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Microlocal Aspects, Surjectivity of I}

This chapter provides the key microlocal input of the monograph. We will
prove that on a simple manifold M the normal operator Ij/o is an elliptic
pseudodifferential operator of order —1 in the interior of M, thus establishing
an analogue of Theorem 1.3.16 for the Radon transform in the plane. Combin-
ing this result with the injectivity of Iy, we will prove a surjectivity result for
the adjoint /. This surjectivity result may be rephrased as an existence result
for first integrals of the geodesic flow with prescribed zero Fourier modes, and
it will play a prominent role in subsequent chapters. At the end of this chapter
we shall extend these properties to include matrix weights and attenuations.

8.1 The Normal Operator

Let (M, g) be a compact non-trapping manifold with strictly convex boundary,
and let Iy be the geodesic X-ray transform acting on C*°(M). By (4.1), Iy is
a bounded operator L2(M ) —> LIZL(8+ SM), and Lemma 4.1.4 states that the
adjoint of this operator is given by

(Igh)(x) =/ h*(x,v) dSy (v).

SxM

We will consider the normal operator
N = I ly: L2 (M) — L*(M).

The following result is an analogue of the fact proved in Theorem 1.3.16
that the normal operator of the Radon transform in the plane is an elliptic
pseudodifferential operator (WDO) of order —1. For our geometric setting
this can be traced back to Guillemin and Sternberg (1977, section 6.3) and
Stefanov and Uhlmann (2004). The references Guillemin and Sternberg (1977)
and Guillemin (1985) state the property under the so-called Bolker condition,
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190 Microlocal Aspects, Surjectivity of I

which is seen to be equivalent in our case to the absence of conjugate points.
The references Stefanov and Uhlmann (2004) and Pestov and Uhlmann (2005,
Lemma 3.1) provide a more recent version of this result fitting with our
presentational aims.

Theorem 8.1.1 (The normal operator is elliptic) Let (M,g) be a simple
manifold. Then N' = Iy is a classical elliptic WDO on M™ of order —1
with principal symbol

opr(N) = cal€l, "
We discussed ¥DOs in R” in Section 1.3. ¥YDOs on manifolds can be

defined in terms of local coordinates. See Hormander (1983-1985, Section
18.1) for the following facts.

Definition 8.1.2 (¥ DOs on manifolds) Let Z be a smooth manifold without
boundary and let A: C°(Z) — C°°(Z) be a linear operator. We say that A
is a WDO of order m, written A € W"(Z), if for any local coordinate chart
K:U—U ,where U C Z and U C R” are open sets, the operator

Ac: SR — SR, Acf = WA@(for)) ok

is in W™ (R") whenever ¢, ¢ € C°(U). We say that A is a classical ¥DO,
denoted by A € W[} (Z), if each A, is in W] (R").

We also need the notion of ellipticity. For the case of W (R") we gave a
definition involving the full symbol. On manifolds we need to deal with the fact
that the full symbol is not invariant under changes of coordinates. However, for
classical WDOs the principal symbol can be invariantly defined as a smooth
function on T*Z that is homogeneous in .

Proposition 8.1.3 (Principal symbol) For any m € R, there is a linear map
opr: W (Z) — C(T*Z \ {0})

such that op:(A) is homogeneous of degree m in & and op(A) = 0 if and
only if A € \IJS']’_I(Z). Moreover, if A € W (Z) and B € WV (Z), then
AB € V" (7) and

Upr(AB) = Upr(A)Upr(B)-

Definition 8.1.4 (Ellipticity) An operator A € W[ (Z) is elliptic if its principal
symbol o}, (A) is non-vanishing on 7*Z \ {0}.
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8.1 The Normal Operator 191

To motivate the proof of Theorem 8.1.1, note that from the Schwartz kernel
theorem we know that the bounded operator N : LZ(M ) — LZ(M ) must have
a Schwartz kernel K (x, y) so that

W) () = [M Koy f () dV (). 8.1)

For general operators K could be very singular, in general it is just a
distribution on M™™ x M™ but WDOs are characterized by having kernels
of a very special type, namely K is what is called a conormal distribution with
respect to the diagonal of M™ x M™, This means that it is smooth off the
diagonal and at the diagonal, it has a singularity of a special type. We refer to
Hormander (1983-1985, Section 18.2) for further details.

Our first task is then to find out what the Schwartz kernel K of A looks like.
We begin by deriving an integral expression for V.

Lemma 8.1.5 (First expression for N') Let (M, g) be a compact non-trapping
manifold with strictly convex boundary. Then

T(x,v)
WNNHx) = 2/ / I (ew(@®) drdSc(v). (8.2)
SxM J0O

Proof From the definitions we have

T(x,v)
/ (Iof)* (x,v) dSx (v) :/ / S (e (0) dt d Sy (v).
S M M

—7(x,—v)

Thus

T(x,v)
N f)(x) :/ / S (vx,0()) di d Sy (v)
SxM JO

0
+/ / S (yx,0(@)) dt dSx (v).
SxM J—1(x,—v)

The result follows after performing the change of variables (¢,v) > (—t, —v)
in the second integral. O

The next example determines the Schwartz kernel K when M is a Euclidean
domain.

Example 8.1.6 (V' in the Euclidean case) Let M = Q, where @ C R" is a
bounded domain with strictly convex smooth boundary, and let g = e be the
Euclidean metric. Extend f by zero to R”. Then the formula (8.2) becomes
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N ) (x) =2/OO/ lf(x—l—tv)dS(v)dt.
0 sn—

Let x be fixed. It is natural to change to polar coordinates, i.e. consider
y =Xx+tv,wheret > Qand v € §"=1 This requires that we introduce the
Jacobian "~ ! as follows:

o t
N F)(x) = 2/ JEF1) ot 45wy ar = 2/ A N
0 sn—1 tn_l R? |x - y|n_1
We have proved that the Schwartz kernel of A/ has the simple form
Kx,y) = ———.
) =
We would like to determine K (x,y) in a similar way for more general man-

ifolds (M, g). First we show that one can always change to polar coordinates
in Ty M. Recall from Proposition 3.7.10 the notation

D,={tveT M : veSM,tel0t(xv)]}
Also recall that T,y M has metric g|, whose volume form is denoted by d7.

Lemma 8.1.7 (Second expression for N) Let (M,g) be a compact non-
trapping manifold with strictly convex boundary. Then

Jf (exp, (w))

1
D, |wlg

W) =2 dTy(w). (8.3)

The proof uses the following basic result.
Lemma 8.1.8 (Change of variables) Let (M,g) and (N,h) be oriented

Riemannian manifolds and let ®: M — N be a diffeomorphism. Then

/deh:/ (f o ®)|detdd|dV,,
N M
where

detd®|, := det((f;,d®|per)n).

where (ex) and (f}) are positively oriented orthonormal bases of T,M and
Top)N, respectively (the definition of detd ® is independent of the choice of
such bases).

Exercise 8.1.9 Prove Lemma 8.1.8.

Proof of Lemma 8.1.7 Fix x € M™. We will change variables in (8.2) from
(t,v) € Dy := (0,7(x,v)] x SM tow = tv € T, M. In fact, define

g: Dy — D¢\ {0}, q(t,v) = tv.
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8.1 The Normal Operator 193

Then ¢ is a diffeomorphism. Noting that the manifold D, carries the metric
dt* + g, and volume form dt A d Sy, we can write (8.2) as

W) =2 /D Flexpy(@(t,v)) di AdSs.

We wish to use Lemma 8.1.8, which involves the Jacobian detdg|, ). For
v € SyM let {e; = v,er,...,e,} be a positive orthonormal basis of Ty M.
Then {0;,e3, ...,e,} is a positive orthonormal basis of T(t,v)ﬁx. Moreover,
{e1,ea,...,e,} is a positive orthonormal basis of Ty, Dy =~ Ty M with metric
gx and volume form dT. Now dq|,v)(3;) = v = ey and dq|,v)(ej) = te;
for 2 < j < n. This shows that

detdq|., =1""".

We can now change variables using Lemma 8.1.8:

fexp, (q(t.v))

W) =2 IO =1 gy 4 g,
b, Iz
_o [ [expw) (eXPX_(ll”)) AT, (w). 0
D |wlg

Finally, to determine the Schwartz kernel of N' we would like to make
another change of coordinates y = exp, (w) in (8.3). This boils down to the
property that the exponential map

exp,: Dy - M

should be a diffeomorphism onto M for any fixed x € M. By Proposition 3.8.5
this is always true when (M, g) is a simple manifold.

Lemma 8.1.10 (Schwartz kernel of ) Let (M, g) be a simple manifold. Then

2a(x,
N ) = / 200D p) ayny),
M dg (-xv )’)
where the function
1
a(X, Y) = det(d expx |exp;1 (y))

is smooth and positive in M x M and satisfies a(x,x) = 1.

Proof Since exp, : Dy — M is a diffeomorphism when (M, g) is simple by
Proposition 3.8.5, we can change variables y = exp, (w) in (8.3) using Lemma
8.1.8. Since |w|g = dg(x,y), we obtain the formula

2 ’
W F)(x) :/ a(x.7)
M

Wf(y) av"(y),
g\ X,
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where a(x,y) has the given expression. Now exp, is an orientation preserving
diffeomorphism, so detd exp, |,, is a smooth positive function of w € D, and
it also depends smoothly on x € M. Since dexp, |p = id, we obtain that
a(x,x) = 1. O]

Remark 8.1.11 The function a(x,y) in Lemma 8.1.10 can be studied further
by using the fact that d exp, can be expressed in terms of Jacobi fields. In fact,
let (e = v,ea,...,e,) be a positive orthonormal basis of Ty M. Proposition
3.7.10 implies that

depr lro(er) = Yx,0 (1),
dexp, |rv(tex) = Jk(t) for2 <k <n,

where Ji(t) is the Jacobi field along y, , with initial conditions J;(0) = 0
and D, J;(0) = ex. Note that {e1(t) = yx o (t),e2(t),...,e,(t)} is a positive
orthonormal basis of Texp (rv)M if we let e (7) be the parallel transport of e;
along Yy ,. Thus we obtain from Lemma 8.1.8 that

" detd exp, | = det({e; (1), Jk (1)) ,},k=2 =: A, (v,1).

The last expression is an ubiquitous quantity in Riemannian geometry as it
dictates how to compute the volume of balls in M of radius r by integrating
over SyM x [0,r]. Note that since M is simple, exp, is an orientation-
preserving diffeomorphism and therefore A, > 0 for all (z,v) € D;.

We have now proved that on simple manifolds, the Schwartz kernel of the
normal operator A has a singularity at the diagonal that behaves like W.
g\Xs
At this point we shall need the following lemma:
Lemma 8.1.12 In local coordinates, there are smooth functions G ji(x,y)

such that G ji(x,x) = gjr(x) and

[dg (2, ) = G jr(x, ) (x — y) (x = ).
Exercise 8.1.13 Prove the lemma. Hint: do a Taylor expansion at x of the
function f(y) = [exp; ' (»)[3.

To show that we have a WDO, by Definition 8.1.2 we need to localize
matters by considering two cut-off functions 1 (x) and ¢ (y) supported in a
chart of M'™ (since M is simple, M™™ is in fact diffeomorphic to a ball, so one
chart will do). Working in local coordinates, if we let

K(x,y) == ¥ (x)K (x,y)y/det g(0)p (),

we need to show that the operator whose Schwartz kernel is K is a DO in
R”". (Recall that in local coordinates d V" = /det g(y) dy.)
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By Lemmas 8.1.10 and 8.1.12, one has
. 2a(x,
Rx.y) =¥ () aey) —Vdetg (16 (7).
(G, y)(x =) (x = »hH =

Since a(x,y) and G jr(x,y) are smooth and ¢ and v have compact support,
the kernel k(x,z) := K (x,x — z) satisfies estimates of the form

000 k(x,2)| = Caplz/ 171,

By the next result (see Stein (1993, V1.4 and VI.7.4)) this implies that the
operator with Schwartz kernel K is a WDO of order —1.

Proposition 8.1.14 (Schwartz kernel of a WDO in R") Letm < 0. If k €
C®([R" x (R"\ {0})) satisfies

Bfafk(x,z)‘ < Caﬁlel_"_m_w_N, (8.4)

whenever n +m + |B| + N > 0, then the operator A defined by

A = [ krx=nfody
belongs to W™ (R™) and its full symbol a € S™(R") is given by
a(x,£) = /R e “Sk(x,2) dz.
Conversely, if A € V" (R") and if K (x,y) is the Schwartz kernel of A, then
k(x,z) := K(x,x — z) satisfies (8.4).

We have now proved that A € W~ (M™). The last part of the proof consists
in proving ellipticity, which requires that we compute the principal symbol of
N. We first show that N € W Ly, Tt is enough to compute a correspond-
ing expansion in local coordinates. Write

~ 1y~ xX—y
K(x,y)=|x—y|" Vi (x, bx =y, —)
lx — ¥l
where
2a(x,x —rw)/detg(x — rw)
o (x

(G jr(x.x — ro)wiok)'T

h(x,r,w) = ¥(x)

— rw).

Then A is smooth in R” x [0,00) x §"~! (this uses the support properties of ¢
and ). Taylor expanding / at » = 0 leads to the formula

N
K(x,y) =) K_1-j(x,y) + Ry(x.)),
j=0
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where

> x—yl
Jj!

) ~aln (x,O ﬂ)
Ko_jy)=lx—y "t — —— -2

By Proposition 8.1.14, K_i_ j is the Schwartz kernel of some WDO with
symbola_|_; € S~1=/(R") and Ry corresponds to a symbol in S~V72(R").
This shows that A is a classical YDO, and its principal symbol in local
coordinates (computed in the set where ¢ = ¢ = 1) is

G () = / R (xox — 2) d
:/ itk 2./det g(x) dz

. n—1
(gjk(x)zizb) =

_ o—izg () 2 d
- . |Z|"7] z

-1
= cﬂl&'g N

Here we used the change of variables z — g(x)~!/?z and the fact that the
Fourier transform of z — 2|z|' ™" is ¢, |&|~". Thus the principal symbol of N/
is ¢y € |§1 and N is elliptic. This concludes the proof of Theorem 8.1.1.

8.2 Surjectivity of 1;

Let (M, g) be a compact simple manifold. In this section we prove a funda-
mental surjectivity result for /§ that underpins the successful solution of many
geometric inverse problems in two dimensions. Recall from Theorem 5.1.1 the
space

CP(318M) = {h € C®(D,.SM): h* € C®(SM)).

Recall the notation £ in Exercise 4.1.5. Since

(IEh) (x) = / h¥(x,v) dSy (v) = (L5h") (x),

Sx

we see that I} maps C3°(34SM) to C°(M).
Theorem 8.2.1 Let (M, g) be a simple manifold. Then the operator
I§: C(0,.SM) — C®(M)

is surjective.
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We can reformulate the result in another very useful form. Recall from
Lemma 6.1.3 that {§w = 0, —1wo, Where wy is the zeroth Fourier mode of
w € C*®(SM), and o0, is the volume of the (n — 1)-sphere.

Theorem 8.2.2 (Invariant functions with prescribed zeroth Fourier mode) Let
(M,g) be a manifold with I§ surjective. Given any f € C*(M), there is
w € C®(SM) so that

Xw =0in SM, Lw=f.

Proof Given f € C°°(M), use surjectivity of / to find h € C3°(0+SM) with
Igh = f. Writing w = h?, we have w € C®(SM) since h € Cr(0+SM).
Clearly Xw = 0, and £5w = (5h* = Ifh = f. O

The proof of Theorem 8.2.1 is based on the following two facts:

® ]y is injective.
e [5 1y is an elliptic WDO.

Here Iy is a linear operator between infinite-dimensional spaces, and in general
surjectivity of the adjoint /; would follow from injectivity of /o combined with
a suitable closed range condition for /y. The ellipticity of the normal operator
ensures the closed range condition. In the argument below it is convenient to
extend I Io to an elliptic operator P in a closed manifold and use the fact that
P has closed range.

As usual, we consider (M, g) isometrically embedded into a closed manifold
(N, g). Since M is simple, by Proposition 3.8.7 there is an open neighbour-
hood U; of M in N such that its closure M; := U, is a compact simple
manifold. Let I, | denote the geodesic ray transform associated to (M, g) and
let A7 = ]8"110,].

As in Pestov and Uhlmann (2005) we may cover (N, g) with finitely many
simple open sets Uy with M C Uy, M N ﬁj = ¢ for j > 2, and consider
a partition of unity {¢x} subordinate to {Ui} so that ¢ > 0, supper C Ui
and Zq)lz = 1. We pick ¢; such that ¢; = 1 on a neighbourhood of M and
compactly supported in U;. Hence, for I i, the ray transform associated to
(Ux, g), we can define

Pf =" oI5 o) eef).  feCPN). (8.5)
k

Lemma 8.2.3 P is an elliptic VDO of order —1 in N.
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Proof Each operator Nj, := I&klo,k 1 CX(Uy) — C*(Uy) is an elliptic WDO
of order —1 with principal symbol ¢, |&|~!. By Proposition 8.1.3, the operator
P has the principal symbol

ope(P) =Y gropr(I o )ex = cal€l™' Y0 = caltl ™
k k
Thus also P is elliptic. O
Having P defined on a closed manifold is convenient, since one can

use standard mapping properties for WDOs without having to worry about
boundary behaviour. For instance for P defined by (8.5) we have

P: H*(N) > H*TY(N)  foralls € R,
where H* (N) denotes the standard L2 Sobolev space of the closed manifold N.

Remark 8.2.4 There are other natural ways of producing an ambient operator
P with the desired properties. Let 1 be a smooth function on N with support
contained in U; and such that it is equal to 1 near M. Let A, denote the
Laplacian of (N, g). Define

P:=y Ny + 10—y — A 21— ).

As we have already mentioned, ] is an elliptic WDO of order —1 on Uy, and
thus P is also an elliptic WDO of order —1 in N. Instead of (1 — Ag)_l/2 we
could have used any other invertible self-adjoint elliptic WDO of order —1.

Lemma 8.2.5 The operator P is injective. Moreover, P: C*°(N) — C®°(N)
is a bijection.

The proof follows from the injectivity of Iy (Theorem 4.4.1) together with
basic properties of elliptic WDOs that we recall next. Part (a) gives the
existence of a parametrix (approximate inverse), part (b) is elliptic regularity,
and parts (c) and (d) are related to Fredholm properties.

Proposition 8.2.6 Let N be a closed manifold, and let A € W] (N) be elliptic.
(a) There is an elliptic B € V" (N) so that

AB =1d+ Ry,
BA =1d + R»,
where R; are smoothing operators, i.e. they have C* integral kernels and
map H*(N) to H'(N) boundedly for any s,t € R.
(b) If Au= f and f € H*(N), thenu € H 7" (N).
(c) Ker(A) = {u € C®°(N): Au = 0} is finite dimensional.
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(d) Given f € C*°(N), the equation
Au=f

has a solution u € C*°(N) if and only if (f,w) 2y = 0 for all w €
Ker(A*).

Proof Part (a) is a standard parametrix construction for elliptic ¥WDOs (Hor-
mander, 1983-1985, Section 18.1). Let us show how the other parts follow
from this.

To prove (b), note that if Au = f, then by (a),

Bf = BAu = u+ Rou.

Thus u = Bf — Rou, where Bf € H*""(N) and Ryu € C®(N),sou €
HST(N).
To prove (c), note that if Au = 0, then by (a),

0= BAu = (Id + Ry)u.

Now R; is compact on L2(N) (it is bounded L*(N) — HY(N) and the
embedding H L(N) = LE(N) is compact). Thus the kernel of Id + R, on
L2(N ) is finite dimensional, and hence so is Ker(A).

Finally, to prove (d), consider the operator A acting between the spaces

A: H"(N) > Y :={f € LZ(N): (f,w)Lz(N) =0 forall w € Ker(A*)}.

Equip Y with the L*(N) norm. If u € H™(N) then Au is indeed in Y, since
(Au,w)p2yy = (W, A*w) 2y = 0 for any w € Ker(A*). We wish to prove
that A is surjective.

® A has dense range: if f € Y satisfies (Au, f);2(y) = 0 forallu € H"(N),
then (u, A* f) 2y) = 0 foru € H™(N) that yields A*f = 0. Thus f €
Ker(A*), and by the definition of Y one has (f, f) L2(N) = 0, showing that
f=0.

® A has closed range: if u; € H™(N) and Au; — f in Y, then by (a) one
has u; + Ryu; — Bf in H™(N). Since R; is compact on H™(N), some
subsequence (Ryu j, ) converges in H™ (N). Then (u ) converges in H™ (N)
to some u € H™(N). It follows that f = Au.

By the above two points A: H™(N) — Y is surjective. Part (d) follows from
this and part (b). O
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Proof of Lemma 8.2.5 Since P is elliptic, any element in the kernel of P must
be smooth. Let f be such that Pf = 0, and write

0=(Pf, N2y = Y, (I loxler ) oe f) 2,

k

2
= E ||10,k((pkf)”L,2t(3+SUk)'
k

Hence Iy« (¢x f) = 0 for each k. Using injectivity of Ip on simple manifolds it
follows that ¢ f = O for each k and thus f = 0.

We have proved that P is injective. Since P is self-adjoint, P* is also
injective. Then surjectivity follows from Proposition 8.2.6(d). O

Exercise 8.2.7 Prove that P: H*(N) — H*T!(N) is a homeomorphism for
all s € R.

We are now ready to prove the main result of this section.

Proof of Theorem 8.2.1 Let h € C*°(M) be given, and extend it smoothly to
a smooth function in N, still denoted by 4. By Lemma 8.2.5 there is a unique
f € C®(N) such that Pf = h. Let wy := Io1(¢1f). Clearly w'|sy €
C*®(SM), and we let w := w?|3+SM. We must have

wh = w§1|SM,

since both functions are constant along geodesics and they agree on 9. SM.
Hence w € C3°(34+SM). To complete the proof we must check that I§w = h.
To this end, we write for x € M,

(IFw)(x) =/ w¥(x,v) d Sy (v)
SeM

= / w' (x,v) d Sy (v)
SyM

= (I w1)(x)

=I5 11o.1(p1 f)(x)
= Pf(x)

= h(x),

where in the penultimate line we used (8.5) and that x € M. O

Remark 8.2.8 It turns out that it is possible to give a proof of Theorem 8.2.1
without the need to extend the normal operator to a larger closed manifold N.
In order to do this, one requires finer mapping properties for A. Let p denote
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a positive boundary defining function; it was shown in Monard et al. (2019,
Theorem 4.4) that

N: p~12Cc® (M) - C>® (M)

is a bijection. This can be combined with an additional mapping property for
I established in Monard et al. (2021b) for any non-trapping manifold with
strictly convex boundary, namely

1: p712C®(SM) — C°(04.5M).
These two assertions show that given 2 € C*° (M), the function
w = IpN"'h € C°(3;SM)

and satisfies Jfw = h. Knowing the precise mapping properties of N
and when it can be inverted is of fundamental importance when addressing
statistical questions about inversion. We refer to Monard et al. (2019, 2021b)
for more details. For the purposes of this text the proof of Theorem 8.2.1 as
presented is more than sufficient.

8.3 Stability Estimates Based on the Normal Operator

In this section we will explain how we can derive stability estimates for
the normal operator A using some of the tools developed, in particular, the
existence of a parametrix as in Proposition 8.2.6. We will keep the notation and
set up from the previous section, so that (M, g) is a compact simple manifold
and U is an open neighbourhood of M in the closed manifold N whose closure
U is a compact simple manifold.

We start by noticing that a forward estimate for A/ follows easily from the
mapping properties of the WDO P. Indeed, let rps: L>(N) — L*(M) denote
restriction to M and let ey : LZ(M ) —> LZ(N ) denote extension by zero. Both
operators are bounded and dual to each other. From (8.2) one easily obtains the
following truncation formula

N =ryPey inL*(M). (8.6)
Exercise 8.3.1 Prove (8.6)

Since P: L>(N) — H'(N) and ry: H'(N) — H'(M), this gives
immediately the mapping property

N: L2(M) - H' (M),

and hence a forward estimate ||Nf||H1(M) = Cllf 2y
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In order to derive the stability estimate for the normal operator there is a
small price to pay: we shall measure the L?-norm of f on M, but we shall
consider the H'-norm of the normal operator AVj defined on the slightly larger
manifold Uj. This is to avoid the boundary effects as described in Remark 8.2.8
and the need to use Hormander spaces adapted to the appropriate transmission
condition (cf. Monard et al. (2019)). We will prove:

Theorem 8.3.2 (Stefanov and Uhlmann, 2004) There is a constant C > 0
such that for any function f € L*(M),

CU N2y <IN i,y < CILF L2 qany-
Here we regard N\ : L>(M) — H'(Uy) simply extending f by zero to Uy.

Proof We have already proved the inequality on the right, so we now
focus on the stability estimate on the left. The injectivity of Iy implies that
P: H(N) — H*t1(N) is a homeomorphism simply by extending the proof
of Lemma 8.2.5 to Sobolev spaces, cf. Exercise 8.2.7. Thus

IF N e2any S WPFNa vy

But from the definition of P in (8.5) we see that

Pf=p1 M f,

where ¢; is such that ¢; = 1 on a neighbourhood of M and compactly
supported in Uy (with f extended by zero). It follows that

1Pl vy S INLF )
and the theorem is proved. O

It was shown in Stefanov and Uhlmann (2004) and Sharafutdinov et al.
(2005) that for a simple manifold s-injectivity of ,, implies stability estimates
for the normal operator. As before, this is based on the fact that N := L1y
is an elliptic pseudodifferential operator acting on solenoidal tensor fields. We
shall not prove these results here; instead we give a brief account of them.
Since I is always s-injective for simple manifolds we have:

Theorem 8.3.3 Let (M, g) be simple. There is a constant C > 0 such that for
any I-form f in L>*(S'(T*M)), we have

c! ”fs ||L2(S1(T*M)) = ||N11f||H1(U1) =C ”fs ||L2(SI(T*M))'

A sharp stability estimate for A2, assuming that I is known to be
s-injective, was proved in Stefanov (2008):
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Theorem 8.3.4 Let (M,g) be simple and assume that I is s-injective.
There is a constant C > 0 such that for any symmetric 2-tensor field f in
LA(S*(T*M),

-1 2
c ||fs||L2(s2(T*M)) <IN M@,y = C||fs||L2(s2(T*M))~

We refer to Assylbekov and Stefanov (2020) for recent sharp stability
estimates for I, using these results.

Remark 8.3.5 One can also consider the normal operator and stability
on compact non-trapping surfaces with strictly convex boundary, but when
conjugate points are present. This situation is studied in detail in Monard et al.
(2015). It turns out that I is a Fourier integral operator of order —1/2, but if
there is a pair of interior conjugate points then ;I is not a pseudodifferential
operator anymore. Moreover, I has an infinite-dimensional microlocal kernel,
and some singularities of functions f in the microlocal kernel cannot be
recovered from the knowledge of Ipf. This implies that even if Iy were
injective (like it is for radial sound speeds satisfying the Herglotz condition
by Theorem 2.4.1), the recovery of f from Ipf will be highly unstable if
conjugate points are present. The instability issue is also discussed in Koch
et al. (2021).

8.4 The Normal Operator with a Matrix Weight

Virtually everything that we have done in this chapter so far can be upgraded
to include an invertible matrix weight. Let (M, g) be a compact non-trapping
manifold with strictly convex boundary and let W: SM — GL(m,C) be a
smooth invertible matrix function, called a weight.

Recall from Definition 5.4.5 that the geodesic X-ray transform with matrix
weight W is the operator Iyy: C®(SM,C™) — C*°(3+SM,C™) defined by

T(x,v)
I f (x,v) = fo (Wf) @ (rv)di,  (x,v) € 9. SM.

By Remark 5.4.7, Iy is bounded L?(SM,C™) — L?*(8,.SM,C™). To
compute the adjoint we use the Li space: the adjoint of

Iyy: L*(SM,C™) — L7 (3,SM,C™)

is the bounded operator Ig;: Li (04SM,C™) — L*(SM,C™) given by (see
Remark 5.4.7)

Eyh = W*h*.
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We will be interested in the weighted transform Iy ¢ acting on O-tensors.

Definition 8.4.1 The matrix weighted X-ray transform on O-tensors is the
operator

Iwo: C®M,C") — C®(0,.5M,C™), Iw.o := Iw o {o.
As in Lemma 4.1.4 one has

Iy o) (x) = W*hE (x,v) d Sy (v).
SxM

The normal operator
N = Ly olw,0: L2(M,C™) — L*(M,C™)
is now an elliptic WDO.

Theorem 8.4.2 (NVyy is an elliptic WDO) Let (M, g) be a simple manifold and
let W € C®(SM,GL(m,C)). Then Nywy = 1€§V,01W,0 is a classical elliptic
WDO on M™ of order —1.

Proof We follow the argument in Section 8.1. From the definitions

Ny f(x) = fs MW*(x,v)(Iw,of)ﬁ(x,v)dsx(v)

T(x,v)

= W*(x,v) W (x,0)) f (vx,0 (1)) dt d Sy (v)
SeM —7(x,—v)

T(x,v)
_ / ) /O W (x, 0)Wigr (x,0)) £ (.o (0) dit d Sy (v)

T(x,v)
+ f ) fo W (x, — 0)Wip—s (x, — ) f (x.0(0)) di dSs ().

Following the arguments in Lemmas 8.1.7 and 8.1.10, we have

Nfeo = [ W (i) W (o (7)) S Cexpi)

= dT, (w)

A
D,

|w|n—l
_/ Aw (x,v(x,y), y, w(x,y))
Ju dg (x, y)~!
where Ay (x,v,y,w) (with v € Sy M and w € Sy M) is the matrix function

Aw( | WO w) + W — WG, —w)
x, U’ ’ w) = |
W y det(d exp, |exp;l(y))

fdV"(y),
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and

exp;l ()

v(x,y) =
B e o)l

w(x,y) = Vydy(x,y).
Here Ay € C®°(SM x SM), which shows that Ay (x,v(x,y),y,w(x,y)) is
bounded in M™ x M and smooth away from the diagonal.

Having computed the Schwartz kernel of Ay, we move to local coordinates
and choose cut-off functions ¢, € C°(M inty " After multiplying by cutoffs,
the Schwartz kernel of Ay has the expression

¥ (x) Ay (x,v(x, ), y, w(x, y)) /del g (1 (¥)
(G, y)(x — y)i(x — p))'T

~ X —
=|x —yI7" Dy (x, I — y], )
lx — yl

Kw(x,y) =

where

hw (x,7, @) = ¥ (x)
Aw(x v(x,x —rw),x —ro,w(x,x — ra)))«/detg(x —rw)

(Gjr(x,x — ro)wl wk)" ot

—rw).

We claim that fzw is smooth in R” x [0,00) x s™1 To prove this, it is
enough to show that the functions v(x,r,®w) = v(x,x — rw) and W(x,r,w) =
w(x,x — rw) are smooth up to r = 0.

Let U C R" be the open subset where the local coordinates are defined, and
let g also denote the Riemannian metric on U. Fix x € U; we are interested
in the behaviour of y = exp,(t0) = y, ;(¢) for small |¢|, where ¥ € S,U.
Note that the map (¢,0) + y is smooth. Hence, the function m(¢,9;x) =
(Vr.5() — x)/t with m(0,0;x) = 9 is also smooth. We may introduce new
variables (r,w) € R x S~ guch that

r=tlm(,0;x)| and w = —M.
Im(z,v;x)]
Then x — rw = y, ;(¢). It is straightforward to check that the Jacobian of
the change of coordinates (¢,0) + (r,w) is non-zero for t = 0 and thus by
the inverse function theorem and the fact that (0,?) — (0, ) is injective (cf.
Lemma 11.2.6 for a related formulation) there is § small enough such that this
change of coordinates is a diffeomorphism from (—§,6) x Sy U onto its image.
Thus we have smooth inverse functions 7 (r,w) and v(r,w) for r small enough
and w € S,

https://doi.org/10.1017/9781009039901.011 Published online by Cambridge University Press


https://doi.org/10.1017/9781009039901.011

206 Microlocal Aspects, Surjectivity of I

To complete the proof that hyy is smooth, observe that ¥(x,r,®) = 0(r,w)
and

wx,r,w) = deXPx |t(r,w)ﬁ(r,w)(ﬁ(rs w)),

and thus both are smooth as functions of (r,w) as desired. Now the same
argument as in the end of Section 8.1 implies that Ny € W, L(M™). Ellipticity
follows from Exercise 8.4.3 below. O

Exercise 8.4.3 Show that the principal symbol of Ny in local coordinates as
above is given by

n Z g

+ W*(x, — 2/lzlgp)W(x, — z/lzlg)) dz.

x (W*(x,z/|zlp) W (x,z/lzlg)

Using that W is invertible, conclude that Nyy is elliptic. What happens if W is
not invertible? Show that if W takes values in the unitary group, the principal
symbol is c,|& |, '1d.

With this result in hand, Theorem 8.2.1 can be upgraded to the following.
Theorem 8.4.4 Let (M,g) be a simple manifold. Then Ivw o is injective on
L>(M,C™) if and only if

Ijyo: CF(04SM,C™) — C*(M,C™)
is surjective.
Proof Let f € L2~(M ,C™) be such that Iy o f = 0. Consider a slightly larger

simple manifold M engulfing M and extend W smoothly to it. Extending f by
zero to M we see that

Ig0f =0,

and thus Nz f = 0. By Theorem 8.4.2, N is elliptic and hence f is smooth
in the interior of M and hence on M. Assume now that I3y, , is surjective. Then
there exists & € C3°(91SM,C™) such that Ijy; oh = f. Now write

0= (Fwof.h) = (f Iy oh) = (f, ),

and thus f = 0.

Assume now that Iyy o is injective. We wish to show that Ig;v,o is surjective.
This part of the proof proceeds exactly as the proof of Theorem 8.2.1. We
construct an elliptic operator P: C®°(N,C") — C*°(N,C™), and we show it
is a bijection by showing first that it has trivial kernel. The surjectivity of P
implies the surjectivity of I@v,o exactly as in the proof of Theorem 8.2.1. [
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Exercise 8.4.5 Fill in the details of the proof of Theorem 8.4.4.

Let us state explicitly the following rephrasing of Theorem 8.4.4 that will
be useful later on.

Corollary 8.4.6 Let (M,g) be a simple manifold with Iy o injective. Given
f € C®(M,C™) there exists u € C*°(SM,C™) such that

Xu+ Au =0,
Liu=f
where A = —X (W*)(W*)~! and €5u = S, a #(x,0) dSx (V).

Proof By Theorem 8.4.4 there is h € C3°(04+SM,C™) such that £W*h¥ = f.
We let u := W*h! ¢ C>®(SM,C™). Since Xh? = 0, the function u satisfies

Xu = X(WHRF = — Au,

and the corollary follows. O
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