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Covering Discs in Minkowski Planes
Dedicated to Ted Bisztriczky, on his sixtieth birthday.

Horst Martini and Margarita Spirova

Abstract. 'We investigate the following version of the circle covering problem in strictly convex
(normed or) Minkowski planes: to cover a circle of largest possible diameter by k unit circles. In
particular, we study the cases k = 3, k = 4,and k = 7. For k = 3 and k = 4, the diameters under con-
sideration are described in terms of side-lengths and circumradii of certain inscribed regular triangles
or quadrangles. This yields also simple explanations of geometric meanings that the corresponding
homothety ratios have. It turns out that basic notions from Minkowski geometry play an essential role
in our proofs, namely Minkowskian bisectors, d-segments, and the monotonicity lemma.

1 Introduction

The problem of covering the unit circle with k congruent circles of minimum diam-
eter is called the circle covering problem (see [5,6,10]). This problem was investigated
by many authors, and the smallest diameter has been found for all k < 10, see also
[2,3,7]. In the present paper we investigate the extension of this problem to (normed
or) Minkowski planes. The methods developed for our approach (e.g., the use of bi-
sectors which can have a complicated geometric structure in normed planes) demand
restricting ourselves to strictly convex Minkowski planes, and we consider the circle
covering problem in the other direction: to cover a circle of largest possible diame-
ter by k unit circles. We obtain results for the cases k € {3,4,7}. In the Euclidean
plane, these three cases are usually considered to be trivial. As we shall see, this is
not the case in strictly convex Minkowski planes. Due to the large variety of possible
circle shapes in normed planes, the radii of the circles to be covered for k = 3 and
k = 4 are described in terms of circumradii of inscribed regular triangles and quad-
rangles, respectively, which have special side-lengths (and regularity is meant in the
Minkowskian sense). This yields simple geometric descriptions of the correspond-
ingly occurring homothety ratios. The case k = 7 yields, in contrast to k € {3;4},a
situation completely analogous to that in the Euclidean plane. To prove our results,
we also use typical tools and notions from Minkowski geometry (i.e., the geometry
of finite dimensional real Banach spaces, see [4, 15, 17, 18]), such as Minkowskian
bisectors, d-segments, and the monotonicity lemma.

By a (normed or) Minkowski plane (X, || - ||) with origin 0 we mean a two-dimen-
sional real linear space X with norm || - ||. As usual, the unit disc and the unit circle of
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(X, |l - ) are defined by
Di={xeX:|x|| <1} and C:={xeX:|x|| =1},

respectively. The set {x € X: ||x— p|| < A}, where A € RY, is called the (Minkowski)
disc with center p and radius A and denoted by D(p, A). The boundary of D(p, A) is
then a (Minkowski) circle and denoted by C(p, A). We denote the segment between
x,y € X by [xy], the line through x and y by (xy), the ray with origin x and passing
through y by [xy), the triangle with vertices x, y,z € X by Axyz, and the circular
arc with the endpoints x, y by xy. As usual, we denote the convex hull of a two-
dimensional set K by conv K, its interior by int K and, if K is closed, the boundary of
K by OK.

A Minkowski plane (X, || - ||) is called strictly convex if ||x+ y|| = ||x|| +]|y|| implies
that x and y are linearly dependent or, equivalently, if the unit circle does not contain
a non-denegerate line segment. Any two circles in a strictly convex Minkowski plane
intersect in at most two points; see [17, §3.2]. If x;, x, are two different points in a
strictly convex normed plane, and y1, y2 € C(x1, A) N C(x, A) with y; # y,, then

(1.1) X1 +X =y1+y2s

see [1].
The bisector of two points p and q is defined by

B(p,q) = {x € X: [x = p[| = [lx — q|}-

It is known that bisectors in every strictly convex Minkowski plane are unbounded
simple curves; see [16, §8.2] and the survey [15, §4.2]. Also we note that the defi-
nition of bisectors immediately implies that B(p, q) is symmetric with respect to the
midpoint of [ pg]. Many further results on and applications of bisectors in Minkowski
planes and spaces are collected in Part 4 of the survey [15].

2 Some Preliminaries

Let there be given a convex body B, (i.e., a compact, convex set with non-empty inte-
rior) in a Minkowski plane (X, || - ||). A collection {B;} of finitely many convex bodies
in (X, || -||) is called a covering of the body B if any point of B belongs to | J; B; and
for every body B; of {B;} there exists a point x € B such that x € J,; Bj. Denote by
hi(B) the smallest positive ratio of k homothetical copies of B whose union covers B.
The following bounds on h(B) are known for k € {3,4,7}:

(2.1) 2 <hy(B) <1,

(2.2) 2 < hy(B) < Q
2

(2.3) 6 < h;(B) <1,
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where \/7/7 <fg< 1—51; see [12,13]. If B is centrally symmetric, i.e., it can be consid-
ered as the unit disc with respect to some norm, let Ry(B) be the maximal radius of
all homothets of B that can be covered by k translates of B. Then Ry(B) = 1/hi(B),
and one can rewrite the inequalities (2.1), (2.2), and (2.3) in the forms

(2.4) lé&wﬁg,
(2.5) V2 < Ry(B) < 2,
(26) 2<RB) < 4

The first lemma which is necessary for our considerations is known as the monotonic-
ity lemma. It was proved in [9]; see also [8] and [17, §3.5].

Lemma 2.1 Let C be the unit circle of a strictly convex normed plane (X, || - ||), and
p. q,r be different points belonging to C such that the origin 0 does not belong to the
open half-plane determined by {pq) which contains r. Then ||p — q|| > ||p — 7||.

Remark 2.2. Forany x, y € D(p, A) the monotonicity lemma implies that ||x — y|| <
2\

Lemma 2.3 Let there be given a convex body B in a Minkowski plane (X, || - ||), and
let B = {B;}X_, be a covering of B. Ifx € OB; N B, where i € {1,..., k}, then there
exists a body B; from B different from B; such that x € B;.

Proof We argue by contradiction. Suppose that for any j = 1,...,kand j # i we
have x ¢ B;. Then there exists a disc D(x, ¢) with (int D(x,€)) N B; = @. Let y be
a point of int D(x, ¢) such that y ¢ B;. Denote by D the disc centered at y whose
interior lies in int D(x, €) and which also satisfies D N B; = &; see Figure 1. For any
j=1,...,kand j # i, there exists a point y; € B; N Bwith

Iy = yjll = inf{[ly — 2|| : z € B; N B},

by [19, Theorem 1.9.1]. If y, is that point among {)’j}I](':L#i which has the smallest
distance to y, then clearly yo & int D(x,¢). Thus for any z € U#i(Bj N B) we get
Iy = ol < lly 2| Let y* be a point lying in [yyo] N D. Then [y — y*[| < |[y = yol|,
which means that y* ¢ Uj;éi(Bj N B). In view of y* € D we have y* ¢ B;. Besides
this, the convexity of B implies that the point y* belongs to B. This contradicts the
fact that {B;}*_| is a covering of B. [ |

It is known that for any three non-collinear points in a strictly convex normed
plane there exists at most one circle containing them; see [17, § 3.2]. The next lemma
shows that if these points form an equilateral triangle (in the Minkowskian sense),
then such a circle always exists.

Lemma 2.4 An equilateral triangle in a strictly convex Minkowski plane (X, || - ||)
possesses exactly one circumcircle.
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Proof Let there be given a triangle A p; p, p3 which is equilateral in (X, || - ||), and 1
and m; be the midpoints of [p,p3] and [p3p1], respectively. Clearly, p € B(p2, p3)
and p, € B(ps, p1). By [17, Proposition 17] (see also [11]), B(p2, p3) is contained in
the double cone of p, and ps with apex p;, and B(ps, p1) is contained in the double
cone of p3 and p; with apex p,; see Figure 2.

The curve B(p,, p3) can intersect the segment [p,p3] only in m;, so that if we
denote the part of B(p,, p3) between p; and m; by 7, then v; C conv{p1, p2, p3}.
Analogously, if v, is the part of B(ps, p1) between p, and m,, then

Y2 C conv{py, p2, p3}-

If ] := [p1p2] U [p2m;1] Ui, then ] is a Jordan curve with respect to which the point
m; is not an interior point. Assuming that m, € v C B(pz, p3), we have

|p2 — ma|l = [[ma — psll <= llp2 — 5 (pr + p3)ll = 3 l[p1r — psll
<> |lp2 — pr+p2— psl = l[p1 — psl-

This is impossible, since d-segments are always linear segments if and only if the
normed plane under consideration is strictly convex; see [4, Corollary 11.3]. (The
d-segment [a, b], with endpoints a, b € (X, || - ||) is the set of all x € (X, || - ||) satisfy-
ing ||a—x||+||x— b|| = ||a—b||.) Hence m, is an exterior point with respect to J. On
the other hand, there exists an € > 0 such that C(p,,e)Ny # @. If g € C(p2, )N,
then g lies in the interior of J. This means that the part of v, between g and m;, has
to intersect J. But it does not intersect [p;p2] or [pom;] (eventually it can touch
[p1p2] or [pamy]); therefore it intersects 7y;. Thus we have shown that B(p,, p3) and
B(ps, p1) have a common point, which completes the proof. ]

The proof of Lemma 2.4 implies the following.

Lemma 2.5 The circumcenter of any equilateral triangle in a strictly convex Minkow-
ski plane lies in the interior of this triangle.
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Lemma 2.6 Let p be a point in a strictly convex Minkowski plane (X, || - ||) different
from the origin 0. Then the bisector of the points p and — p intersects the circle C(0, || p||)
in exactly two points which are opposite points of this circle.

Proof It is clear that B(—p, p) intersects C(0, ||p||) in at least two points which are
opposite points of that circle, e.g., in x and —x. We will show that, besides x and —x,
there are no further intersection points of B(—p, p) and C(0, ||p||). We have that the
bisector B(—p, p) is contained in the double cone V of p and —p with apex x; see
[11] and [17, Proposition 13]. Let us consider that part of V' (denoted by V*) which
lies in the half-plane bounded by (—pp) and containing x. Thus

V* = (x4 A(—p—0)+u(p—x) : A, < OFU{x+A(—p—x)+(p—) : A, 1 € (0, D)},
We will show that neither
Vo= {xeX:xtAM—p—x)+ulp—x):Ap <0},
nor the set
Vi={xeXix+AM—p—x)+ulp—x):\,ue 1)}

(see Figure 3 below) contains points of C(0, ||p||) which are different from x. For any
y € V™~ we have

y=x+A=p—x)+tplp—x) < 1-A—px=y+A—pup,

where A, i < 0. Therefore
A=A=pw) Il =1y + X = pll <yl + X = wllpl

[ a=20 K<yl - ez,
Il < (1 =2p) x| < Iyl iA—p <0,

Hence any y € V~ is an exterior point with respect to C(0, || p||). On the other hand,
V* is a triangle inscribed to the strictly convex curve C(0, || p||). Therefore V* also
does not contain points of C(0, || p||) (except for p, —p, and x). [ |

Lemma 2.7 In a Minkowski plane (X, | - ||), let there be given two circles C(xy, A1)
and C(x3, \2) with \; # X,. Then the homothety
X —)\2x1 + )\1X2 + /\zx
X — —— + —
4 N M

maps C(x1, A1) into C(x2, A2). The center of p is the point

= /\zx— /\lx
IR VRED Ve VD W

S

The proof of this lemma is immediate.
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3 Covering a Disc by Three Translates of the Unit Disc

Now we are going to use the results from Section 2 for the case n = 3 of the circle
covering problem in strictly convex Minkowski planes. The diameters of the circles
to be covered will be given in terms of side-lengths of inscribed equilateral triangles.

Theorem 3.1 In a strictly convex normed plane let there be given an equilateral tri-
angle Apip2ps of side-length 2. Then the circumradius of Apypaps is > 1, and the
circumdisc of Apy pa p3 can be covered by three translates of the unit discs.

Proof If C(q, ) is the circumcircle of Ap; p, ps (note that according to Lemma 2.4
this circumcircle exists), then

[Py =gl +llg = p2ll > [lp1 = pof| &= 22> 2 = A > 1.

We now show that if m; is the midpoint of [p;pi], where {i, j, k} = {1,2,3}, then

Figure 3 Figure 4

the discs D(m;, 1), i = 1,2, 3, cover D(q, A). At first we check whether m;, m; €
C(m;, 1). Indeed,

|[m; —mj|| = H Pj JZka  pktpi

=g —pil =1
) _ZPJ pill = L.

Thus we get that the discs D(m;, 1), i = 1,2, 3, cover conv{pi, p2, p3}. In order to
complete the proof, it remains to show that D(m3, 1) covers the arc ﬁz (of course,
we mean that arc which does not contain ps), say; see Figure 4. Let us assume that
q = 0 and write C; := C(0,A) and C, := C(m3, 1). We consider the homothety
¢ mapping the circle C; into the circle Cs, i.e., ¢: x — m3 + 1/\x; see Lemma 2.7.
Then the center of p is s = %m& which belongs to the opposite ray of [m30), ie.,
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s lies in the half-plane bounded by (p; p,) which does not contain p;. We will prove
thats & D(ms3, 1) and s € D(0, \). Assume that s € D(ms, 1). This is equivalent to

2l = ] =
A—1 T =1 T

<= 20=1) > |p1+p2l] = 22> ||p1 +p2ll +2.

oy + pal|

1> |lms —s|| = |lms —

The last inequality contradicts the triangle inequality referring to Ap; pa(—pa2). As-
suming that s € D(0, \), we get

A
lmll = syl + ol < A= 200 =D 2 llpr + po),

A
Il = 32
again a contradiction.

Furthermore, let x; belong to the arc ﬁz of Cy not containing ps. If (sx;) NC, =
{x1, 71}, then x; is between s and y;. This follows from the fact that s belongs to the
same half-plane with respect to (p, p,) containing the arc p; p,. If p(x;) = x,, then

x, € C, and

A—1 1

S TX

Since A > 1, we state that the point x; is between s and x;. Let (x;x,) NC, = {x2, 2}
This means that x; is between s and y,. Moreover, y, = ¢(y1), equivalent to that y,
is between s and y;. Thus we have that the points s, x,, X1, y2, y1 are located on the
line (xx,) in this order or in the order s, x,, y2,x1, y1. But the second situation is
impossible because the points x; and y; lie in different half-planes with respect to
(p1p2). Therefore x; is between x, and y,, equivalent to the fact that D(mj, 1) covers
the arc p; ps ps. ]

1
XQ:WI3+XX1<:>X2:

The next theorem gives the geometric meaning of the maximal radius R3 (D) of all
homothets of the unit disc D in a strictly convex normed plane that can be covered
by three translates of D.

Theorem 3.2 If (X, || - ||) is a strictly convex normed plane with unit disc D, then the
quantity Rz (D) is the maximal circumradius of equilateral triangles with side-length 2.

Proof If A is the maximal circumradius of all equilateral triangles of side-length 2,
we will prove that the disc D(0, A + ¢), where € > 0, cannot be covered by three
translates of the unit disc D. Let Ap; p,ps be an equilateral triangle of side-length
2 inscribed in D(0, A). If ¢ is the homothety mapping C(0, A) into C(0, A + €) and
o(p1, p2, P3) = (P}, p3, P5), then Ap] p5p} is equilateral and of side-length 2+2¢/ .
Assume that D(0, A+ ¢) can be covered by the translates Dy, D;, and D3 of D. If p; €
Dy, say, then p5, p5 & Dy, by Remark 2.2. If p) € D, say, then p} & D,. Therefore
pi € D3. For {i, j, k} = {1,2,3}, let p/,’;; be the circular arc of C(0, A + €) between
the points p/ and p} which does not contain p;. Then Lemma 2.1 and Lemma 2.5

imply that any point of@ does not belong to Dy. Let 9D, NC(0, \+¢) = {q1, 43}
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and q; € IZB, qs € HEg Note that if q; = g3, then g1 = g3 = p1, which means
that D(0, A + €) cannot be covered by D, D,, and Ds;. By Lemma 2.3 we have that
q1 € D; and g5 € Ds. Thus we obtain Ag;q,g5 inscribed in C(0, A + ¢) such that
q1 € piPy» @2 € P1P3 43 € P3P A1 F Pi, 41 # P2 @2 F P2, @2 F P33 F D3,
q3 # p1,and the sides of Aq142g53 are of length < 2. Moreover, it is easy to see that the
interior of conv{qi, 2, g3} contains the origin 0. Let Aq;4,43 be positively oriented,
say. Construct an equilateral triangle Auju,u3 of side-length 2, which is positively
oriented and such that (u;u,) is parallel to (q1q,). According to [17, Proposition 33],
for a given segment [u;u,] there exists exactly one such triangle. Let C(0, i) be a
translate of the circumcircle of Aujupus. Then p1 < A If vy, v,, v3 are the images
of uy, U, us with respect to this translation, let v{, v}, v be the images of vy, vz, v3
with respect to the homothety mapping C(0, u) into C(0, A + €). Thus we obtain
that Av{vsv} is an equilateral triangle inscribed in C(0, A + €) and of side-length
2(A+¢)/u > 2, where the side [v{v;] is parallel to [q;g,]. Therefore the side [v]v;]
lies in the open half-plane with respect to (g;4,) that contains the origin 0. The third
vertex v of Av{v,v} belongs either to the arc g;g3 or to the arc g>g3. But both these
cases contradict the monotonicity lemma. ]

The next proposition gives an upper bound on R3(D), where D is the unit disc in
a strictly convex normed plane. This upper bound strengthens the second inequality
in (2.4) for the case that B is centrally symmetric and strictly convex.

Proposition 3.3 In a normed plane (X, || - ||) with unit disc D we have R3(D) < 4/3
if D is strictly convex, and R3(D) = 4/3 if 0D is an affine regular hexagon.

Proof Let +p, ¢, +=(p + q) be the vertices of a hexagon that is regular in the norm
(i.e., an affine regular hexagon with sides of the same Minkowskian length) and in-
scribed in the unit circle © = 9D. Note that this is possible; see, [17, §4]. The triangle
with vertices % p— %q, — % p+ % q>and — % (p+q) is equilateral with side-length 2 and
inscribed in %G; see Figure 5. Therefore, if € is strictly convex, we have R3(D) < %,
and R;(D) = £ holds if € is an affine regular hexagon. ]
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4 Covering a Disc by Four Translates of the Unit Disc

In case of four covering circles we will see that, somehow analogous to the consid-
erations in the former section, regular quadrangles inscribed to a circle will play an
essential role.

Lemma 4.1 In a strictly convex Minkowski plane let there be given two points x; and
x3 that are opposite points of the unit circle C; see Figure 6. If B(x1,x3) N C = {x2, x4},
then the intersection points of C(x;, 1) and C(xi41,1) (withi = 1,2,3,4 and x5 = x1),
which are different from 0, lie on the same circle C with radius between 1 and 2.

Proof Note that according to Lemma 2.6 the intersection of B(x;, x3) and C consists
of exactly two points, which are opposite in €. The monotonicity lemma implies
lxi — xit1]] < 2,4 =1,...,4. Hence C(x;, 1) and C(x;1, 1) have exactly two points
in common. Clearly, the origin 0 is one of them, and we denote by p; the other
intersection point. Thus, by (1.1) we obtain x; + x;41 = p;. Since x; and x5 are
opposite points, as are x, and xy, it follows that ||p;|| = ||xi+1 — Xi+2|| (note that
X¢ = X,). But we have x,, x, € B(x1,x3), i.e.,

[x1 = %2l =[xz = x5 = fls — x| = [Jes — x| = A,
which is equivalent to p; € C(0, A). Moreover, with respect to Ax;x,x; we have
2= ||X1 —X3H < HX1 —X2H + ||X2 —X3|| = 1<\

On the other hand, applying the fact that for any convex quadrangle (and thus also
for x1x,x3x4) the sum of lengths of its diagonals is at least the sum of lengths of two
opposite sides (see [17, Proposition 7]), we obtain

||X1 —.X3|| + H.Xz —X4|| > HX1 —X2|| + ||X4 —X3H <~ 2> A\ |

Remark 4.2. The construction of the points x;,x, x3, x4 in Lemma 4.1 shows that
in every circle of a strictly convex Minkowski plane a regular quadrangle can be in-
scribed.

Remark 4.3. It is easy to check that the points p1, p2, p3, and ps (see the proof of
Lemma 4.1) form a parallelogram all of whose sides are of Minkowskian length 2 and
whose two diagonals have the same length. The proof of Lemma 4.1 also implies that
for any given direction such a parallelogram with two sides parallel to this direction
can be constructed.

Theorem 4.4 If, in a strictly convex normed plane, C(x;,1),i = 1,2,3,4, and C are
determined as in Lemma 4.1, then C(x;, 1) withi = 1,2, 3,4 is a covering of C.

Proof In view of the constructions of C(x;,1), i = 1,2, 3,4, it is enough to prove
that, e.g., D(x|, 1) covers the circular arc p; p; (meaning that arc which does not
contain the points p, and p3). This can be verified in a way quite similar to the proof
of Theorem 3.1, using the homothety that maps C(0, \) into C(x;, 1). [ |
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Figure 6.

Based on Remark 4.3 the next theorem can be proved in the same way as Theo-
rem 3.2.

Theorem 4.5 In a strictly convex normed plane with unit disc D, the quantity Ry(D)
is the maximal circumradius of all parallelograms whose four sides are of Minkowskian
length 2, and whose two diagonals have the same length.

5 Covering a Disc by Seven Translates of the Unit Disc

Levi [14] proved that every plane convex body B can be covered by 7 homothetical
copies of ratio %; see also [13]. In this section we state that, as in the Euclidean
situation (for which we refer to [10]), this is the best such covering if B is a centrally
symmetric, strictly convex body.

For the proof of our final theorem we need the next lemma.

Lemma 5.1 In a strictly convex normed plane, a hexagon of side-length < p cannot
be inscribed in a circle of radius p.

Proof Assume that there exists a hexagon p;p; - - - pe inscribed in the circle C(p, u)
such that ||p; — pir1|| < pwithi =1,...,6and p; = p;. In C(p, i) we can inscribe
a regular hexagon ¢qs - - - g of side-lengths y such that g; = p;. Denote by p;pi+1
the circular arc which does not contain the the remaining vertices of p1p2--- ps. Then
the monotonicity lemma implies g, € p; p: pya and gs € pspe Pe s such that g # p, and
qe # pe- Clearly, it is 1mp0551b1e that g3 € p,p; and gs € psps. Therefore the points
3, 44> and g5 belong to ps ps U pyp3. This means that at least two of them lie on the
same arc, which is impossible. |

Theorem 5.2 A disc of radius > 2 cannot be covered by seven unit discs.

Proof Assume that the disc D(0, A), where A > 2, is covered by seven unit discs
D; = D(xi,1). Then at most six of them can have a common point with C(0, \) =

https://doi.org/10.4153/CMB-2009-046-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2009-046-2

434 Horst Martini and Margarita Spirova
0D(0, A). Indeed, let 0 € Dy, say. Assume that D; N C(0,\) # @ and y; € D; N
C(0, A). Since y; € C(0, ), we get ||y1]] = A > 2. But y; € Dj implies ||y1]| < 2,a
contradiction. Thus, by Lemma 2.3 we get that an n-gon with n < 6 can be inscribed
in C(0, ). The case n = 6 is contradictory to Lemma 5.1. Hence C(0, 2) cannot be
covered by six unit discs. This means that C(0, 2) also cannot be covered by n < 6
unit discs. ]

From Theorem 5.2 and (2.6) we immediately get the following statement.
Corollary 5.3 In a strictly convex normed plane with unit disc D the maximal radius
R7(D) of all homothets of D that can be covered by 7 translates of D is 2.
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