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Abstract

The history of the proof of the integration by parts formula for the classical Perron integral, and for
the SCP-integral of Burkill, is discussed.

1980 Mathematics subject classification (Amer. Math. Soc): 28 - 02.

1. Introduction

1. For the integral of elementary calculus the Newton, or N-, integral—the
integration by parts formula is a rewriting of the product rule of differentiation.

To say that / is N-integrable on the compact interval [a, b], f e N(a, b), or
just / G N, means / is a finite derivative; that is, / : [a, b] -* U, and there exists
an F such that F' = f. Then F is called an N-primitive of / , F = N//.

If / , g G N, with primitives F, G respectively, then (FG)'= fG + Fg, or
equivalently

(1) N/*/G = F(b)G(b) - F(a)G(a) - N I" Fg.

This paper is based on talks given in May 1982 to the 5th Real Analysis Symposium, University of
Missouri, Kansas City; it was written in part while the author was a visitor at the National University
of Singapore, and at the University of Melbourne, 1982-83. The author would like to express his
appreciation of the help and valuable comments of Professor R. O. Vyborny.
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344 P. S. Bullen [2]

The same formula holds for other classical integrals, in particular the Lebesgue,
or L-, integral. In that case we write (1) by dropping the prefixes N-, (integrals
without prefixes will always denote L-integrals), and a possible proof is to note
that then the right-hand side of (1) is absolutely continuous, as a function of b,
and has a derivative equal to fG almost everywhere (a.e.).

The L- and N- integrals arise from two very different concepts of integration.
While the classes of L-, and N- integrable functions, L and N say, have a large
overlap, they are distinct; that is, neither L — N nor N - L is empty. Between
1912 and 1915 three integrals were defined that were generalizations of both the
L- and N-integrals. They are the restricted total, or T ""-integral of Denjoy, 1912,
[9], [11]; the descriptive D*-integral of Luzin, 1912, [23]; and the Perron, or P-,
integral, 1914-15, Perron [28], Bauer [2]. All three integrals turned out to be
equivalent. While this is almost immediate for the first two, their equivalence to
the P-integral is due to Hake [14], Looman [22], and Aleksandrov [1], 1921-25;
this result is known as the Hake-Looman-Aleksandrov Theorem, or just HLA.

For the T*- and D*-integrals the integration by parts formula is almost an
immediate consequence of their definitions. The T*-integral is defined inductively
from the L-integral; starting with the formula for the L-integral, it is easily
checked that the formula goes along with the induction, and the result for the
T*-integral follows. The D ""-integral is defined by generalizing the absolute
continuity definition of the L-integral, and the proof suggested above for the
L-integral easily generalizes to give a D ""-integral integration by parts formula;
the generalization of absolute continuity is usually written ACG*; see Saks [31].
(A further generalization, written ACG, defines an even more general integral, the
D-integral; see also Saks [31]. This integral is mentioned in Paragraph 14 below,
but nothing beyond its existence and generality is needed for this article.)

Since P = T* = D*, either of the above results implies an integration by parts
formula for the P-integral, but only by an appeal to a deep result, HLA. It is a
strange fact that although the definition of the P-integral (see Paragraph 4 below)
is much simpler than either of the other two definitions, no direct proof of a
Perron-integral integration by parts formula became generally known until the
1967 paper of Gordon and Lasher [13]. This long delay was not due to lack of
interest. At the International Congress in Oslo, 1935, McShane presented a
modification of the P-integral, the MP-integral say. His purpose was that for this
Perron integral a direct proof of an integration by parts formula could be given
(McShane [25]). Slightly earlier, J. C. Burkill had defined a family of Perron
integrals, the CnP-integrals, n > 0, where the C0P-integral is just the P-integral.
For n > 1, Burkill gave an integration by parts formula for the Cn P-integral. This
was the first direct proof for a Perron integral and was an important reason for
the successful use made of these integrals (Burkill [6]).
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131 Integration by parts for Perron integrals 345

In Section 1 the problem of this long delay is discussed and it is shown that a
simpler modification than the MP-integral could have been used. Also the
attention of a wider audience is drawn to a simple direct proof of an integration
by parts formula for the P-integral given in 1951 by Mafik [24].

Besides the original papers mentioned above, good discussions of the various
integrals can be found in the following books: Hobson [16], Lebesgue [21],
McShane [26], Natanson [27], Pesin [29], Saks [32]. In addition, a survey with an
extensive bibliography can be found in Bullen [4].

2. The other Perron integral for which integration by parts has an interesting
history arises in a very different way. (The various facts about trigonometric series
that follow can be found in Zygmund [38], and an interesting discussion of this
topic can be found in the first volume of Denjoy [10], and in James [19].)

Let us suppose that for all 6,

(2) f{0) = ifl0 + £ Kcosnfl + bnsmn0).
n»l

Then this representation of / is unique. This implies that the coefficients
an,bn,n 3* 0, should be obtainable from / ; in fact if, in (2) the convergence is
uniform, or / e L(-w, w), it is known that for any a e R, /i > 0,

(3) an = ^f + 2"f(6)cosn6dd, bn = ̂  fa + 2" f(6)smn0d0.

However, an / given by (2) need not even be P-integrable, and in 1951 Burkill
defined a Perron integral, the SCP-integral (see Paragraph 13 below) that was
general enough to ensure that for / given by (2), / e SCP. It is then fairly
immediate that (3) holds for n = 0; that is,

(4) ao-

However, for n > 1, it is not at all obvious that / e SCP implies f(0)cosnd,
f(6)sinnd e SCP. It is this difficulty that the integration by parts formula for
the SCP-integral solves, and in addition gives (3).

A natural primitive of an / given by (2) is the once integrated series,

It is known that, given (2), this series converges a.e. to an L-integrable function
(even to an L2-function). So, if for simplicity we assume that a0 = c = 0, then by
(3) we have

(6) £» = I f'*2' F{6) sin nOdd, - A - ± f'+2' F(6)Co,ndd6.
v ' n w Jn

 v ' n IT J,,
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If we then assume an integration by parts formula for the SCP-integral, we could
proceed to obtain (3) from (6):

(7) SCP f+2n f(6)cosn0d6 = n f+2" F(6)smn6d6 = anv.

The existence of the integral on the left-hand side of (7) ensured by that on the
right-hand side, a similar argument gives the other formula (Burkill [7]).

The limits of integration in (3) are taken as shown, rather than the usual 0 and
277-, since in this application, in (4) and (7), a must be a point of convergence of
(5).

In Section 2 the problems encountered in proving an integration by parts
formula for the SCP-integral are discussed. This section is much more technical
than Section 1.

3. The use of the integration by parts formula in Paragraph 2, in particular (7),
suggests that the symmetric formula (1) should, in a more general situation, be
replaced by a formula in which the integral on the right-hand side exists in a
stronger sense that the integral on the left-hand side:

(8) I ffG = F(b)G(b) - F(a)G(a) - if Fg
J a J a

where J c I. The formula (8) then answers the question "If / e I, for what G is it
true that fc e I", the answer being those G for which Fg e J. The answer, in
effect, reduces the problem for the I-integral to a similar one for the simpler
J-integral.

Since for I = CnP, n > 1, there was a natural J of the same type, J = Cn_xP,
Burkill was able to prove integration by parts for the CnP-integral. The difficulty
for « = 0, the classical P-integral, was that the natural J-integral is the L-integral,
an integral defined in a completely different manner.

Since it is to be expected that conditions under which (8) is proved would imply
the existence of the right-hand side, in particular they would imply Fg e J, and
so Fg e I. This leads to the simple observation that to prove (8), under those
circumstances, it is sufficient to prove that (/G + Fg) e I, and

(9) if (fG + Fg) = F(b)G(b) - F(a)G(a).

This is the form in which (1) is usually proved.
It might be mentioned that the P-integral can be defined using a modification

of the Riemann integral definition. If this approach is used, the problems with the
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integration by parts formula that are being discussed do not arise; see Henstock

[15] andd Pfeffer [30].

1. The classical Perron integral

4. The ^-integral. Perron's method of major and minor functions has a wide use
in the theory of linear differential equations, and in axiomatic potential theory.
Its simplest, and original, application is to solve the following initial value
problem: given / : [a, b] -* R, find the unique F such that, for a < x < b,

(10) F'(x)=f(x) and F(a) = 0.

DEFINITION 1. If / : [a, b] -> R, then / e P(a, b) if
(I) there exist m, hi: [a, b] -* R such that
(a) m, M are continuous;
(b) M(a) = m(a) = 0;
(c) IDA/ > / Ss uDm a.e.;
(d) IDA/ > -oo, uDm < oo except on a countable set.

(Here, ID denotes lower differentiation, that is to say,

;

uD denotes upper differentiation, defined analogously; 'except on a countable
set' will be written ' nearly everywhere' or just n.e.)

(II) sup m(b) = 'mfM(b), where the inf is over all M, and the sup over all w,
given in (I).
Then the common value in (II) is written P/j" / .

The essential properties implied by (a) to (d) are that, for all such M and m,
the function M — m is increasing, continuous, and non-negative (Bruckner [3]).
From these properties, and by various elementary arguments, the usual properties
expected of an integral are deduced, but not the integration by parts formula.

In particular, if / e P(a, b), then / is finite a.e., and / e P(a, x), a < x < b;
thus the P-primitive F(x) = P / a

x / is defined, a < x < b; F is continuous and
F = / a.e. If / = g a.e., then / and g are P-integrable together, and when
integrable they have the same primitive.

These results show that there would be no loss in generality if, in Definition 1,
/ had been required to be finite; the extension of the integral to a.e. finite
functions could then have been made in an obvious way.
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Clearly the P-primitive solves the initial value problem (10); for in this case
/ G N(a,b), and an iV-primitive of / can play the role of both M and m, so
/ G P, and its /'-primitive is an JV-primitive. That / G L implies / e P with its
L-primitive its P-primitive follows from a classical result in the theory of the
L-integral (Saks [32, page 191]).

The exceptional sets in (c) and (d) can, without loss of generality, be assumed
to be empty (Bauer [2], Looman [22]). However, since in any particular case it is
more difficult to obtain such M and m, it is convenient to have (c) and (d) as
stated.

Properties of the P-integral that depend on HLA, such as its equivalence to the
D*- and T ""-integrals, will be considered as deep non-elementary properties. Two
such properties of interest here are:

(S) Saks proved that (a) can be weakened to requiring only the measurability of
m and M (to give the same integral of course) (Saks [32, page 247]);

(M) Marcinkiewicz proved that (II) is unnecessary, for if one m and M exist,
then / e P (Saks [32, page 253]; see also Denjoy [10, Volume IV, part 2], Sarkhel
[34] and Tolstov [37]).
M is called a major function, and m a minor function, of / , on [a, b\, simple
properties of such functions, and of the primitive F of an / e P, imply that M
majorizes F, and that m minorizes F. Thus, to prove / e P , with primitive F, we
must, for all e > 0, find a majorant M of F, and a minorant m of F, satisfying
(a) to (d), and such that 0 < M(b) — m(b) < e; if we are prepared to appeal to
the deep result (M), then the reference to e can be omitted.

5. The basic lemma. From the discussion in Paragraph 3 it would appear that
we wish to prove (8) with I = P and J = L; given the need to ensure Fg G L, F
being continuous as we have noted in Paragraph 4, the following is the basic
result we will consider.

LEMMA 2. / / / G P(a, b), F = P//, and if G is absolutely continuous, g = G'
a.e. and zero elsewhere, thenfG G P(a, b) and

(11) PfhfG = F(b)G(b) - F(a)G(a) - f Fg.

A preliminary, elementary, but useful, simplification of this result can be made.
First note that Lemma 2 is valid if G is a constant, and that if Lemma 2 holds for
Gl and G2 then it holds for XGX + nG2, X, / t e R . Secondly, note that every
absolutely continuous function is the difference of two increasing (or decreasing)
absolutely continuous functions. From these elementary facts it is easy to see that
to prove Lemma 2 it is sufficient to prove the following result.
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LEMMA 3. / / / e P(a, b), F = P//, and if G is absolutely continuous, increasing,
with G(a) = 0, g — G' a.e. and zero elsewhere, thenfG e P(a, b) and

(12)

It is worth remarking that now, in Lemma 3, G > 0 and g > 0.
The difficulties in proving an integration by parts formula are of two kinds.

The first arises in attempting to prove Lemma 3. The almost obvious generaliza-
tion, Theorem 14 below, gives rise to another difficulty which will be discussed in
Paragraph 11 below.

6. Jeffery's first suggestion. It is natural, given the simplicity of Definition 1, to
attempt to prove Lemma 3, or (12), by rewriting it as in (9) and to follow as
closely as possible the proof of (1). The product rule of differentiation leads one
to expect that MG would be a major function of fG + Fg when M is a major
function of / . Similarly, if m is a minor function of / , then mG should be a
minor function of fG + Fg. If so, given e > 0, choose M, m so that 0 < M(b) —
m(b) < e, and the 0 *s M(b)G(b) - m(b)G(b) < eG(b). Hence (fG + Fg) <= P,
and (12) holds.

It remains then to check that MG is a major function, and mG is a minor
function, of fG + Fg. First note that given two real valued functions in [a, b], yp
and </> say, with \p(x)> 0, <J>(JC) ̂  0 and with at least one of them continuous at
x, then

(13) lD^( ;e) > $(JC)1D*(JC) + ^ (X) ID^( JC) .

Clearly MG satisfies (a) and (b); further, given the conditions of Lemma 3, (13)
implies that
(14) 1DMG > G\DM + Mg;
since M majorizes F, and g > 0, it follows from (14) that (c) for M implies (c) for
MG; that is,

1DMG >fG + Fg a.e.
However, g can be oo on a set of measure zero, and at such points, as (14) shows,
iDMG can be -oo; hence (d) need not hold.

A similar discussion with mG shows that this simple direct approach to Lemma
3 fails. All that can be proved is Lemma 3 with the extra assumption that
|G'| < oo n.e.; this was pointed out, in 1942, by Jeffery [20].

7. Jeffery's second suggestion. Let us now consider a direct approach to Lemma
3 by trying to show that h = fG e P(a, b) with the right-hand side of (12)
providing the obvious primitive:

(15) H(x) = F(x)G(x) - f Fg,
* n
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If then M is a major function of / , a suitable candidate for a major function of h
is

(16) R(x) = M(x)G(x) - f Mg.

A minor function r is defined analogously, using m, a minor function of / . That
R, r satisfy (a) and (b) is obvious; further, given e > 0, a suitable choice of M
and m will ensure that 0 < R{b) - r(b) < e. It remains then to check (c) and (d).

Let x, x + h be in [a, b]\ then, by the mean value theorem for the L-integral
there is a y, between x and x + h, such that

(17) R(x + h) - R(x) = M(x + h)G(x + h) - M(x)G(x)

~M(y){G(x + h)-G(x)},

or, on rewriting,

If G'(x) if finite, and so finite a.e., (18) implies that IDR(x) = G(x)lDM(x),
and so, since G > 0, (c) for M implies (c) for R; that is, YDR > fG a.e.

If, however, G'(x) = oo, then the second term on the right of (18) shows that
lDi?(x) = -oo is possible. As this can happen on a set of measure zero, and not
just on a countable set, R does not satisfy (d).

A similar discussion with r shows that this approach to Lemma 3 fails for the
same reason as in Paragraph 6; as there, this method will prove Lemma 3 if the
assumption \G'\ < oo n.e. is added (Jeffery [20]).

8. The McShane approach. Definition 1 is clearly very well adapted to solving
the initial value problem (10). In both (10) and Definition 1 ordinary differentia-
tion can be replaced by any generalization to obtain a generalized Perron integral,
an integral that solves the corresponding generalization of (10), provided that two
conditions are satisfied: (i) the F in the generalized (10) must be unique; and (ii)
M — m must be increasing.

A simple such generalization is to use one-sided derivatives; proofs that
conditions (i) and (ii) are satisfied can be found in Bruckner [3]. Let us speak of
right major and minor functions when right differentiation is used, and likewise
left major and minor functions. The use of left major and minor functions defines
a Perron integral, the P.-integral, say; if we use right major and minor functions,
we get another Perron integral, the P+-integral, say. Ridder [31] and Ionescu-
Tulcea [17] defined Perron integrals that we could call the P+- and Pip-integrals;

https://doi.org/10.1017/S1446788700027555 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700027555


[9) Integration by parts for Perron integrals 351

in the first, right major functions but left minor functions are used; in the second,
left major functions but right minor functions are used. All four of the integrals
are apparently more general than the P-integral since a (bilateral) major function
is of course both a left and right major function.

The MP-integral of McShane is less general than these integrals, but still
apparently more general than the P-integral. In the present notation it could be
called the P±-p-integral, since the definition requires left and right major func-
tions, and left and right minor functions. Then / e MP means that for all e > 0
there exist <J>,, 1 < / < 4, left, right major and minor functions, such that
\<t>i(b) - <t>j(b)\ < e, 1 < /', j < 4. (It should be noted that both for the MP-in-
tegral, and for the P±-, and P-integral, the proof of (ii) above is more difficult. If,
for instance, M is a right, major function and m a left minor function, appeal
must be made to a result of G. C. Young; see Hobson [16, Volume 1, page 392] or
Bruckner [3, page 63].)

McShane exploited the one-sided derivatives and the existence of four major,
minor functions to prove Lemma 2 for the MP-integral (McShane [25], [26]).
However, if we are prepared to use one-sided derivatives, the argument in
Paragraph 7 gives no trouble. For let us consider (18) again and rewrite it as

(19) * ( * + * ) ~ R(x) _ C(x , h) (M(x + h ) - M(x))

Now if /i < 0, then x + h < y < x, and 0 < y - x/h < 1; if then \D_M(x) >
-oo, (19) implies, since G is increasing, that lD_/?(x) > -oo. In other words, if
M is a (left) major function of / then R is a left major function of fG. In a
similar way r is a left minor function of fG.

In this way we obtain a very simple proof of Lemma 3, and so of Lemma 2, for
the P.-integral; and a similar argument can be given for the P+-integral.

The P+-integral was introduced by the Hake [14] who, as his contribution to
HLA, proved that P + c T*, a result that is apparently stronger than P c T*.
Looman proved that T* c P+, and Aleksandrov that T* = P. So it is a part of
HLA that P + = P, and so we have in fact proved Lemma 2. It is a little surprising
that the above proof of Lemma 2 via the P+-integral was not noticed earlier.

Since then P + = P, it follows that MP = P, and so, by an appeal to the deep
HLA, McShane had given a proof of Lemma 2. (It might be remarked that the
integrals P±, PT of Ridder and Ionescu-Tulcea are proper generalizations of the
P-integral.) However, assuming that HLA only showed that P = T*, McShane
[25] showed that his integral was equivalent to the P-integral by generalizing (M)
(his extension of (M) actually proves that P + = P.) He was of the opinion that
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the equivalence MP = P, like the equivalence P+= P, needs an appeal to a deep
theorem (McShane [26, page 316]); however, Ridder [31] gave a very simple and
elementary proof that shows McShane's proof of Lemma 2 for the MP-integral is
really one for the P-integral that does not appeal to HLA. This was not noticed,
and so further attempts to find a simple direct proof were made.

9. The Gordon and Lasher proof of Lemma 3. The direct proof of Lemma 3
given by Gordon and Lasher also obtains (d) by considering left and right sides
separately. However, they first made a simple, but crucial observation, that they
credit to Zygmund.

Since, in Lemma 3, G > 0 and g > 0, and since, following remarks in Para-
graph 5, we are seeking majorant of H (15), the function R in (16) is not a
natural choice; rather we should use

S(x) = M(x)G(x) - f mg,
Ja

where M is a major function, and m a minor function, of / . In a similar way we
can define a candidate for a minor function s.

As for R (r), we need only check that S (s) satisfies (c) and (d). From (17), as
modified for S, we can write

( 2 0 )

{G(x + h) - G(x))
_ m(yx))

The last term on the right-hand side of (20) is non-negative, and so if G'(x) is
finite, (and so a.e.), (20) implies that

IDS(x) > G(x) > IDM(x),

and (c) follows for S as it did for R.
As (18) was rewritten to give (19), so (20) can be rewritten as

S(x + h)-S(x) ( (M(x + h) - M(x))
- = G(x + h) -h

/ \ // y — x

(G(x + h) - G{x)

Suppose now that h > 0, uDm(x) < oo, and lDM(x) > -oo (and so n.e.). Then,
as in the discussion of (19), ID+S(x) > -oo.
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Now rewrite (20) as

S(x + h)-S(x) . (M(x + h) - M(x))
- = G(x + h) -h

~(G(x + h) - G(x))(M(y) - m(x))iL=J<l

If then h < 0, and IDM(x) > -oo (and so n.e.), we get that lD_S(x) > -oo.
Hence IDS > -oo n.e., and S is a major function of fG. In a similar way, s is a

minor function of fG, and the proof of Lemma 3 is complete.

10. Mafik' s proof of Lemma 3. Mafik's elegant proof of the integration by parts
formula for the Perron integral was the first to be published and was known even
earlier through mimeographed lecture notes. However, both the lecture notes and
the 1951 paper were in Czech and so this proof has not received the attention it
deserves.

Let us first remark that in Lemma 2, (11) can be rewritten as

(21) P f fG = F(b)G(b) - F(a)G(a) - RS f FdG,
''a ''a

where the integral on the right-hand side of (21) is a Riemann-Stieltjes integral. It
is in this form that Mafik's considered the integration by parts formula for the
P-integral.

It is a trivial remark that if M satisfies (a), (c) and (d) of Definition 1, but not
necessarily (b), then M — M(a) is a major function of / ; let us call such
functions M 'major' functions of / , with a similar definition of 'minor' functions.

Let a < c < b, with M1 a 'major' function of / on [a,c] and M2 a 'major'
function of / on [c, b\. Simple calculations show that

{M2(x) - M2(c) + M^c) - M^a), c < x < b,

is a major function of / on [a, b], and that

M{b) = {Mx{c) - Mx{a)) +(M2(b) - M2{c)).

More generally, if a = c0 < cY < • • • < cn ~ b, and if Mk is a 'major' function
of /on [ck_vck], 1 < k < n, then there is a major function A/of/on [a, Z>] such
thatthat

(22) M(b)= t

Now partition [a, b] as a = c0 < cx < • • • < cn = Z>, and let /ij. = inf{F(x);
ck_l < x < ck}; then the lower RS-sum for the integral on the right-hand side of
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(21), for this partition, is

£ M,{G(cJ-G(c,_1)}.

If then M is a major function of / on [a, b], consider the expression

(23) m(b)G(b) - M(a)G(a) - £ iik{G(ck) - G(ck^)
k = l

Simple rewriting of (23) leads to the equivalent expression

£ [G(ck)(M(ck) - ju*) - Gic^iMic,.,) - Mt)
k~\

and comparing this with (22) we see that (23) is Q(b) for a major function Q of
fG on [a, b], provided that, for each k, 1 < k < n,

Mk = G(M-lLk)
is a 'major' function of fG on [ck_1,ck\. As (a) is obvious, we need only check
that Mk satisfies (c) and (d). From (13) we have

iDMk> G YD(M - pK) +(M - nk) IDG.

= G-IDM +(M - nk)\DG

> GIDM +(M - F) IDG
> G IDA/;

so (c) and (d) follow for Mk, from the similar properties of M.
In a similar way, using a minor function of / , m say, and an upper RS-sum, the

expression analogous to (23) is equal to q(b) for some minor function q of fG on
[a, b]. Clearly Q(b) — q{b) is just the difference between the upper and lower
RS-sums, plus (M(b) — m(b))G(b). Since, from the hypotheses of Lemma 3,
/ G P, and since the RS-integral on the right-hand side of (21) exists, we can,
given e > 0, find Q,q such that 0 < Q(b) - q(b) < e. This implies that / e P ,
gives (21), and so completes Mafik's proof of Lemma 3.

11. The general integration by parts formula. A consideration of (21) and
Mafik's proof suggests that the correct generalization of Lemma 2 is the following
theorem.

THEOREM 4. / / / e P(a, b), if F = P / / , and if G is of bounded variation, then
fG G P(a, b), and (21) holds.

The conditions of the theorem ensure the existence of the right-hand side of
(21), which has the following interpretation:

G(a) = G(a+); G(b) = G(b-); RS /"* FdG = lim RS
a %"t+

0b
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In the case of the T*- and D*-integrals, the proofs of Theorem 4 follow the
methods suggested in Paragraph 1 for the simpler Lemma 2; see for instance,
Denjoy [10, Volume IVb], [11], Hobson [16] and Saks [32]. As with Lemma 2 it is
sufficient to consider Theorem 4 under the extra assumptions of G increasing
with G(a) = 0. If then we assume G to be continuous, only minor changes in the
discussions in Paragraphs 8 to 10 are needed to give proofs of Theorem 4.
However, if G is not assumed to be continuous, while the considerations of (b),
(c) and (d) can proceed as in Paragraphs 8 to 10 Condition (a), which was trivial,
now needs to be considered. The function R in (16) is continuous, since (17) can
be rewritten as

R{x + h)-R(x) = (M(x + h) - M(y))(G(X + h) - G(X))

+ G(x)(M(x + h)-M(x)).
Hence the discussion in Paragraph 7 will provide a proof of Theorem 4 under

the added assumption of \G'\ < oo n.e. (Jeffery [18]); and McShane's proof in
Paragraph 8, together with MP = P, gives Theorem 4 for the P-integral. However,
neither the function MG of Paragraph 6, the function S in Paragraph 9, nor the
functions Mk in Paragraph 10 are necessarily continuous; in particular, neither
the Gordon and Lasher, nor the Mafik's proof of Lemma 2 extends easily to
Theorem 4.

If we use (S) in Paragraph 4 above, then of course (a) would again be trivial.
While this means appealing to a deep theorem, it could be reasonably argued that
measurable major and minor functions are both easier and more natural in
Definition 1. Then the fact that the same integral is obtained by using continuous
major and minor functions would be a deep property of the integral which is not
needed to prove the integration by parts formula. This was the attitude taken in
the work of Mafik.

However, Theorem 4 can be proved from Lemma 2 without appealing to (S),
to any other deep theorem, or to the equivalence MP = P. First note that every
increasing, bounded G, with G(a) = 0, is the sum of two such functions, one
being continuous, and the other being a saltus function. Then, arguing as we did
to reduce Lemma 2 to Lemma 3, and noting that we have disposed of Theorem 4
in the case of continuous G, we see that it remains to consider that result for G an
increasing, bounded, saltus function with G(a) = 0; further, the particular case
when G only has a finite number of jumps is trivial.

To complete the discussion we appeal to the following very interesting theorem
due to Gordon and Lasher [13].

THEOREM 5. Iffe P(a, b), if F = P / / , if G is an increasing, bounded function
with G(a) = 0, and if k > u(F) = max F — min F, then there exists a major
function R and a minor function r of fG such that \R\ < kG(b), and \r\ < kG(b).
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It might be remarked that Theorem 5, together with (M) in Paragraph 4,
implies that, under the conditions of Theorem 4,

fG & P atvdlv (* fG\<

PROOF. It follows from Definition 1 that, for a < x < b,

F{x) = 'mfM(x) = supm(x),

where the inf is taken over all major functions, and the sup over all minor
functions.

Hence, given k as in the theorem, a major function Mo and a minor function
m0 can be chosen so that w(A/0) < k, and w(m0) < k. Now define

min{M0(y): x < .y < « } , a^x^u,

M0(x), u^x^b;

jmax{mo{y): x ^y ^u), a < x < u,
v{u,x) = I \

\mo(x), u^x^b;

The required major and minor functions R, r are then given by

R(x)=fbUu,x)-n(u,a)]dG(u),
Ja

r(x) = f [v{u,x)-v(u,a)]dG{u).
J

It suffices to check that R is a major function of fG, and that \R\ < kG(b), as the
discussion for r is similar.

The inequality is immediate, since for all u, we have W(JU(M, f)) < u(M0);
further, since (i is uniformly continuous, R is continuous, and obviously R(a) = 0.
So it remains to check (c) and (d) of Definition 1. I f a < £ < ? < £ > , then

> [M0(t)-M0(s)]G(t).

Hence if G is continuous at x, a < x < b, then IDR(x) 3s G(x)lDM0(x), and
this suffices to show that (c) and (d) hold.

Theorem 5 has the following implication, useful for our purposes.

COROLLARY 6. / / G is such that for all e > 0 there exist Gx, G2 such that
G = (?! + G2 and (a) Theorem 4 holds with GY, (/?) G2 satisfies the conditions of
Theorem 5, and (y) \G±\ < e, then Theorem 4 holds for G.
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PROOF. Given e > 0, write G = G1 + G2 as above; by (a), fGx G P, SO let
Ri(rx) be a major (minor) function of fGx with 0 < R\{b) — rx{b) < e. Let
Ri(r2) be the major (minor) function of fG2 given by (/}), as in Theorem 5; put
R = Rx + R2, r = rx + r2.

Clearly R(r) is a major (minor) function of fG, and by (y), and by the
property of R2{r2) from Theorem 5, we have 0 < R(h) — r(h) < e(l + 2k).
Hence fG G P(a, ft), and since by (a), fGx G P(a, ft), it follows that fG2 G
P(a, ft); further, by (/?), and by Theorem 5, |P/J" fG2\ < ek. Hence, by (a),

PfhfG- F(b)G(b) + F(a)G(a) + RS [b FdG
" a

pffG2 - F(b)G2(b) + RS j"fdG7
J a J a

and so (21) holds, and the corollary is proved.
In our case G is an increasing, bounded saltus function with G(a) = 0. If

e > 0, we can write G = Gx + G2, where Gv G2 have those same properties, with
Gx only having a finite number of jumps, and with \G2\ < e. From the remarks
above, the conditions of Corollary 6 are satisfied, and so Theorem 4 follows.

12. Concluding remarks. Theorem 4 provides the full answer to the question
raised in Paragraph 3. If / G P(a, ft), and if G is of bounded variation, then
fG G P(a, ft). Clearly this can be extended to allow G to be of essential bounded
variation; that is, G — G a.e., where G is of bounded variation. This result cannot
be generalized; Sargent [33] has shown that if G is not of essential bounded
variation, then there exists an / G P, in fact even a Cauchy-Riemann integrable / ,
such that fG <2 P.

2. The SCP-integral

13. The SCP-integral. The motivation for the concepts involved in the defintion
of the SCP-integral comes from the theory of trigonometric series. Since (5)
converges a.e. to F G L, it can be integrated term-by-term to obtain

(24) f F{0) d6 = <j>(6) = \aQ62 + c6 + d - £

a function that is continuous and smooth; $'(6) = F(0) at all points of conver-
gence of (5) (in particular a.e.), and D2<f> = f, where / is given by (2). Here

D2<t>(x) = lim ^X' ' ,
h-o h2
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and <J> smooth at x means

lim ^ — - = 0;
A-»0 n

for details of these results see Zygmund [38]. All these properties of <f> can be
translated into properties of the function F given by (5), which is the point of the
following definition.

DEFINITION 7. If F e P(a, b), x e [a, b], then
(a) F is SC-continuous, (symmetrically Cesaro continuous), at x if

lim ~PJh{F(x + u) - F(x - u)} du = 0.

(b) F is C-continuous at x if

lim -̂P A f (* + «) ~ ̂ (*)) ^" = 0;
h-»o n •'o

(c) F is SC-differentiable at x if the following limit exists:

lim \pfh{F(x + u)-F(x- u)} du.
/i-o h1 Jo

The value of that limit is the SC-derivative of F at x, denoted SCDF(x).
If F is given by (5) it is readily seen that it is SC-continuous because <f>, given

by (24), is smooth; F is C-continuous a.e. since <#>' = F a.e.; and SCDF = F since
D2<j,=f.

It is easy to extend Definition 7(c) to define upper and lower SC-derivatives of
F at x, uSCDF(x), and ISCDF(x) respectively. Then following the discussion in
Paragraph 8 this new derivative can be used to define a new Perron integral
provided the two conditions (i) and (ii) of Paragraph 8, are satisfied. That this is
so follows from classical properties of convex functions since, in short, to say F is
monotonic is equivalent to saying </> is convex; see Burkill [7]. Since the develop-
ment follows that of Paragraph 4 it is sufficient to define the major functions.

DEFINITION 8. Let B c [a, b], \B\ = b - a, a,b e B, f: B -> R. Then M is
an SC-major function of / with respect to the basis B if M = [a, b] -» R,
M G P(a, b) and

(a)j M is SC-continuous,
(a) 2 Mis C-continuous at all points of B,
(b) M(a) = 0,
(c) ISCDM > / a.e.,
(d) ISCDM > -oo n.e.
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If then / e SCP(a, b) with basis B and x e B then / e SCP(a, x) with basis
B n [a, x], and if F(x) = SCP/* F then SCZ)F = F a.e. If / e SCP with basis
2?!, and with basis 2?2, then / e SCP with basis Bx n 2?2, and the primitives agree
on 5 1 n B2; so reference to 2? will, when convenient, be omitted. Further, from
the above discussion, and that in paragraph 2, if / is given by (2) and a is a point
of convergence of (5), then / e SCP(a, a + 2-n) with basis the set of points of
convergence of (5). Further, we get (4);

SCP f° + '/= F(a + 2-n) - F(a) = va0;

and, as in Paragraph 2, if we had an integration by parts formula we could obtain

(7).
It is clear that the concept of C-continuity can be extended to define C-dif-

ferentiability, the C-derivative of F and x being CDF(x), with uCDF(x),
lCDF(x) having the obvious meanings; then along the lines of Definition 1 we
can define a CP-integral; see Burkill [6].

14. The P2-integral. A simpler integral to define than the SCP-integral is
suggested by the above discussion, using 2)2</> rather than SCDF as the starting
point. Although a second order integral is then obtained the development follows
that of Definition 1 except that now the requirement that M-m be monotonic,
Paragraph 8 (ii), is replaced by M — m being convex. In this way we obtain the
James P2-integral; see Gage and James [12], James [18]. As in Paragraph 13 we
only define the major functions.

DEFINITION 9. Let / : [a, b] -> R. Then M is a P2-major if M: [a, b] -» U and
(a) M is continuous and smooth,
(b) M(a) = M{b) = 0,
(c) 1D2M > / a.e.,
(d)lD2Af > -oon.e.
As might be expectedd, if <J> = P 2 / / then D2</> = / a.e.; in addition </> is

continuous, smooth, ACG, and <j>' exists a.e. and is D-integrable; see James [18],
Sklyarenko [35]. Further the above discussion suggests a close connection between
the P2- and SCP-integrals; this is given by the following theorem due to Cross [8],
and Sklyarenko [36].

THEOREM 10. / e SCP(a, b) with basis B if and only iff e P2(a , b) and
(i) if<f> = P2ffthen </> is ACG*;
(ii) 4>'+(a), <j>'_(b) exist.

IfF = S C P / / , then

(25) ^ ) = f(a) + p f f - ^ P [X F.
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15. Integration by parts for the SCP-integral. The following result was stated by
Burkill, [7].

THEOREM 11. Let f <E SCP(a,b) with basis B, F = SCP//, and g continuous
and of bounded variation, G = / g. Then fG e SCP(a, b) with basis B, and for all
a,BeB

(26) SCP/'/G = F(B)G(B) - F(a)G(a) - P/* Fg.
Ja Ja

No proof was given but it was suggested that one could be given along the lines
of the proof of the analogous result for the CP-integral (Burkill [6]). (The result
for the CP-integral is, except for obvious modifications the same as Theorem 11
but g is not required to be continuous.)

The conditions of Theorem 11 imply the existence of the right-hand side of
(26); to see this let M be any SCP-major function / ; then since F = M + (F —
M) and M e P , F - M increasing and bounded and so P-integrable, it follows
that F e P(a, b); hence, by Theorem 4, Fg e P(a, b). Hence, arguing as for (9),
it is sufficient to prove that fG + Fg e SCP and

(27) SCP[" (fG + Fg) = F(B)G(B) - F(a)G(a);

and for this an analogue of (13) is needed for SC-differentiation. In the case of
C-derivation Burkill had obtained such an analogue and used it to prove the
analogue of (27) (Burkill [6]).

LEMMA 12. / / G(x0) > 0 and G' is bounded near x0 then

(28) iCD(MG)(x0) = M(xo)G'(xo) + G(xo)\CDM(xo).

It was noted by C. M. Lee that Lemma 12 does not extend to SC-differentia-
tion; he gave the following example. Take

M(x) = / = \x\~l/\ x * 0; G{x) = x;
\ = 0, * = 0.

Then the left-hand side of (28) is -oo, while the right-hand side is 0. This example
shows that for SC-differentiation even a weaker form of (28) is false, namely that,
under the conditions of Lemma 12

\SCD(MG)(x0) > M(xo)G'(xo) + G(xo)lSCDM(xo);

this would be sufficient to prove that if M is a SCP-major function of / then MG
is an SCP-major function of fG + Fg.
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This error had been noted earlier by a Soviet mathematician, who pointed it

out to Burkill [7, corrigendum]. In 1974 Bullen and Mudhopadhyay [5] obtained a

correct version of Lemma 12 for the SC-derivative.

LEMMA 13. Let M be defined a.e. in [a, b], M e P ( a , b) and SC-continuous at

x0, and such that

-oo < lM(x0) = liminf - ^ P fXo+h M < uAf(x0)
h^o Ln JXg

.. 1 _ fxoh
= hmsupy7-P/ Af<oo;

h^O l n Jx0-h

let G have a continuous derivative g in some neighbourhood of x0, G(x0) > 0,
g(x0) > 0. Then

\SCD(MG)(x0) > (2lM(x0) - uM(xo))g(xo) + G(xo)\SCDM(xo).

Using Lemma 13 they were able to prove Theorem 11 under the additional
hypothesis

(29) - o o < l F < u F < o o n.e.

Unfortunately for the application to trigonometric series, if F is given by (5) it is
not known whether (29) holds; equivalently, it is not known if

-oo < ID24> 4 uD24> < oo n.e.,

where <j> is given by (24).
In 1981 Sklyarenko [36] gave a proof of Theorem 11. He first showed that the

hypotheses of Theorem 11 give that fG e P2(a, b) with P2-primitive

(30) R(x)= [' FG- f f'f(u)g(u)dudt
* /i * rt * rt

(where all the integrals are P-integrals); further for all x e B, R'(x) exists.
Hence, by Theorem 10, fG e SCP and using (25), (29) leads to (26).
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