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Abstract

Modular forms for a discrete subgroup I' of SL(2, R) can be identified with holomorphic sections of
line bundles over the modular curve U corresponding to I', and quasimodular forms generalize modular
forms. We construct vector bundles over U whose sections can be identified with quasimodular forms
for I'.
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1. Introduction

Modular forms for a discrete subgroup I" of SL(2, R) are closely linked to the geometry
of the quotient I'\'H of the Poincaré upper half plane H by the linear fractional
action of I". One such link is given by the interpretation of modular forms as
holomorphic sections of line bundles over I'\’'H. The goal of this paper is to extend
such interpretation to the case of quasimodular forms.

Quasimodular forms generalize classical modular forms and were introduced by
Kaneko and Zagier in [3]. Since then, they have been studied actively not only in
number theory but also in other branches of pure and applied mathematics (see, for
example, [2, 4, 5]). One of the useful properties of quasimodular forms is that, unlike
modular forms, derivatives of quasimodular forms are also quasimodular forms. If f
is a quasimodular form for I'" of weight w and depth at most m > 0, then there are
holomorphic functions fy, fi, ..., fi, on H satisfying

1 az+b c .\
(cz +d)wf(cz +d> =@+ f1(z)(cz +d> Tt fm(z)(m)

for all z € H and (‘Z Z) € I'. Then it can be shown that the associated polynomial

F@z, X)=Y_ (X",

r=0
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2] Quasimodular forms 403

known as a quasimodular polynomial, is invariant under a certain right action of T".
In fact, the above correspondence determines an isomorphism between the space of
quasimodular forms and that of quasimodular polynomials.

In this paper we use the above-mentioned right action of I" on the space of
quasimodular polynomials to construct vector bundles over I'\’'H whose sections can
be identified with quasimodular polynomials and therefore with quasimodular forms.

2. Quasimodular forms

In this section we describe quasimodular forms for a discrete subgroup of SL(2, R).
We also discuss some basic properties of quasimodular polynomials, which can be
identified with quasimodular forms.

Let H be the Poincaré upper half plane on which SL(2, R) acts as usual by linear
fractional transformation. Thus, if y = (Z 2) € SL(2, R) and z € 'H, we may write

az+b
= €H.
ve cz+d
For the same y and z we set

Iy, =cz+d, Ry,2)= (2.1)

c
cz+d’
so that we obtain the maps J, K:SL(2, R) x H — C. The map J is a well-known
automorphy factor satisfying the cocycle condition

Iy, =3, Y23, 2) (2.2)
for all z € H and yy’ € SL(2, R). The other function £, on the other hand, satisfies
Ry 2 =Ry, 20+ 30, 2728, v'2). (2.3)

Let F be the ring of holomorphic functions on H, and denote by F,,,[ X] withm > 0
the complex algebra of polynomials in X over F of degree at most m. Given elements
feF, F(z, X)e FulX], L €Z,and y € SL(2, R), we set

fhh@=30. 2" f@ (2.4)
(F @ X) =30 20 Flyz. 3(r. 9 (X — &y, 2))) (2.5)
for all z € H. If y’ is another element of SL(2, R), using (2.2) and (2.3), it can be

shown that

Flhy) =Ly iy,
((F Iy Ia vz X) = (F L(ry Nz, X).
Thus the operations [, and ||, determine right actions of SL(2, R) on F and F,,[X],
respectively.

We now consider a discrete subgroup I" of SL(2, R) and modify the usual definition
of modular and quasimodular forms for I by suppressing the cusp conditions.
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DEFINITION 2.1.

(1) Given an integer u, an element f € F is a modular form for I' of weight p if it
satisfies

fluy=1r (2.6)

for all y € I', where |, is the operation in (2.4). We denote by M, (I") the space
of modular forms for I of weight .
(i) Given integers £ and m with m > 0, an element f € F is a quasimodular form

for T of weight & and depth at most m if there are functions fy, ..., fn € F
such that
m
(fle @ =) H@RY, 2 @.7)
r=0

for all z € H and y € I', where R(y, z) is as in (2.3). We denote by QMé" D)
the space of quasimodular forms for I' of weight & and depth at most m.

If fe QMg” (I') is a quasimodular form satisfying (2.7), by using the identity
element for y, we obtain

f(@) = fo(2)

for all z € H. On the other hand, for fixed z € H, by considering the right-hand
side of (2.7) as a polynomial in £(y, z) and using the fact that the same equation is
valid for all elements I of I', we see that the given quasimodular form f € QM;Z’ I
determines the coefficients fy, ..., fi; uniquely. We also see easily that

QM{(I") = Mg (")

foreach & € Z.
Given a quasimodular form f € QMé" (I') satisfying (2.7), we define the
corresponding polynomial (Q’S" )z, X) € FulX] by

m
QI X)=Y fX (2.8)
r=0
for z € 'H, so that we obtain the complex linear map
Q' - QMP'(T) — FylX]
for each pair of nonnegative integers & and m.

DEFINITION 2.2. A quasimodular polynomial for I of weight & and degree at most m
is an element of F,,,[ X] that is I"-invariant with respect to the right I"-action in (2.5).
We denote by

QP (T)={F(z, X) € FulX]| F |l y = F forall y €T’}

the space of all quasimodular polynomials for I' weight & and degree at most m.
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LEMMA 2.3.
(1) If f € F is a quasimodular form belonging to QM é” ('), then

Q' )z X) € QP (D).
(i) Let F(z, X) be a quasimodular polynomial of the form

FX)=) [@X
r=0

belonging to QPS’" (I'). Then fy is a quasimodular form belonging to QMé” I)
such that the condition (2.7) is satisfied for f = fo. Furthermore, for each

ref{0,1, ..., m} the coefficient f, satisfies
m K m-—r K
(Frle2)@ =) (r> iRy, =) ( fr> frir@R(y, 2"
l=r =0

(2.9)
forallze Handy €T.

PROOF. These results can be proved by using the definition of the operation |[|¢ in
(2.5) and the relations in (2.2) and (2.3) (see, for example, [1]). O

By Lemma 2.3 the map Q? given by (2.8) induces an isomorphism
QU QP(T) — QM ().
Furthermore, if Q’E”f with f € QPS’"(I‘) is as in (2.8), then
fo=f € QM(D);
hence, the inverse of the isomorphism Qg” is the map
Po: QP (I') — QM (T)
sending a quasimodular polynomial F(z, X) € QPE’" (") to its constant term
(PoF)(z) = F(z,0)

forall z € H.

3. Vector bundles

Let I be a discrete subgroup of SL(2, R) as in Section 2. In this section we construct
vector bundles over the quotient space I'\’H{ whose sections may be identified with
quasimodular polynomials and therefore quasimodular forms for I".
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Given integers A, k and r with 0 < k <r < m, we consider a map
EMKSLR2,R) x H— C
defined by
2ty 0= ('j)s(y, TRy, 3.1)
for y € SL(2, R) and z € H.

LEMMA 3.1. The map Ei"k given by (3.1) satisfies

k

gy, =) 80 vaE (. 2) (3.2)
{=r

forall y1, y € SL(2, R) and 7z € H.
PROOF. If y1, y € SL(2, R) and z € H, from (3.1) we obtain

k\ . _ _
oy, 0= <r>d(m/, DT Ry, DN
However, using (2.2) and (2.3),

Iy, D =30n, v Y I )Y,

Ry, 7 = Ay, 2) + 3(r, 2 28U, yo)E

k—r
k—r\ . : L
= Z( j r>d(y, VR, yo) Ry,
j=0

k
k—r
(z _ r)fs(% DR, v TR
l=r

Hence, we see that

k
k\ (k—r
=,k _ ~ A=2r~ A—2¢
gy, 2 ;:r <r> (e_r>15(3/1,)’1) I 2)

x &(y1, y2)' TRy, (3.3)
On the other hand,

[4
—_ =X\, k ~ _ _
B v B (v ) = (r)d(yl, YO R, y2) T

« @3(% 2L R(y, 2

k\ (¢
= ( Z)( )3@1, YO 3y, P
.
x &y, y2) Ay, F (3.4)
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From (3.3), (3.4) and the relation

K\ (k—r\ k! K\ (¢t
(r) (z — r) TRl =)k —=0! (z) <r)

formula (3.2) follows. O

We fix a nonnegative integer m, and denote by C,,[X] the ring of polynomials in X
over C of degree at most m. Given a polynomial of the form

m
F(X)=)Y_ ¢ X" €CylX] (3.5)
r=0
with ¢g, . .., ¢ € C and an integer A, we now set
m m
y O (z, F(X)) = (yz, Z a8y, z)X') (3.6)
r=0 k

forall y € SL(2, R) and z € H.

PROPOSITION 3.2. Equation (3.6) determines a left action of SL(2,R) on the
Cartesian product H x C,,[X].

PROOF. Given elements y, y; € SL(2, R), z € H and a polynomial F'(X) € C,,[X] as
in (3.5), using (3.6), we obtain

y1 OF (v O (z, F(X)) = (mz, Z Y3 a0 (. z)X’)
0 ¢ =

=r k=¢(
m m ok Ak
= (mz, Y S as v o8 @ z)X’>. (3.7)
r=0 k=r ¢=r
On the other hand,
(ny) OF 2. F(X)) = (mz, Y agy oy z)X’). (3.8)
r=0 k=r

Combining (3.7) and (3.8) with (3.2), we obtain

v OF (v OF (z, F(X)) = (ny) OF (z, F(X));
hence, the proposition follows. O

Let I" be a discrete subgroup of SL(2, R), and denote the quotient of the space
H x C,,[X] by I' with respect to the action shown in Proposition 3.2 by

V" = T\H x Cp[X]. (3.9)
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If we denote the modular curve associated with I' by U = I'\'H, then the natural
projection map H x C,,[X] — H induces a surjective map @ : V}' — U such that
w_l(x) is isomorphic to C,,[X] for each x e U. Thus V" has the structure of
a complex vector bundle over U whose fiber is the (m 4 1)-dimensional complex
vector space C,,[X] of polynomials in X. We denote by I'o(U, V;") the space of
all holomorphic sections of V;" over U.

THEOREM 3.3. The space To(U, Vi) of holomorphic sections of V' over U =T'\'H
is canonically isomorphic to the space Q P;" (I') of all quasimodular polynomials for I
of weight A and depth at most m.

PROOF. Leto : U — V" be a holomorphic section of V" over U = I"'\'H, and denote
by g : H — U the natural projection map. Given z € H, then

0(q(2)) = [(z Zcr,zxr>:| e M'\'H x Cp[X]
r=0

for some cgz, ..., cm,; € C, where [(-)] denotes the I"-orbit of the element (-) of
H x Cp[X]. We define the C-valued functions f, ..., f,; on H by
@ =c (3.10)

for all zeH and 0 <r <m. Given y €T, since for each z € H the I'-orbits of z
and y z are the same, then

o(q(z) =0(q(y2) = [(yz, > cyx>] 3.11)
r=0

On the other hand, since

[y OF (z, F(X)]=[(z, f(X))]
for each (z, f(X)) € H x C,,[X], using (3.6) leads to

o(q(2) = [)’ oy (z, >, cr,zX’>]

r=0
m
= [(yz, DB, z)X’)].
r=0 k=r
Comparing this with (3.11) and using (3.1) and (3.10), we see that
LD =crye =Y B (. 2)
k=r
"k
=> (r):;(y, DRy, (2
k=r
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hence, we obtain

m

k
Solha@ =3 (r)ﬁw, DTS @)

k=r

for 0 <r < m. In particular,
m
S 2@ =Y Ry, " (@),
k=0
and therefore it follows that the polynomial

FO@ X)=)_ ff@X"

r=0

is a quasimodular polynomial belonging to Q P;"(I"). On the other hand, we assume
that G(z, X) =) 1 &-(2) X" is a quasimodular polynomial belonging to Q P;"(T").
We define the map o : U — Vi by

06(q(2) = [(z > gr(z)X’ﬂ
r=0

for all z € H. Then for each y € T, using (2.9), (3.1) and (3.6),

oG(q(yz2) = (yz, Z gk(yz)X"“)]

L =0
B m m k

= (VZ’ Z Z < )3(% DMV Ay, z)"_rgk(z))}
L k=0 k=r \I

= (Vz, Y e, z)gk<z>>]
- k=0 k=r

= |y O} (z, Zgr(z)Xr)}
ol r=0

and therefore or is well defined. Since clearly @ o oG = 1y, it follows that o is a
holomorphic section of V;\" over U; hence, the proof of the theorem is complete. O

REMARK 3.4. If m =0, then the bundle V,(\) becomes a line bundle and we obtain the
isomorphism
Lo(U, V') = M (T)

for each A, which provides the usual identification between modular forms and
holomorphic sections of a line bundle.
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4. Morphisms of vector bundles

Given m > 0, there are natural linear maps carrying quasimodular forms of depth
at most m to those of depth at most » < m. In this section we construct morphisms of
vector bundles over a modular curve corresponding to such linear maps.

Given a polynomial F(z, X) € F,,[X] of the form

Fz. X)=)  f@X 4.1)
r=0
with fy, ..., fin € F, we set
m—p
By X=Y (HI;’) )fr+p<z>X’ 42)
r=0

for each integer p with 0 < p < m, so that we obtain the complex linear map
Ap FulX]— Fu_plX]. 4.3)
LEMMA 4.1. Given A € Z, then
Ap(QP, (M) C QPAm:ZZ(F)
foreach p €{0, 1, ..., m}.

PROOF. Let F(z, X) € QP;"(I') be a quasimodular polynomial of the form given
by (4.1). Then by Lemma 2.3(ii) the coefficients of F(z, X) satisfies

m

¢ )
(fib2jr)@ =) (J.)fz @R(y, )"

=j

forall z € H and y € I'. From this and Lemma 2.3(i) we see that f), is a quasimodular
form belonging to QF;”:ZI;(F), and therefore (A,F)(z, X) is a quasimodular

polynomial belonging to QP}'\"__Z‘::7 (I). O
Given p € {0, 1, ..., m}, we now define the map
Ap:H X CpulX] = H x CpoplX] (4.4)
by ~
Ap(z, [(X) = (z, Ap f(X)) (4.5)

forall f(X) € C,[X], where A, : Cy,[X] — C,,—,[X]is the map obtained from (4.3)
by restriction. We consider the vector bundles

V' =T\H x CulX1, V; ) =T\H x CpplX], (4.6)

where the first bundle is as in (3.9) and the second quotient is with respect to the
operation @;"__pr in (3.6) of " on H x C,,_ [ X].
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THEOREM 4.2. If0 < p < m, the map Zp in (4.4) induces a morphism
m—p
Vi — VA72p 4.7)
of vector bundles in (4.6) over X = T'\'H.
PROOF. Given L € Zand p € {0, 1, . .., m}, it suffices to prove that
Ap(y OF &, fX)) =y O) 3, Ap(z, f(X))

forallzeH,y €eland f(X) e Cyy[X]. If z€H, y €T and

fX) =) ;X" €CplX],
r=0

using (3.6), (4.2) and (4.5), we obtain
Ap(y ©F (z, F(X)))

m m

~ k
=4, (Vz, > (r)ﬁ()/, TRy, Z)k_erXr>

r=0 k=r

m—p m
= (VZ» > (r;p> ) (rip)ﬁ(y, TRy, Z)""_”CkX’>

r=0
= (VZ, ( p)( p)d()/, Z))\. 2r 2pﬁ(]/, Z)k rck+pXr)'
p r+p

On the other hand,

y O5 1, Apz, f(X))
m—p
_ r+p
=V @;\n,ﬁ, 2, ( )Cr+pxr)
p
277 (y, z)X’)

k
( )3(% A, Z)k_ererXr)

hence, the theorem follows.
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REMARK 4.3. If p =m in (4.7), then we obtain the morphism

m 0
VA g VA—Zm

from a vector bundle to a line bundle, where the holomorphic sections of the line
bundle VS_Zm can be identified with modular forms as in Remark 3.4.

(1]
[2]
(3]
[4]
(5]
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