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The pu rpose of this note is to give a new c h a r a c t e r i z a t i o n of 
P r u f e r domains using the concept of r ing e p i m o r p h i s m , and to indica te 
some connect ions with wel l -known p r o p e r t i e s of P r u f e r d o m a i n s . Al l 
r ings a r e commuta t ive and have a unit e l emen t . 

An ex tens ion R Ç S of r ings is cal led e p i m o r p h i c , if the 
inject ion m a p is an e p i m o r p h i s m in the ca t ego ry of commuta t ive 
r i n g s , i . e . cance l lab le on the r igh t . R ç S is ep imorph ic if and only 
if the n a t u r a l m a p S <S> S -* S is an i s o m o r p h i s m (see e . g . [8]). 

We wil l s ay , tha t R S= S is a comple te ly ep imorph ic ex tens ion , 
if R c T is ep imorph i c for al l r ings T "be tween" R and S, i . e . 
R c T Ç S. This is c l e a r l y equivalent to the following condit ion: 
for a l l s € S, we have s <S> 1 = 1 <8> s in R[ s ] ® R [ s ] . 

R 

A h o m o m o r p h i s m R -* S i s ca l led flat , if S is a flat R - m o d u I e , 
and an ex tens ion R E S i s ca l led e s s e n t i a l , if e ach n o n - z e r o idea l 
of S has n o n - z e r o i n t e r s e c t i o n with R. 

LEMMA 1. A comple te ly e p i m o r p h i c ex tens ion R Ç S is 
e s s e n t i a l . 

Proof . If 0 f s e S, then s < 8 > l = l < g > s i n R[s ] <g> R [ s ] . 
R 

By [ 1 , Chapter 1, §2 , No. 1 1 , L e m m a 10], t h e r e exis t e l emen t s 
x. e R[s l and a#1 € R 

J J k 

among other r e l a t i o n s , 

x. e Rfs l and a., € R (j = 0, . . . , m , k = 0, . . . , n) such tha t , 
J J k 

m 
= S x a and 

j = 0 J J° 

k 
S a. s = 0 (j = 0, . . . , m ) . 

k = 0 Jk 

* NRC P o s t d o c t o r a l Fel low 
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Since s f 0, t h e r e is at l e a s t one index i, such that a. ^ 0 and 

we can w r i t e 

iO 
s( 2 a., s ), 

k = l ik 

which i m p l i e s the s t a t e m e n t of the l e m m a . 

LEMMA 2 ( L a z a r d [5]). If R Ç S is e p i m o r p h i c and flat , 
and if T is a r ing be tween R and S, such that R C T is f lat , 
then R Ç T is e p i m o r p h i c . 

Proof . The following d i a g r a m is c o m m u t a t i v e : 

T O T 

s ^ R s 

- * T 

-9-S 

Since T and S a r e flat , i <8> i is a m o n o m o r p h i s m , hence 
T <8> T -> T is an i s o m o r p h i s m . 

R 

LEMMA 3. If R G S is comple t e ly e p i m o r p h i c , then e v e r y 
T be tween R and S is i n t e g r a l l y c lo sed . 

Proof . Suppose t h e r e e x i s t s a T which i s not i n t e g r a l l y c losed 
and let s £ T be i n t e g r a l over T. Then T[s ] is a f ini tely g e n e r a t e d 
T-moduIe and T C T[s ] i s not e p i m o r p h i c by [4, P r o p o s i t i o n 1 .5] . 
Th is i m p l i e s of c o u r s e , tha t R 5 T[ s ] is not e p i m o r p h i c . 

If R is an i n t e g r a l domain with quot ient field K, then a r i n g 
be tween R and K is ca l led an o v e r r i n g of R. E v e r y e s s e n t i a l 
e p i m o r p h i c ex tens ion , and in p a r t i c u l a r e v e r y c o m p l e t e l y e p i m o r p h i c 
ex tens ion of an i n t e g r a l domain is i s o m o r p h i c to an o v e r r i n g 
[8 , C o r o l l a r y 9. 11]. 

However , not e v e r y o v e r r i n g of an i n t e g r a l doma in is an 
e p i m o r p h i c ex t ens ion , a s it wi l l be shown in the next p r o p o s i t i o n . 

A P r u f e r domain is an i n t e g r a l domain , such that e v e r y finitely 
g e n e r a t e d idea l is i nve r t i b l e . A Dedekind domain is a n o e t h e r i a n 
P r u f e r doma in . 
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PROPOSITION. Let R be an i n t e g r a l domain with quot ient 
field K. Then R is a P r u f e r domain if and only if R ç K is 
comple te ly e p i m o r p h i c . 

Proof . If R is P r u f e r , then the t e n s o r p roduc t of t o r s i o n - f r e e 
m o d u l e s is t o r s i o n - f r e e [2, VII, P r o p o s i t i o n 4 . 5 ] , hence , for any 
s = a /b e K, b(s ® 1 - 1 <g> s) = 0 in R[s] <8> R[s] imp l i e s 

R 
s 0 1 = 1 0 s. The c o n v e r s e follows f rom L e m m a 3 and a r e s u l t 
of Davis [3] . 

The proof gives us a l i t t le bit m o r e in format ion . 

COROLLARY 1. H R is an i n t e g r a l domain with quot ient field 
K, then the following condi t ions a r e equivalent : 

(i) R is a P r u f e r domain ; 

(ii) the t e n s o r - p r o d u c t of t o r s i o n - f r e e modu les is t o r s i o n - f r e e ; 

(iii) R[s ] (8) R[s ] is t o r s i o n - f r e e for al l s € K. 

COROLLARY 2. If R is a P r u f e r domain , then the following 
condi t ions for a r ing T => R a r e equivalent : 

(i) T i s i s o m o r p h i c (over R) to an o v e r r i n g of R; 

(ii) R ^ T i s e s s e n t i a l and e p i m o r p h i c ; 

(iii) R S T is comple te ly e p i m o r p h i c . 

Th is follows f rom the propos i t ion and [8 , C o r o l l a r y 9. 11]. 
With the a p p r o p r i a t e definition of " o v e r r i n g " , th i s c o r o l l a r y g e n e r a l i z e s 
to s e m i h e r e d i t a r y r i n g s . 

Some wel l -known p r o p e r t i e s of P r u f e r domains can now be 
deduced f rom the p r eced ing r e s u l t s ; we l i s t two e x a m p l e s . 

COROLLARY 3. E v e r y o v e r r i n g of a P r u f e r domain is a P r u f e r 
domain . 

COROLLARY 4 (Richman [7]). An i n t e g r a l domain is P r u f e r 
if and only if e v e r y o v e r r i n g is flat. 

Th i s i s a consequence of L e m m a 2 and the fact , that a t o r s i o n -
free module over a P r u f e r domain i s flat [2, VII, P r o p o s i t i o n 4. 2 . ]. 
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We finally give a new proof of a r e s u l t , which was f i r s t 
e s t a b l i s h e d in [6] . 

COROLLARY 5. E v e r y o v e r r i n g of a Dedekind doma in i s a 
Dedekind domain . 

Proof . By C o r o l l a r y 3, e v e r y o v e r r i n g T is a P r u f e r domain , 
and it r e m a i n s to show, that e v e r y T is n o e t h e r i a n . This follows 
f rom [4, C o r o l l a r y 2 . 3 . ] , s ince R is n o e t h e r i a n and R S T is a 
flat e p i m o r p h i s m . 
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