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On the existence and uniqueness

of solutions of parabolic equations

K.L. Teo

Recently, Eklund {Proo. Amer. Math. Soc. 47 (1975), 137-11+2) has

shown that to each continuous function F on

3fl 5 Oft x [o, T]} u {ft x (o)} there is a unique solution to

the boundary value problem

(L<f>)(x, t) = 0 , (x, t) € ftx(0, T] ,

<j>(x, t) = F(x, t) , (x, t) € 3p6 ,

where L is a linear second order parabolic operator in

divergence form, fl c i? is a bounded domain with compact

closure and 3fi denotes its boundary. In this note, it is shown

that the existence theorem of Eklund remains valid for the

following boundary problem

(L<J»)(x, t) = f(x, t) + [g.(x, t)) , [x, t) € fix(0, T] ,
^

<()(x, t) = F{x, t) , (x, t) € 9p<3 .

1. I n t r o d u c t i o n and p r e l i m i n a r y r e s u l t s

Let SI c Rn be open with compact closure ft = 0. u 3ft . Let T > 0

and Q 2 ft x (o, T] . Further, let 3 8 2 Oft x [0, T]} u {ft x (o)}

denote the parabolic boundary of Q .

Consider the system described by the following linear second order

partial differential equation of parabolic type with non-homogeneous
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boundary conditions:

f(L<j>)(x, t) = f(x, t) + [gAx, t)) , (x, t) € Q ,

(|)(x, t) = F(x, t) , (x, t) € 3 0

where the (parabolic) differential operator L is given by

Lu 2 u. - la. .(x, t)u +a-(x, t)u\ - bA{x, t)u^ - a{x, t)u

with

and

Note that the convention adopted above and throughout the rest of the

note is to take summation up to n over repeated indices.

The given functions and solutions will lie in multidimensional iF

spaces and Sobolev space L [o, T, M ' (fl)] . These spaces are defined in

detail by Aronson and Serrin [2].

Throughout the note, the coefficients of L are assumed to satisfy

the following assumptions which will be referred to collectively as (A).

(i) The a..{x, t) are measurable functions in (x, t) with

\a. Ax, t)\ £ M < °° almost everywhere in Q , and for some X > 0 ,

2 n 2 _n
a-.(x, t)z.z. > \\z\ = X Y z. for all z (. R and almost all
1-3 1-3 ' ' i=l 1-

(x, t) € Q •

(ii) e(x, t) € L?[0, T; LP(fi)] for some pair p, q satisfying

1 < p , q £ °° ,

( i i i ) b.(x, t) , aXx, t) iLq\O, T, LP{Q)] for some pair p, q
3 3

satisfying

2 < p , <;<0 ,
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(**) n/2p + 1/q < % .

For convenience of reference, one basic definition and two basic

theorems of Aronson [7], and the main theorem of Eklund [3] are quoted

without proof.

DEFINITION 1. Let L be as described above,

fix, t) € Lq[0, T; LP(ft)] where p, q satisfy (*) and

g-ix, t) d Lq[o, T; rP(Q)~\ where p, q satisfy (**). Then, uix, t) is

said to be a weak solution of the boundary value problem

iLu)(x, t) = fix, t) + {gAx, t)} , ix, t) Z Q ,
t

(1) u(x, t) = 0 , (x , t) € S 3 8J2x[O, T] ,

u(x, 0) = uQ(x) , x € fi ,

if

of I p 1 oof o 1
( i ) u € L 6, T; # 7 ' (ft) n L 6, 2"; Lf (ft) for each 6 > 0 ,

L ioc j L -'-oc J

(ii) uAx) t L (ft) ,

and if, for each z(x, t) € C iQ) with compact support in Q, ,

(iii) \a..u z +a .z u-b .u z-cuz-uz Adxdt
In L %3 x. x. c x. o x. rj
H t' J u 0

\fz-g.z \dxdt + uAx)zix, 0)dx ,
1 n L ^ x-J J n U

and

(iv) lim u(x, t)g(x, t)da: = M (x)s(a;, O)dx .
£4*0 ft ft

Aronson and Serrin [2] have shown that every weak solution of (l) in

Q has a representative that is continuous in Q . Henceforth, u will

denote the continuous representative of a given weak solution.

THEOREM A. Suppose that the assumption (A) is satisfied and that

ur\x)> fix, t), g\x, t) are as described in Definition 1. Then there is

a unique weak solution u of the boundary value problem (l).
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A proof of this theorem is given by Aronson in [?].

THEOREM B. Let u be a solution of the problem (1) with f = 0 ,

_ 2
g. - 0 on Q , and u € L (ft) . Further, let ? = t,{x) be a non-

negative smooth function such that t,u € L p , T, HZ' (ft) . Then there is

a positive constant C such that

A proof of this theorem can be found in [/].

THEOREM C. Suppose that the assumption (A) is satisfied and that

F{x, t) is continuous on S so that F(x, 0) f I (ft) . Then there is a

unique weak solution u of the boundary value problem

{{Lu){x, t) = 0 , (x, t) € Q ,

(2)
I u{x, t) = F(x, t) , (x, t) € 9 0 .

A proof of this theorem is given by Eklund in [3].

2 . M a i n r e s u l t

We are now to present our main result in the following theorem. Its

proof is based on Theorems (A), (B), and (C) given in the previous section.

THEOREM 1. Consider the boundary value problem (s). Suppose that

the assumption (A) -is satisfied and that ?(•,•) is continuous on S and

2
F{ •, 0) f L (ft) . Then there is a unique weak solution u of the problem

(S).

Proof. In view of Theorems (A) and (C), we note that the boundary

value problems (l) and (2) possess unique solutions u and v

respectively. Define

i|/ 2 u + V .

We shall show that \p is the unique weak solution of the problem (S).

First of all, we see that for each z (. Cr{Q) with compact support in ft ,
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I {Lty)zdxdt = I {Lu)zdxdt + [ {Lv)zdxdt
J« }Q >Q

= f \fz-g.z \dxdt + I F(x, Q)z(x, O)dx .

Further,

lim ty[x, t)z{x, t)dx = lim < u(x, t)z{x, t)dx + v{x, t)z(x, t)dx\
•kin Jo -tin Uo JO >UO Jn t+0

= lim u{x, t)z{x, t)dx + lim v(x, t)z{x, t)dx

F(x, O)z(x, O)dx .

This implies that I|J is a weak solution of the problem (S).

It remains to show the uniqueness. For this, we assume that u and

U are two distinct solutions of the problem (S). Then, define

and consider the following boundary value problem

[•(£<())(*, t) = 0 , (x, t) t Q ,

(3)
<j>(x, t) = 0 , (x, t) i d Q •

Therefore, it follows from Theorems (A) and (B) that <j> is also the unique

solution of the problem (3) and is equal to zero identically on Q . This

simply implies that w. = Wp on Q . Thus, we can conclude that the

problem (S) admits only a unique weak solution ty . This completes the

proof.
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