact);
then there exists a net (<j>a) in Ce such that lima <pa* f = Tf in the norm of
L" for every f e L", and
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PROOF. There are three cases to consider.

Case (i). q ^ 1. It suffices to show that there exists a net (<pa) in Ce

such that lima <pa * / = Tf weakly in L" and such that \\<pa * f\ \a ^ | | J | | \\f\\9.
It will follow then ([1], VI.1.5) that a net of convex combinations of the
<pa's will satisfy the conclusion of the theorem. Write (hfi) for an approximate
identity in LX(G) with hfieCe* Ce, ||/fy||i = 1 and hfi vanishing outside
some fixed compact set for all /S. Let (ky) be an approximate identity in
LX(X) satisfying kyeCc and \\ky\\x = 1 (ky is the Fourier transform of
ky). Now T is continuous and commutes with translations; since 1 ^p,
q < oo, it is easy to see that T commutes with convolution by functions
in Cc; hence Thfi is continuous for all /3. Write q>a = <P{fi7) = kyThfi and
give a = (/?, y) the usual product ordering; then (tpa) is a net of functions
in Ce. We prove first that \\<pa * f\\g ^ | | r | | \\f\\9, and then use this to
establish the remaining assertion of the theorem. It suffices to show that
for f, ge Cc,

(Throughout this note, we write r' for the usual conjugate index of r when
1 5S r 5S oo.) Since ky eL1(X), we have that

KTh * / * i(°) = j a (K
Th0) (-v)f * s{y)dy

= jGjGjx Kix)Thfi(-y)x(-y)f(y-t)g(t)dxdtdy

Applying Fubini's Theorem and recalling that %(x) = %{—%), we have

\Va *f*g(O)\ ^ / x |*y0f)| \jGjGThfi(-y)f(y-t)g(t)x(y)dtdy\dx

^ I\ky\w SuPxeX | JG Thfi(-y)(xf * xg)(y)dy\

H/ll,
Therefore

and the operators T^ satisfy

Since j ^ 1, each closed ball of L"v is compact in the weak operator topology.
The net (T^J therefore has a limiting point U e L9 (for this same topology)
with \\U\\ ̂  \\T\\. Without loss of generality, suppose that lima TVm = U
in the weak operator topology. But it is easy to see that
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lim, limr (kyTht) * f *g{0) = Tf *g{0)

for f, geCe since ky -»• 1 locally uniformly, (hff) is an approximate identity,
and T commutes with convolution by functions in Cc. Hence T=U,
and the theorem is proved whenever g ^ l .

(ii). G is non-compact, and p = q = 1. In this case it is known
that Lj = M,,,, (isometrically and isomorphically) where MM is the space
of bounded Radon measures on G ([7], Theorem 1.4). Suppose then that
/ieMbd, that {hp) is an approximate identity as in (i), and that (jiK) is
the net of measures in Mid defined by (iK = |Kja where fK is the characteristic
function of the compact subset K of G, and the compact sets (K) are directed
by set inclusion. Define <pa = <piK ^ = [iK * hfi. Clearly, <paeCe for all a.
I f / e l 1 ,

\\<pa * f—p * /||x ^ ||<pa * f—fi *hf,* /HH-HJU * A/, * / — /** / | | I

Here ||/*—/iK|| and \\hf * /—/||x can be made arbitrarily small by taking K
and p "sufficiently large". Finally, \\fiK * hfi\\Mtt ^

Case (iii). G compact, 1 ^p < oo, q — 1. Let (Â ,) be an approximate
identity composed of trigonometric polynomials hfi such that \\hf\h = 1.
Define q>a = (pfi = Thfi, also a trigonometric polynomial. (Observe that
X*X = X and T ^ *%) = T% * Z = {Tx)*(x) • % for every j ; e l qua
function on G.) Then if / e Lp,

^ u r n II/II ,
for every /S. Further, 97̂  * / = hfi * Tf -> T/ in L1 since (Â ) is an approximate
identity. The proof is now complete.

We shall in a moment prove the analogue, for multipliers of type (p, q),
of [3], Theorem 1; for this we need the following definition.

DEFINITION, (i) Suppose that G is an LCA group and that 1 ^p ^ q< 00.
Write 1/r = Ijp—ljq. For p =£ q, the space A\ is defined as the subset
of Lr(G) consisting of those functions u which can be written
« = Z £ i U *Si a-e- ^ t 1 1 /*. it e Cc and 2 IIAII.IIftll.' < °°-

The space Aq
v will be endowed with the norm

the infimum being taken with respect to all representations u = 2 ft * S<
a.e. of « with flt gteCe and 2 IIAILIIg.ll,' < » .

For /> = y, A v
v is defined in an exactly analogous way to that in which

A \ is defined for p =£q except that (a) the equality u = 2 /< * gt is assumed
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to hold pointwise everywhere; (b) A*p is defined as a subset of C0(G). (C0(G)
is the space of continuous functions on G which vanish at infinity.)

(ii) Suppose that G is compact and that 1 ^ q < p < GO. The space
Al is defined as the subset of C(G) consisting of those functions u which
can be written u = 2 £ i /< * gt with fu gieC and 2 ||/<|UI&llf < °°- The
norm on Ap is defined as in (i).

Note that in case (i), if u e A% and « = 2 A * £< with 211/<|U|g<||,' < oo,
the series converges in the norm of Lr (resp. uniformly if p = q) to u.
Indeed,

\\U*gi\\r<\\fiU\gi\\*'

if /,., gieCc, 1/r = 1/^-1/?. and p ^ q ([2], Theorem 9.5.1).
In case (ii), the series corresponding to u e A\ converges uniformly

to u since L" C L* and ||/||e ^ \\f\\p for feL»(G) ii p > q. Observe also
that in both cases A\ is a Banach space under the prescribed norm (cf. the
proof of [5], Theorem 2.4).

THEOREM 2. The space L* is isometricatty isomorphic to (A^)', the (topo-
logical) dual of A\ (1 ^, p < oo, 1 ^ q < oo).

PROOF. Suppose that T e Z£ and define the linear form 2 on Al by

where « = 2 /< * £* *s a representation of u as an element of A"v. t is well-
defined, i.e. *(«) is independent of the particular representation of u chosen.
For suppose that 2 /< * &«• = 0 *s a representation of 0 as an element of
Aq

v. Choose a net (T9m) satisfying the conditions of Theorem 1. Then

fi * g{(0) = lima 2 <pa * fi * gM

since the series sa = 2< <P* * fi *g,(°) a r e convergent, uniformly with
respect to a, and q>a * /,• -> T/^ in L" for each i. Again, <paeCe and 2 ft * gt
converges in IS (resp. C in case (ii)). Hence

2i<Pa *fi* gM = 2 J <P*(-X)fi *

= 0

and * is well-defined.
Now t is evidently continuous on Av with ||l|| ^ | | r | | . Further,

| | r | | = S u p {\Tf*g{0)\ :f,ge C., | |/ | |, ^ 1, \\g\\, ^ 1}.

^ \\t\\

Hence | | r | | = ||<||.
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In order to show that the map T ->• t is onto, suppose that t e (-4J)';
for feCe, define the linear form g->t(f*g) on Ce. Since tfe {AD',

(i) i*(/*£)i^ii<iin/i
Suppose first that q' ^ oo. Then, since L" is the dual of L"', there

exists a unique element of L"(G), say Tf, with Tf*g(O) = tf(/*g) for
/, g e Cc. Clearly, | |r/ | | a ^ ||*|| H/H, and so T may be extended to map L*
linearly and continuously into L" with | |T|| ^ \\t\\\ this extended JT com-
mutes with translations. For if y e G and /, g eCe,

T{ryf) * g{0) = t(rj *g) = t(f* xvg)

whence it follows that T(ryf) = ry(Tf) for / eCe; by continuity and the
denseness of Cc in Lp, the same equality holds for / e Lv.

On the other hand, if q' = oo (q = 1), (1) may be written

(i') W**)l^ 11*1111/WtelL
and it then follows that there exists a unique bounded measure, say
Tf, with Tf *g(0) = t[f *g) for f,geCe. From (1'), we see that
11̂ 711 Ss I I'll 11/| I D for f eCe, so that T may be extended linearly and con-
tinuously to map L" into M M . As before, T commutes with translations.
We can now show that if / e V, then Tf e L1. For if y -> 0 in G, T(TV/) =
rv(Tf) -> T/ in MM and the mapping y ->- ry(Tf) is continuous from G into
Mhi: but this can happen only if Tf is absolutely continuous with respect
to Haar measure on G ([6], (19.27)). Hence T maps L" into L1 continuously,
and commutes with translations. That is, T eL\.

Whatever the value of q in [1, oo), we have therefore established the
existence of TBL"V for which Tf*g(O) =t(f*g) for f,geCe. It is easy to
see that

'(«*) =ZTf{*gi(O)

whenever u = 2 A- *g,- is an element of A\.
The mapping T ->- tf is thus a norm-preserving linear map of L\ onto

(.4J)'. Since norms are preserved, the mapping is one-to-one. The proof of
the therem is therefore complete.

REMARKS. It is known (cf. [7], Theorem 1.4) that L\ — Mbd and
L\ = LQ if 1 < q < oo, the isomorphisms here expressed being isometric.
As a corollary of Theorem 2, we deduce that (A\)' = Mbi and (A\)' = L"
if 1 < q < oo. However, it is possible to prove directly that A\ = Co and
that 4J = L«' for 1 < q < oo, and so to deduce that (A\)' = MM and that
(AD' = £.« for 1 < ? < oo.

The starting point for proving that A\ = Co is the result that
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Co = L1 * Co (see Hewitt [8]). Suppose that / e Co and that / = g * h
where g e L1 and heC0. Since Cc is dense in L1 and in Co, we may write
g = 2 5.- wrt*1 2 llgilli < °° a n d h = ^h{ with 2 I W L < oo- Consider
t h e series gt * h1+g1 * h2+g2 * h2+g2 *hx+ •• • = xx* / 3 i + a 2 * /32H
say. Clearly,

2 ll«,lli llftIL ^ (2 I M S II*,IU < «•
The series therefore converges in Co to sum fx say. But (£? gt) * (2^ <̂) =
2f a, * &, and as N -> oo, (2f g.) * (2f *«) -+g* h = f. Hence / = A.
In a similar way, one uses the result L"' = L1 * L9' (see [8]) to prove that
A\ = V if 1 < ? < oo.

As an alternative approach to proving that A\ = Co, one may use the
fact that (A\)' — L\ — MM in the following way: A\ is a dense vector
subspace of Co and therefore has the same dual (viz. MM) when endowed
with the uniform norm as it does with its usual norm. It then follows from
a result of Fichtenholtz ([2], Exercise 8.9) that the uniform norm and the
usual norm on A\ are equivalent; but A\ is complete under its usual norm,
so A\ = Co. A similar argument applies to A\ with 1 < q < oo.
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