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CHARACTERISATIONS OF GALOIS EXTENSIONS
OF PRIME CUBED DEGREE

JAMES E. CARTER

Let p be a prime number and let k be a field of characteristic not equal to p.
Assuming k contains the appropriate roots of unity, we characterise the non-cyclic
Galois extensions of k of degree p®. Concrete examples of such extensions are
given for each possible case which can occur, up to isomorphism.

1. INTRODUCTION

Let p be a prime number. In the course of investigating a problem of algebraic
number theory in [1], the author encountered a need for a characterisation of Galois
extensions of degree p®. Assuming certain conditions on the ground field k, he found
that these extensions could be described in a straightforward manner utilising methods
of a constructive nature which readily yield concrete examples not currently found, to
the author’s knowledge, in the research literature or in textbooks treating the subject.
More specifically, let k be a field of characteristic not equal to p. Furthermore, assume
k contains the multiplicative group g, of p-th roots of unity. Let G be a finite group
and suppose L/k is a Galois extension with Galois group Gal (L/k) isomorphic to G.
In the first part of our presentation we shall characterise the extensions L/k in case G
is non-cyclic of order p* and G is not the quaternion group (Theorems 4 and 6). The
quaternion extensions of k will then be characterised in the second part where we make
the additional assumption that k contains ps. (Theorems 9 and 10.)

The field extensions described above have been examined elsewhere within the
context of the “embedding problem.” We do not explicitly touch upon this aspect of
the study of these extensions here, but refer the interested reader to [3] .

2. GROUPS OF ORDER p°

We begin by gathering together some facts about groups of order p® which we shall
need. Let G be such a group. Then G is either a cyclic group, or the quaternion group,

or

(1) G = (77’715 | 7P =77 =1, & =77l1 [7117—] =1= ["hﬂa [T’ﬂ =77')
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where s, £ € {0,1,...,p—1}. If s =0 then G is one of two (up to isomorphism)
Abelian groups of order p3:

() GZ/pZOZ/pZS®Z[pZ if £=0;

(i) G~Z/pZOZ[Pp*Z if L+£0.
If 3 #0 and p is odd then G is one of two (up to isomorphism) nonabelian groups of
order p®. The first, which we shall refer to as type 1, is a split extension of a cyclic
group of order p by an elementary Abelian group of type (p,p). The second, referred

to as type 2, is a split extension of a cyclic group of order p by a cyclic group of order
p?. We have

(iiil) G isoftypel if £=0;

(iv) G isoftype 2 if £#£0.
If 5 # 0 and p =2 then G is the dihedral group D, for either value of £ € {0,1, ...,
p—1}.

In any case of (1), A = (n,7) is a normal subgroup of G and we have an exact

sequence of groups

(2) 1—A4—G—B—1.

In the nonabelian cases Z(G) = (n), where Z(QG) is the centre of G, and we have the

exact sequence
(3) 1—2(G)— G — H—1.

One easily verifies that H is elementary Abelian of type (p,p).

3. STRUCTURE OF EXTENSIONS OF DEGREE p°

In this section and the next we shall consider Galois extensions L/k with Gal(L/k)
~ G where G is given by (1). For any field F, F* will denote its multiplicative group
of nonzero elements, and F™ the multiplicative group of m-th powers of elements of
F* where m is a positive integer. If S is a subgroup of G we write L5 for the subfield
of L fixed by §. We now proceed to describe generators for L/k and the action of 7,
7, € on these generators. Let K = LW M = L{", E = L™ and F = L{"¢) . By
Galois theory and (1), (2), and (3), L/E and K/k are elementary Abelian extensions
of type (p,p). Let p =€ | E and o = 7 | F be the restrictions of £ and 7 to E and F,
respectively. By Galois theory, it follows that Gal(E/k) = (p) and G(F/k) = (¢). By
Kummer theory, E = k(a) and F = k(f) where o = a and P = b for some elements
a and b in k* such that (akP) and (bkP) are distinct cyclic subgroups of k*/k? of
order p. Moreover, writing { for a primitive p-th root of unity, we may assume «a
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and B chosen so that p(a) = (a and o(B) = (8. Consider n € Gal(L/k). Since (n)
fixes E, n | M is an E-automorphism of M. Therefore n | M € Gal(M/E). Since
Mg K=L"™, 5| M +# idy. Hence Gal(M/E) = (n| M). By Kummer theory,
M = E(v) where 4 = ¢ for some element ¢ in £*, and (cE?) and (bEP) are distinct
cyclic subgroups of E*/EP? of order p. Furthermore, we may assume v chosen so that

n(y) =¢v.
L
0N
M= E(7) /K\

E= k(a) F =k(B)

Figure 1

Since L = k(a,f3,7), any element of Gal(L/k) is completely determined by its action
on the elements «, §, and . Thus far we have 7 fixes @ and § and %(y) = (v, 7
fixes & and v and 7(8) = (B, and ¢ fixes # and £(a) = {a. It remains to determine
é(7). If e € E let Ngyi(e) denote the norm of e from E to k.

ProPOSITION 1. £(y) = B°ye for some e € E*. Consequently, b° =
¢*/Ng/i(e)-

PROOF: We show that £(v)/8%y € E*. From (1) we have [r,£] = 5°. Therefore
7€ =n"ér. Hence,

T(E(v)) _ () _ Era)(y) _ () (¢*r) _ Cé(r) _ €()

Biy) T O T B T OB T G By

Also,

n(ﬁ(v)) _ (@0 _ €ntv) _ €60 _ €
B*y B¢y Bly By B

Therefore £(7)/8%y € L™ = E. Tt follows that ¢(y) = B*ve for some e € EX. By
successively applying £ to both sides of the equation {(y) = f*ye we obtain £7(y) =
Ng/i(e)b®y. On the other hand, ¢7 = 7* which implies £P(v) = n%(v) = (%y. Therefore
¢%y = Ngju(e)b*y which gives ¢¢ = Ng/i(e)b’. Hence b* = (!/Ng/u(e). 0
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We display the action of 7, 7, and £ on «a, B and v in the following table:

a | B 7
Tl a|[{B]| 7
n|a|B| (v
€| Ca| B | B*ve
Table 1

COROLLARY 2. With the notation as in the proposition, if L/k is Abelian and
£#0 then pp, C Ngjp(E*). If L/k is nonabelian then b € u,Ng;i(E).

PROOF: L/k is Abelian if and only if s = 0. Since b* = (*/Ng/;(e) for some
e € E* it follows that (! = Ng/i(e) when L/k is Abelian. If £# 0 then p, = (%) C
Ng/k(E*). Now suppose L/k is nonabelian. Then s # 0 and b* € p,Ng/,(E™).

Since (s,p) =1 and b* € k? C Ng/x(E>) we have b € ppyNg i(E™). 1
Now let Z[{p)] be the group ring. Define the elements N and 6 in Z[{p)] by
P-1 p=1

N=Y p*and 0 =) ip*.
i=0 i=0

LEMMA 3. p8=6— N +p.

PROOF:
p-1 -1
A-p)0=> ip" =Y ip"!

=0 =0
p-i P )

=) it =) (i-1)f
=1 i=1
p—1 ] P ] P

=Zipz_zipt+zpi
=1 =1 =1

P .
=-p+y F
i=1
=N —p.
Therefore p§ = — N +p. 0
p—1

nip*

p—1 X p-1 n:
If 3 nip* € Z[(p)] and v € E we write 7i=0 for the product [] p*(y)™.

i=0 i=0
Recall that b° = (‘/Ng/i(e). In terms of the notation just introduced we have
b* = (%e~ VN, and p(a‘ea) = (‘afe”®. By Lemma 3 this last expression is equal

to (fatele Ne? = (le N (ale)e? = b*(a‘e®)eP. Since £(y) = B°ve we also have
p(c) = b*ce?. Therefore p(c/a’e®) = c/ale®. It follows that c/a‘e® € k™, that is,
¢ = kale® where k € kX
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The results of this section are summarised in the following

THEOREM 4. Let p be any prime and let
G= (7717"5 | P =7P=1,¢° ="7ts [ThT] =1= [n’ﬂv [T,f] = 77‘)

where s, £ € {0,1,...,p — 1}, and assume k is a field of characteristic not equal to p,
containing p,. Suppose L[k is a Galois extension of degree p* with Gal(L/k)=G. If
K=LM M=L{", E=L"" and F = L™, then we have the following diagram
of subfields of L

L

N

M= L7} K= L

NN

E= [{n7) F=[{n8

~ 7

k

where L = MK, K = EF, and there exist elements a, 3, v € L such that E = k(a),
F =k(B), and M = E(v), and such that {(a) = Ca, 7(8) = (B, and n(y) = (v. Then
of =a, f? =b, and v? = c where a, b€ k* and c € E*.

Furthermore,

(1) (akP) and (bkP) are distinct cyclic subgroups of k* /kP of order p;
(1) (bEP) and (cEP) are distinct cyclic subgroups of E*/EP of order p.

-1
Moreover, if p = £ | E then Gal (E/k) = (p) and we define N, 8 € Z[{p)] by N = Y, p
i=0
p—1
and § = Y ip'. Finally, there are elements & € k* and e € EX such that b* = (%e™N

=0
and ¢ = ka'e®?, and such that 7, 7, and £ act as k-automorphisms of L according to

the following table.

la| B8] 7
Tl a |(B]| 7
nf{a i B | ¢y
£ | Ca| B | Bye

https://doi.org/10.1017/5S0004972700030574 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700030574

104 J.E. Carter (6]

4. CONSTRUCTION OF EXTENSIONS OF DEGREE p3

In view of the previous two sections we now consider the problem of constructing
Galois extensions L/k with Gal(L/k) = G where G is given by (1) and k is a field of
characteristic not equal to p, containing p,. If F is any field with B C F* | and n is
a positive rational integer, write B!/ for the set of n-th roots of elements of B. We
shall need the following:

LEMMA 5. Suppose k C E C L are arbitrary fields and assume p, CE. If E/k
is a Galois extension with Galois group Gal (E/k) and L/E is a Kummer extension,
say L = E(BY/™) where EX D B 2 E™, then L/k is normal if and only if p(B) = B
for every p € Gal (E/k).

PROOF: Suppose L/k is normal. Let p € Gal(E/k) and choose o € Gal(L/k)
such that o | E = p. Since L = E(B'/™) we have L = o(L) = o(E(B'/")) =
E(p(B)l/"). By Kummer theory it follows that p(B) = B. Conversely, suppose
p(B) = B for every p € Gal(E/k). Let ¢ be a k-embedding of L into an algebraic
closure of k. Then o | E = p for some p € Gal(E/k). Since p(B) = B and L =
E(BY/™) we have o(L) = o(E(B/™)) = E(p(B)l/") = E(B'/™) = L. Therefore o
is a k—automorphism of L. Hence, L/k is normal. 0

For the remainder of this section we assume k is a field of characteristic not equal
to p, containing p,. Let a € k* such that (ak?) is a cyclic subgroup of k*/k? of
order p. Let E = k(a) where o = a. Then E/k is a Galois extension of degree p
and Gal(E/k) = (p) where p(a) = (a. Define the elements N and 6 of the group

p=1 p-1l
ring Z[(p)] by N = Z%p’ and 6§ = Z:in'. Let s, £ € {0,1,...,p — 1}. Suppose

there exists k € kX and e € E* such that (‘e™™ = b for some b € k* of order p
(mod kP), and ¢ = xale? has order p (mod E?). Furthermore, assume (bk?) # (akP)
and (bE?P) # (cEP). Let F = k(B) where B? = b. Then F/k is a Galois extension
of degree p and Gal (F/k) = (o) where o(8) = (8. Moreover, K = EF is a Galois
extension of k with Gal(K/k) ~ (p) x (o).

K=EF

7N

F= lc(a) F= k(ﬂ)

() (o)
k

Figure 2
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Now let M = E(y) where 42 = ¢. Then M 1s a cyclic extension of E of degree
p. Finally, let L = MK = E(B'/?) where B = (b,c)E?. Then L is an elementary
Abelian extension of E of degree p? and we have the following diagram of subfields of

L.
P
M= E(y) /K<
E= k(o) F=k(@p)
{p) (o)
k
Figure 3

THEOREM 6. Let L/k be the extension shown in Figure 3. Then L/k is Galois
with Gal(L/k) ~ G where G is given by (1). Moreover, by replacing e with (“e for
some integer u, we may assume the action of G on L is given by

la| B8]
T|a [(B]| v
n)al| B | (v
£ Ca| B | Bve

PROOF: By Lemma 3, pf = 8 — N + p. Therefore p(c) = p(nate®) = n¢lale® =
k(late® NtP = (te NgalePeP = b'ceP. It follows that for every positive integer i
p'(¢) = ¢ (mod (b)EP). Hence, B = (b,c)EP = (b, p*(c)) EP = p*(B) for every positive
integer i. This implies that L/k is normal, by Lemma 5. Thus, L/k is Galois since
L/k is separable.

We now determine the Galois group Gal(L/k). Let Gal(L/M) = (r) and
Gal(L/K) = (n) where 7 and 75 are defined by 7(8) = (B and n(y) = ¢{vy. Since
the sequence

1 — Gal(L/K) — Gal(L/F) — Gal (E/k) — 1

is exact, there exists £ € Gal(L/F) such that ¢ | E = p. Hence ¢(8) = B and
E() = &(c) = p(c) = b°ceP. From £(7)? = b°ce? we have £(y) = (*B*ye for some
u € {0,1,...,p — 1}. Suppose u # 0. Since (C“e)_N = e N, (¢*e)’ = €, and
(("e)” = eP we may replace e with (“e without affecting any of the arguments of this
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section, and the above relation becomes £(v) = #°ye. We display the actions of 7, 7,
and £ in the following table.

e | B8]
T|a | (B v
n|lal| B | (v
£ Ca| B | Bye

Table 2

It remains to show that n, 7, and £ satisfy the relations of (1). Clearly n? =17 =1
and [,7] = 1. To show that ¢P = 5% it suffices to show €P(v) = n%(v) since ¢P and n*
both fix a and 8. By successively applying £ to both sides of the equation £(y) = B%ve
one obtains ¢P(y) = eVb’y. Since b* = (‘e it follows that ¢P(y) = ¢4y = 7(v).
Therefore ¢P = n*. We now show [n,f] = 1. Clearly, n¢ and én agree on a and
B. Since also (n€)(v) = n(B°ve) = (B*ve and ({n)(7) = &({v) = (B*ve it follows
that [n,£] = 1. Finally, we show [r,f] = n*. This last equation is equivalent to
7€ = n®ér. We have (7€)(a) = (a = (n°é7)(a) and (T€)(B) = (B = (n°¢é7)(B).
Also, (7€)(7) = T(B*ve) = (*Bve and (n’¢r)(7) = (n*€)(7) = n°(B°ve) = (*B’ve.
Therefore [7,¢] = 5. a

REMARK. Let p be any prime. Theorem 4 together with Theorem 6 provide a complete
characterisation of noncyclic extensions L/k of degree p® of fields k of characteristic
not equal to p, containing p,, provided such extensions of k exist and L/k is not a
quaternion extension.

In the examples which follow immediately, the notation will be as in the statement
of Theorem 6. Furthermore, let Q be the field of rational numbers, and let 7 = /—1.
Let ({,, denote a primitive m-th root of unity. For each example it is not difficult
to check that the condition (%e™® = §* holds. The remaining conditions required
by Theorem 6 are easily shown to be satisfied by arguing as follows: (1) Assume the
condition does not hold. (2) Write an equation based on the assumption in 1. (3)
Derive a contradiction from the equation obtained in 2. In about half the cases, step 3
will begin by taking the obvious norm of both sides of the equation (but see the remark
preceding Example 5). Standard facts about cyclotomic fields (see [2, Chapter IV] for
instance) may also prove helpful in verifying some of the conditions of Examples 4 and
5. In particular, one may find the following facts useful: [Q((pr) : Q] = (p—1)p™7?,

r-1 .
and p = .1:[1 (1-¢Y).

EXAMPLE 1. Let k= Q, p=2,.=0,2=0,a=3,b=5,k=1, and e
1/(2++3). Then ¢ = 1/(2— /3) and L/k is a Galois extension with Gal (L/k) ~
Z2Z0L/2Z&L)2Z .
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EXAMPLE 2. Let k =Q(2), p=2,5=0,€=1,aea=2,b=3, «x =1, and
e = i/(3+2\/§). Then ¢ = i\/ﬁ/(3—2\/§) and L/k is a Galois extension with
Gal(L/k)~Z[2Z& Z[AZ .

EXAMPLE 3. Let k= Q, p=2,s5=1,£=1,a=2,b= -7, k=1, and e =
1/(3+v?2). Then ¢ = v2/(3 — v2) and L/k is a Galois extension with Gal(L/k) ~
D, .

EXAMPLE 4. Let p be an odd prime. Let k = Q(¢), and let s and £ be nonzero. Let
a = p, and b = ¢¥" where r is an integer such that rs = 1 (mod p). Let « = 1, and
e = 1. Then ¢ = a, where o = p, and L/k is a Galois extension with Gal (L/k) ~ G,

where G is nonabelian of order p* of type 2.

REMARK. In the following example, the conditions required by Theorem 6 are verified
as outlined in the paragraph preceding Example 1, with the exception of those conditions
involving the element ¢. For these two conditions, carry out steps 1 and 2 as in the
previous examples. In step 3, however, apply p to both sides of the equation instead of
taking norms, and then apply Lemma 3. Now derive a contradiction as before.

EXAMPLE 5. Let p be an odd prime. Let £k = Q(¢), andlet s=1, £=0. Let a =,
and b=1~(. Let x =1, and e =1/(1—(,2). Then ¢ = e?, and L/k is a Galois
extension with Gal(L/k) ~ G, where G is nonabelian of order p* of type 1.

In the remaining sections we shall obtain a characterisation of quaternion extensions
of fields L/k where we assume the characteristic of k is not 2, and us C k. The
development parallels closely that of the previous sections in broad outline, but with

essential differences in some of the details.

5. THE QUATERNION GROUP

In terms of generators and relations the quaternion group is given by
(4) Hg = <£’T l 54 =1, 62 = T2’ T€ = 637) .

Every subgroup of Hp is normal. In particular, Z(Hg) = (¢2) is the centre of Hg where
&2 = 72 is the unique element of order 2 and we have an exact sequence

€)] 1—> Z(Hs) » Hs — @ — 1.

One easily verifies that ) must be elementary Abelian of type (2,2).

https://doi.org/10.1017/5S0004972700030574 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700030574

108 J.E. Carter [10]

6. STRUCTURE OF QUATERNION EXTENSIONS

Suppose k is a field of characteristic not equal to 2, containing ps. Let L/k be a
normal extension with Gal(L/k) ~ Hg where Hjp is given by (4). If S is a subgroup
of Hs we write L5 for the subfield of L fixed by §. We now proceed to describe
generators for L/k and the action of £ and 7 on these generators. Let E = L{7),
F=1L® and K = L€ By Galois theory and (5), we have the following diagram of
subfields of L where L/K is a quadratic extension and K/k is an elementary Abelian
extension of type (2,2).

Figure 4

Let p=¢ | F and o = 7 | F be the restrictions of £ and 7 to E and F respectively.
By Galois theory it follows that Gal(E/k) = (p) and Gal(F/k) = (¢). By Kummer
theory E = k(a) and F = K(B) where a? = a and #? = b are elements of k*
and (ak?) and (bk?) are distinct cyclic subgroups of k*/k? of order 2. Moreover,
p(a) = —a and o(B) = —f. Since pg C E and L/E is cyclic of degree 4 we have
L = E(v) where v satisfies f(z) = 2* —u for some u € EX. The roots of f are the
elements of the set {47, +iy} where i = —1. Since 7 is an E-automorphism of L
we have 7(v) € {£v,%iv}. If 7(y) = &7 then 7? fixes L = k(e,y) which contradicts
the fact that 7 has order 4. Therefore, we must have 7(y) = +iy. If 7(y) = —47y then
73(y) = i7. Also, 7*(a) = a and 73(8) = —B. Thus, since (1) = (r*) we may assume
7(y) = iy. Let ¢ = 42. Since 72(c) = 72(1?) = 7%(7)’ = (—7)’ = +? = c it follows
that ¢ € L") = K. Thus far we have 7 fixes a, 7(8) = -8, and 7(y) = iy. Also, ¢
fixes B and £(a) = —a. It remains to determine £().

LEMMA 7. &(v) =ifey for some e € E*.
PROOF: We show that 7 fixes £(7)/iBy. Since 7€ = ¢*r and ¢2 = 72 we have

T(E(v)) _ (8 _ (1)) _iE0) _ () _ —if(y) _ )
By

—ifr(v) By By By By By’
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Therefore £(v)/iBy € L) = E. It follows that £(y) = iBey for some e € E*. 0
The action of 7 and € on «, 8, and 7 is displayed in the following table.

e | B | o
r|l a | B v
£| —a| B | ifey

Table 3

PROPOSITION 8. If L/k isanormal extension such that Gal(L/k) = Hs where
H; is given by (4), then L has subfields as shown in Figure 4 where b = e~ N

¢ = kafe’ for some x € k* and e € EX where N and 6 are the elements of Z[(p)]
1

1 .
defined by N =) p*=1+4+p and 8 =) ip* =p.
i=0

and

i=0

PROOF: It remains to prove the statements about b and ¢. We have £(vy) = ifey
by Lemma 7. Hence —y = 7%(y) = £%(y) = —beNy. Therefore, b = e™. We now
determine ¢. Since £(c) = £(v)? = (iBey)’ = —B%e*c and, by Lemma 3, £(aBef) =
—afe®” = —afePeNe? = —afePB2e?, we have £(c/afe’) = —B%e%c/—B%e*afe’ =
c/afe® which implies c/afe® € L) = F. Also, since 7(c) = 7(7)2 = —c we have
7(c/aBe?) = —c/—afe? = c/aBe® which gives c/aBe® € L{™ = E. Hence c/aBe’ €
ENF =k. Therefore ¢ = xafe? for some & € k.

The results of this section are summarised in the following theorem.

THEOREM 9. Let
Hy = ({7 ¢ =1, & =12, 7¢ = ¢7)

and assume k is a field of characteristic not equal to 2, containing p4. Suppose L/k
is a Galois extension of degree 8 with Gal (L/k) = Hs. If K = L), E = L™ and
F =L, then we have the following diagram of subfields of L

L

|

K= )

N

E= L7 F= L)

~ 7

k
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where K = EF, and there exist elements a, §, v € L such that E = k(a), F = k(B),
and L = K(v), and such that {(a) = —a, 7(8) = =8 and 7(y) = iy. Then o? = a,
B% =1b, and v* = ¢ where a, b € k* and ¢ € K*. Furthermore,
(i) (ak?®) and (bk?) are distinct cyclic subgroups of k™ /k? of order 2;
(ii) (cK?) is a cyclic subgroup of K*/K? of order 2.
Moreover, if p = ¢ | E then Gal(E/k) = (p) and we define N, 8 € Z[(p)] by
N = 21: pP=14+pand = 21: ip' = p. Finally, there are elements k € k* and e € E*

i=0 =0
such that b= e~V and ¢ = kafe?, and such that  and ¢ act as k—automorphisms of

L according to the following table.

| a | B | 7
T a | -0 1y
£ | —a| B | ifey

7. CONSTRUCTION OF QUATERNION EXTENSIONS

Suppose k is a field of characteristic not equal to 2, containing us. Let a € k%
such that (ak?) is a subgroup of k*/k? of order 2. Let E = k(a) where a? = a. Then
E/k is a quadratic extension with Gal(E/k) = (p), say. Let N, 8 € Z[{p)] be the
elements defined in the statement of Proposition 8. Choose e € E* such that b= e~V
has order 2 (mod k?) and (bk?) # (ak?). Let F = k(B) where % =b. Then F/k is a
quadratic extension with Gal(F/k) = (o}, say, and K = EF is an elementary Abelian
extension of k of type (2,2). Finally, let ¢ = kafe® where k € kX and assume ¢ # 1
(mod K?). Suppose v2 = c. Then L = K(v) is a quadratic extension of K and we
have the following diagram of subfields of L

Figure 5

THEOREM 10. Let L/k be the extension shown in Figure 5. Then L/k is Galois
with Gal(L/k) ~ Hs.
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Proor: Gal(K/k) ~ Gal(E/k) x Gal(F/k) = (p) x {¢). By identifying the ele-
ments of the group (p) x (o) with their preimages under the above isomorphism, we may
assume Gal (K/k) = {1k, p,0,pc}. By Lemmab, L/k is normal if and only if A(c) = ¢
(mod K?) for every A € Gal (K/k). We have p(c) = p(kafe®) = —xaBe’”. By Lemma
3 this last expression is equal to —kaBe®N12 = _gafefeNe? = i2kafBeB2e? =
ci’f%e? = ¢ (mod K?). Similarly, the condition is verified for the remaining elements
of Gal(K/k). It follows that L/k is a normal extension. Hence, L/k is Galois since
L/k is separable.

We shall now show that Gal{L/k) ~ Hg. Since g4 C E and L = E(y) where
v* € E, Gal(L/E) is cyclic of order 4, say, Gal(L/E) = (). Therefore, 7(a) = a
and we must have 7(8) = —f, for otherwise F C L{") = E which is a contradiction.
Also, by the argument preceding Lemma 7, 7(y) = +iy and we may assume 7(y) = iv.
Let ¢ € Gal(L/F) such that £ | E = p. Then £(8) = f and we must have ¢(a)
—a. Also, 6(7)2 = £(c) = ¢(raPe®) = —kafe®” = —rafe®N+? (by Lemma 3
= —rafe®B?e?. Therefore £(v) = Lifley. Hence, £2(y) = £(£ifey) = +ifE(e)é(7)
LiBE(<)(£ifler) = —BPePey = ~eNeNy = —y = 72(). Since L = K(v) = k(a>f,7)
and ¢2 and 72 agree on a and f it follows that ¢2 = 72. Therefore ¢ has order
four which implies Gal(L/F) = (£). If £&(y) = —ifey then ¢3(y) = iBey. Since also
&E(a) = —a, €3(B) = B, and (£) = (£*), we may assume &(v) = iBey. The action of 7
and £ on a, B, and v is displayed in the following table

~—

|« | B | v
T| a | =B | vy
£| —a| B |ifey

Table 4

We claim that Gal(L/k) = (£,7 ¢4 =1, €2 =72 76 =€37). It only remains to
show that 7¢ = ¢37. Clearly, (7¢)(a) = (£7)(a) and (7€)(B) = (£37)(B).
Also, (7€)(7) = 7(iBey) = —ifeiy = Bey and (£37)(y) = €3(iv) = i€*(iBey) =
i€(iBe”ifey) = —if(7) = ~iifey = Bey. 0

REMARK. By Theorem 6 and Theorem 10 we see that if one begins with the elemen-
tary Abelian extension K/k of Figure 5, one obtains a normal extension L/k with
Gal (L/k) ~ D, by adjoining to E a square root of the element xe?, for some k € kX,
to obtain M. Then L = MK . If, instead, we adjoin to K a square root of the element
xafe?, for some (possibly different) & € kX, to obtain L, then L/k is a normal exten-
sion with Gal(L/k) ~ Hg. Theorem 9 together with Theorem 10 provide a complete
characterisation of quaternion extensions of fields k of characteristic not equal to 2,
containing p4, provided such extensions of k exist.

In the following examples, the notation will be as in the statement of Theorem 10.
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As in the previous examples, the verification that the required conditions are satisfied is
left to the reader. Once again, this is easily done as outlined in the paragraph preceding
Example 1. The following facts may also be useful in verifying some of the conditions
of Example 6: Q({m) N Q({n) = Q whenever m and n are relatively prime (see [2,
Chapter IV] for instance), and 2 = —i(1 +1)°.

ExAMPLE 6. Let £k = Q(i), e = 2, x = 1, and e = 1/(i+\/§). Then b = -3,
¢=v2v/=3/(i —v/2), and L/k is a Galois extension with Gal(L/k) ~ Hs .

EXAMPLE 7. In view of the remark following Theorem 10, let k¥ be as in Example 6. In
Theorem 6 let p =2, s =1, and £ = 0. Define a, b, x, and e as in Example 6, but let
c=1/(i- \/5) Then, by Theorem 6, L/k is a Galois extension with Gal(L/k) ~ D,.
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