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AUTOMORPHIC PSEUDODIFFERENTIAL OPERATORS,
POINCARE SERIES AND EISENSTEIN SERIES

MiN Ho LEE

We construct Poincaré series and Eisenstein series for automorphic psendodifferential
operators, and show that the space of automorphic pseudodifferential operators asso-
ciated to cusp forms is generated by Poincaré series. We also obtain explicit formulas
for such Poincaré series and Eisenstein series.

1. INTRODUCTION

Pseudodifferential operators generalise usual differential operators by including frac-
tional powers of linear ordinary differential operators, and they play an essential role in
handling a certain class of integrable nonlinear partial differential equations such as the
Korteweg-de Vries (KdV) equation or the Kadomtsev-Petviashvili (KP) equation (see
for example, [2]). Over the years numerous papers have been devoted to the study of
pseudodifferential operators in connection with various areas of pure and applied math-
ematics.

One of the important tools in number theory is the theory of automorphic forms,
which range from the classical holomorphic automorphic forms of one variable, also known
as modular forms, to the more general automorphic forms on Lie groups or algebraic
groups. Poincaré series and Eisenstein series are basic examples of holomorphic modular
forms. Modular forms that vanish at the cusps are called cusp forms, and it is well-
known that the space of cusp forms is generated by Poincare series. Connections between
modular forms and pseudodifferential operators have been investigated in a number of
papers (see for example, [4]). In [1] Cohen, Manin and Zagier studied pseudodifferential
operators that can be obtained as the image of holomorphic modular forms for a Fuchsian
group of the first kind under a certain canonically constructed linear map, which they
called automorphic pseudodifferential operators (see also [5]).

In this paper, we construct Poincaré series and Eisenstein series for automorphic
pseudodifferential operators, and show that the space of automorphic pseudodifferential
operators associated to cusp forms is generated by Poincaré series. We also obtain explicit
formulas for such Poincaré series and Eisenstein series.
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2. AUTOMORPHIC PSEUDODIFFERENTIAL OPERATORS

In this section, we review some of the results on automorphic pseudodifferential
operators obtained by Cohen, Manin and Zagier in [1]. Let z be a local coordinate for
the complex plane C, and let 8 denote the differential operator d/dz. If R is a ring of
functions on C, we denote by YDO(R) the space of pseudodifferential operators over R,
that is,

\I/DO(R) = {Z h,@' Ih[ €R, hy=0forl>» 0}
leZ

(see for example, [2]). For each integer n we set

YDO(R), = {i h

=0

h € R}
Then the map

UDO(R)s = R, Y _ hd" ™" ho

=0

induces a short exact sequence

0 — YDO(R)n_1 — YDO(R), — R = 0.

Given an element g = € SL(2,C) we consider the corresponding coordinate

a
cd
change obtained by the associated linear fractional transformation
_az+b

Tcez+d

zZ=gz
Under this coordinate change, the differential operator 9 is transformed to
8 = (dz/dz)™'8 = (cz + d)?9,

and the corresponding transformation of the operator 0" is given by

& = [(cz +d)?9)" = i 4 (’l‘) (" . 1)c'(cz +d)lgnt,
=0

Thus if we define the associated action on R by

az+b),

£ floang = (e + dyf (2

then we obtain the corresponding action

i o (i h,a"-‘) og
=0 =0
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of g € SL(2,C) on the space YDO(R), that is equivariant with each map in the above
short exact sequence.

For the rest of this section, let R be the ring of holomorphic functions on the Poincaré
upper half plane H that are bounded by a power of (|z|?> + 1)/Im(z). Let ' C SL(2,R)
be a Fuchsian group of the first kind. If v is an integer, then a holomorphic function
f:H — Cis called an automorphic form (or a modular form) for T’ of weight v if it is
holomorphic at each cusp and satisfies the condition

az+b)

@) = (M) = ez + )™ F (2

b
for all 2 € H and v = (z d) € I'. Then M, (') is finite-dimensional for each v € Z and

is zero for v < 0, and we obtain a sequence of the form
0 = YDO(R)",_, = ¥DO(R)E, — My () — 0,

which is exact except possibly at the last arrow; here the superscript I' denotes the set
of I-invariant elements. In {1] Cohen, Manin and Zagier proved that the above sequence
is exact. More precisely, they obtained the following result.

THEOREM 2.1. Given an integer k > 1, define the operators L; : R —
UDO(R)_, and L_i : R — YDO(R), by

i = Sy R g

n=0

k-1

2k — n)! n
L =2 nl(k —(n)!(k —)n - 1)!f(")ak ’

n=0

and set Lo(f) = f, where f(™) denotes the n-th derivative of f. Then we have

Lr(flxg) = Li(f)o g

for allg € SL(2,C) and k € Z.
PROOF: See (1, Proposition 1]. 0

From Theorem 2.1 it follows that £.(f) € YDO(R)T, if f € My (). Hence the
above sequence is an exact sequence that splits canonically, and, using the linear map L,
each modular form of weight 2k can be lifted to the space of pseudodifferential operators.

DEFINITION 2.2: Elements of the space YDO(R)', of T-invariant elements of
UDO(R)_ are called automorphic pseudodifferential operators for T of weight 2k.
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3. POINCARE SERIES AND EISENSTEIN SERIES

In this section, we construct Poincaré and Eisenstein series for automorphic pseudo-
differential operators. Let H be the Poincaré upper half plane as in Section 2 on which
the group SL(2,R) acts by linear fractional transformations. We denote by j : SL(2, R) x
H — C the automorphy factor given by

imz)=cz+d

for g = (Z 2) € SL(2,R) and z € H. Let I' C SL(2,R) be a Fuchsian group of the first
kind, and let z be a cusp of I'. Then there is an element ¢ € SL(2, R) such that oz = oco.

We set 'z = {y € ' | vz = z}, and let h be a positive real number such that

oTyo! - {1} = {i ((1) ’;)n |ne z}.

For integers v > 3 and m > 0 we set

Pl.(2)= > ilov,2)e™ oyz)
YET\T

for 2 € H, where e™/*(-) = exp(2nim(-)/h). Then it is known that the series P, (z)
converges absolutely and uniformly on any compact subset of H (see for example, {3,
Section 2.6]). It is an automorphic form for I of weight v, and is called the Poincaré
series for n > 1 and the Eisenstein series for n = 0.

Given integers £k 2 2 and m 2 0, let £ : R — ¥DO(R)_ be the linear operator
described in Theorem 2.1, and set

Pim = 2 Lilwm)om,
~YEr\I'

where ¢,(z) = j(o,2)"2*e™*(0z) for each z € H and the action of v on Li(¢) is the
corresponding coordinate change operation described in Section 2.

DEFINITION 3.1:

(i) P,: ,:I: is called the Poincaré series for automorphic pseudodifferential oper-
ators if m > 1.

(ii) P{y bq' is called the Eisenstein series for automorphic pseudodifferential op-
erators.

If h is as above, a holomorphic modular form for I of weight v > 0 has a Fourier
expansion of the form

Z ¢ - exp(2milz/h)

=0
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for z € H at each cusp of I'. If ¢y = 0 for each cusp of I, then the modular form is called
a cusp form (see for example, [3]). We denote by S,(T") the space of cusp forms for I of
weight v.

DEFINITION 3.2: An automorphic pseudodifferential operator in WDO(R)T, issaid
to be cuspidal if it belong to the image of Sy (T") under £i. Thus L (S2k(T)) is the space
of all cuspidal automorphic pseudodifferential operators for I" of weight 2k.

THEOREM 3.3.
(t) For integers k > 2 and m > 0 we have PF v = Lx(Ph m)-
(ii) The space L(Sa(T)) of all cuspidal automorphic pseudodifferential oper-
ators for T’ of weight 2k is generated by the set of Poincaré series P{’ ,:' for
m 2 1.

ProOOF: (i) Since j(o7,2) = j(o,v2)7(7, 2) for all 0,y € T and z € H, we have

Phm@) = Y. jloma) ™ e (oyz) = Y j(7,2)*(ilo,72) e (072))

YEL\D Y€Erz\I'
= Y i) *em(rd) = D (Omlwr)(2).
YElrA\T YEL\T

By Theorem 2.1 we have Li(floxy) = Li(f) oy forally € T and f € Sy (). Thus it
follows that

Ce(Phm) = Le( Y (@mlam) = 3 Lulpm) oy =PI

YET\T y€l\T

(ii) It is well-known that for each m > 1 the Poincaré series P2 is a cusp form for
T of weight 2k, and the space S (T') of cusp forms for ' of weight 2k is generated by the
set

{Pkm | m > 1}

(see [3, Section 2.6]). Since Ly is a linear operator, it follows that the space Lx(S2(T’))
is generated by Li(Pj; ) = Py form > 1. 0

4. EXPLICIT FORMULAS

Let I' ¢ SL(2,R) be a Fuchsian group of the first kind, and let k, m be integers with
k > 2, m 2 0. In this section we give an explicit description of the associated Poincaré
series (for m > 1) or Eisenstein series P,c_"I (for m = 0) for automorphic pseudodifferential
operators in YDO(R)T,.
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LEMMA 4.1. Let f: H — C be the function given by f(z)-= 9* for z € H,
where X € C and

a b az+b
g—(c d)GSL(Z,C), gz_cz—i-d'

If n is a positive integer, then we have

1) = :Iz_jl(—l)’z! ) ("7 ) ersmsa
=0

where j = cz + d for each z € H.
PROOF: We shall use induction on n. Using det g = ad — bc = 1, we have

ad — bc

= mf(z) = A2 f(2);

f'(2)

hence the given formula is true for n = 1. Now we assume that it is true for n = m.
Then for n = m + 1 we have

m~1
f(m+1) — (f(m))l — Z(_l)ll! (T;l) (m l— l)ct/\m_z (C(l _ 2m)jl—2m—1f + jl—2m/\j—2f)

=0
m-—1
-1
_ Z(_l)t“(";l) (ml ) (1 = 2m)cH+iAm=tjt=2m=1 4 ym=ti1 ji-2m=2) ¢
=0

=Soeue-0(, ") (7)) 0 m - ey

=1 -1

+ g(—l)‘l! (7) (m . 1) Am- L jl-2m=2 ¢
= comm-n (") (1)) mm vemagy

m-1/\m—-1
+ (_1)00! (73) (mo_ 1)00/\m+1j_2m-2f
m—1
2m—-1l4+1( m m-—1 m\/m-—1
_1Ninadym=i+l 1~-2m-2
I ] e e (Y [ R WG

However, we have

omtm- (") (22 em -0 = cmm () (7)),
-
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and

Therefore we obtain

Fom) Z( 1) (m + 1) ('l") -t ji-am=2 ¢

=0

which is the desired formula for n = m + 1; hence the lemma follows. Q0

Now an explicit formula for the Poincaré series or the Eisenstein series is given in
the next theorem.

THEOREM 4.2. Let k and m be nonnegative integers with k > 2, then the
Poincaré series Pk (or the Eisenstein series for m = 0) is given by

+k-1)!
prv _ (n+k)!(n n:—2k-n
kam Z Z n'n+2k-1)' ©J

n=0 7€r:\r

8 [(2k+n = +§n,§;1 ( )(n-—u) (n—,;-l)
“(2(1;]:”_1’1-)!1)! (2”:”)"_y_l(_c)u+t-nju+t-n] em/h (%g_s) §-k-n

¢ b) € SL(2,R).

for z € H, where j = j(07,2) =cz+d foroy = (cd

ProOF: By Theorem 3.3(i) we have

ry _ (n+k (n+k-1)! ~k-n.
Pk, Lk P2km Z Z n|n+2k ) ¢( )a
n=0 yel,\l'

where (z2) = j-%*e™"(0~yz) with j = j(o7, z) for z € H. Using the Leibniz formula we

obtain

n

1/,(n)(z) = Z (Z) (j—2k)(v) (em/h(avz))(n—u)'

v=0
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For oy = (z 3) € SL(2,R). we have

(2k+v—1)! T

e O ]

On the other hand, using Lemma 4.1, for n — v > 1 we get

ST e -\ /n—v-1 omim\" 7
(em/h.(o,,yz (n-v) _ Z( 1 l'( )( l )cl( - ) ]z 2n+2vem/h(a,,_yz)'

Hence we have

P”’ Z Z n+)(n+k-1) [(—1)"(2k+n_1)!c"j‘2’°'"

720 yerr nl(n + 2k — 1)! (2k - 1)!
20 ) A ngl(—l)’l! e
. (2”$ )n_u_tj,_zmy] o/ (Z : 2) g-k-n
The desired formula follows by rearranging this expression. 0
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