LATTICE OCTAHEDRA
L. J. MORDELL

Let 44, Ay, ..., 4, be n linearly independent points in #-dimensional
Euclidean space of a lattice A. The points &+ 4,, +4,, ..., +4, define a
closed n-dimensional octahedron (or “‘cross polytope’’) K with centre at the
origin O. Our problem is to find a basis for the lattices A which have no

points in K except z=Ai, =4, ..., 2=4,.
Let the position of a point P in space be defined vectorially by
1 P = pids + peda + ..+ Dody,

where the p are real numbers. We have the following results.
When # = 2, it is well known that a basis is

@) (41, A2).

When » = 3, Minkowski (1) proved that there are two types of lattices,
with respective bases

(3) (441, A2y 413), (Alv "12v %(Al + 4‘12 + 443>)-

When # = 4, there are six essentially different bases typified by 4, 4, 43
and one of

Ay 5(ds + A5 + A4), 1A, + 4.+ 4+ 4,
(4) Ay A+ A5+ A1), HE24:£ 4+ 45+ 40,
$(£24, £ 24, £ A £ 44).

In all expressions of this kind, the signs are independent of each other and
of any other signs. This result is a restatement of a result by Brunngraber
(2) and a proof is given by Wolff (3).

The proofs for n = 3, 4 depend upon Minkowski’s method of adaption of
lattices, and that for » = 4 is very complicated. I notice another method
of considering the question which gives the result more directly, more simply,
and with less troublesome numerical detail.

The simplest required lattice is that with basis (A, Ao, ..., 4,). This will
not be a basis of the other lattices A. Hence there will be points A of A given by
5) pA = a1A1 4+ asd: + ... + a,4,,
where ay, a2, ..., a, and p > 1 are integers, and
(6) (@1, as, ... ,a, p) = 1.
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For brevity, we shall denote such a point A by
A = {ay, as ...,a,}/p.
There is no loss of generality in supposing that
(M) laal < 3p, laa] < 3p, .., fad < 32

We may also suppose that no ¢ = 0 (mod p). For if a¢; = 0 (mod p), we
have an # — 1 dimensional problem which may be considered as solved in
dealing with the #-dimensional problem.

By the conditions of the problem, the point .1 is such that for any integer
x prime to p, and all integers x1, X2, . . ., %,

x4 — xlAl — OCzAz — ... .’XI"A,,

is not in K; and there is no loss of generality in supposing that |x| < p. We
shall call such points 4 admissible. Then 4 will be admissible if and only if

8) %—x1+...+ a;x—xn > 1,
since the point P in (1) lies in K if
(9) ipll + Ip2| 4.+ ipnl <1

Now by Minkowski’'s theorem on convex bodies, the convex n 4+ 1 dimen-
sional body

[ Xol + Xl + ...+ X <1, | X| <p
of volume 2"*+!p/n! contains at least two points of the lattice given by

X = g;_x — Xy ..., X, :a,;;x - %, X =x,
of determinant one when p > n! We may suppose that X 0 since then
x1=0,%=20,...,x, = 0. Hence, as is well known, admissible points -
can arise only when p < #!

In this paper, we shall be concerned only with the cases n = 2, 3, 4. We
shall see that admissible points 4 arise only when z =3, p =2, and n = 4,

=2,3,4,5.

Suppose first that » = 2. We need only consider p = 2, and then |a;| < 1
|as] < 1. Clearly the point 4 = 3{ai, as} lies in K and so cannot be a point
of A. Hence (41, 4s,) is a basis of A.

Suppose next that » = 3. We have now to consider p = 2, 3, 4, 5, 6.

3
A

If p =2, |ad] <1, |az] < 1, |as] < 1, and then 1 = 3{ay, as, as}. This will
be a point of K unless |a,| = |as] = |as] = 1, and so 4 = L{+£ 1, £1, £1}.
This point is admissible since x4 = 4 (mod A) when x = 4+ 1. Hence we

clearly have a lattice A tvpified by the basis (1 = 3{1, 1, 1} A4, A9), since
;13 =24 — ‘41 - ;/12.
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If p =3, larl <1, |as) <1, |as] <1, then 4 =3{£ 1, £ 1, & 1} and lies
in K and is not admissible.

If p =4, |a1] <2, |as] < 2, |as] < 2. We may suppose that one at least
of the a's is not even, say |a:| = 1. Since 4 does not lie in K, the only possi-
bility for 4 is 4 = {4 1, = 2, & 2}. Then 24 = 14, (mod A) and so 4 is
not admissible.

If p =5, |ai| <2, |as] < 2, |as| < 2 and so since 4 is not in K, we must
have 4 = {2, £2, £2}. Then 24 =i{£ 1, + 1, & 1} (mod A), and
so A is not admissible since +{+1,4 1, &= 1} lies in K.

If p = 6, |a1| < 3, |as| < 3, |as] < 3. Since we require |a1] + |as| + |as| > 6,
we have only the three cases typified by

(a1, a2 a3,) = (£ 1,3, £3), (£2,%£2, £3), (£2, £3, +3),
(£ 3, &+ 3, £+ 3).

In all these, 2.4 is congruent mod A to a point of K and so 4 is not admissible.
Suppose finally that » = 4 and so now p < 24. We shall show that there
exist admissible points if and only if p < 5. We first give some results of a
general character which will simplify the arithmetic. We note
(I) 4 is not admissible if p contains a factor f such that every 4 with
denominator f is not admissible. This is obvious from

PA/f = {a’lr Qs as, a4r}/f'

We note next

(IT) 4 is not admissible if for d, the greatest common divisor of p and
of any of the a’s, d > 2.

For suppose that (a1, ) = d. Then pA/d = {0, as, as, as}/d (mod A), and
from the case n = 3, this cannot be admissible unless d = 2 and as, a3, a4 are
all odd. Hence, whenever .1 is admissible, we may suppose that one of the
a, say a; is odd and prime to p. On considering x4 where xa; = =+ 1 (mod p),
we may then take

(III) a3 = £+ 1 (mod p).

We shall presently consider the admissible points with |as| = 1, 2, 3, but
first we consider the smaller values of p.

When p = 2,3, it is clear that the only admissible points A are

A={x1x1, %1, £ 1}/p.

Note Ax = {1, 1, %+ 1, &= 1}/p (mod A) for x = £ 1.

When p = 4, |a1| < 2, las] < 2, |as] < 2, |ag] < 2. Since A is admissible,
Y la] > 5, and since all the |a| cannot be less than 2, we can take say |a:| = 2.
Then from (I1), as, a3, a4 are odd giving the admissible point

A=Hx2 +£1,£1, £1}.
We note 24 = {0, 1, 1, 1} (mod A).
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When p = 5, |a)| < 2, etc. We can take |ai| = 1, and since X_|a| > 6, we
may take, say, |as| = 2, and then, say, |as| = 2. We can reject |as| = 2 since
for 4 = 3{+1, +2, +2, -2}, 24 is not admissible. When |as = 1, we
have the admissible point 4 typified by

A=3HE£2 £2 1, £ 1}.

We note 24 = {1, £ 1, £ 2, & 2} (mod A).

When p = 6, by means of (II), we can exclude the cases when any a is
divisible by 3, and also when any a is divisible by 2, since then the only
possible forms for 4 are given by A = {£ 2, & 1, £ 1, & 1}, and these
are obviously not admissible. Hence also from (I),

p = 12,18, 24 are not admissible.

When p = 7, we have |a:| = 1 and then, say, |as| = 3. Hence [as| = 2 or 3.
We reject |as| = 3 since then 24 = Y+ 2, £ 1, £ 1, 2a4} (mod A) and is
inadmissible. Then |as =2 or 3 and we can reject |as] =3 leaving
A=4+1, £3 £2,£2};and34 =H£3, £2, £ 1, =1} (mod A) and
is not admissible. Hence also

p = 7,14, 21 are not admissible.

When p = 8, suppose first that all the a are odd. Since |a¢] = 1 or 3, at
least two of the |a| are equal, and on considering 3.4, if need be, we can take
las] = 1, |as] = 1. Then A = :{+£ 1, & 1, a3, a4} is obviously inadmissible:
Suppose next that some of the a are even. Then by (II), we need only con-
sider the case when [ai] = 2, and |as|, |as|, |ad|, are odd. Since at least two
of these are equal, we may on considering 34 if need be, take |as] = 1, |as] = 1
and then 4 is inadmissible: Hence also

p = 16, 24, are not admissible.

When p = 9, on considering 34, we see that each a satisfiesa = 4+ 1 (mod 3),
that is, |a| = 1, 2, or 4. Since at least two of the |a| are equal, we can on con-
sidering 24 or 44, if need be, take |a)| =1, |[as] = 1. Hence 4 = Y1, £1,
+ 4, 4= 4}, and 2.1 is not admissible. Hence also

p = 18, is not admissible.

When p = 10, we have |a,] = 1, and since |a.| + |as| + a4 > 10, we must
have, say, |as = 4 or 5. By (II), we can reject |as] = 5, and when |as] = 4,
as and a4 must be odd and so |as| < 3, |as] < 3. The only possibility is
A =2{+1, &4, &3, & 3}, but then 34 is not admissible. Hence also

p = 20 is not admissible.

We have now dealt with all the even values of p < 24, except p = 22 which
will be dealt with when p = 11 is considered, and which is not admissible. We
must now consider the remaining odd values of p > 9. We shall show that
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no admissible points 4 arise when p > 5 and |a,| = 1, |ae| = 1, 2, or 3. This
will then hold also for any two a, say a,, a, if (a,, p) =1 and e, = + a,,
+ 2a,, & 3a, (mod p).

(IV) Suppose |a1| = 1, las| = 1. Since |as| + |as] > p — 1, we must have
las] =3 — 1), lag) = 3(p — 1). Then 24 = {2, + 2, + 1, & 1}/p (mod
A) and 24 is not admissible if p > 7.

(V). Suppose |ai| = 1, lae] = 2. Then |as| + |as > p — 2 and so, say,
las] = 3(p — 1). Then |as) = 3(p — 1) or 3(p — 3). The first value can be

rejected by (IV) since
p-1 > _
( 5 yp) =1

For the second, 24 = {4+ 2, +4, + 1, + 3}/p and is not admissible if
p > 11. We have seen that no admissible points arise when p = 7 or 9.

(VI). Suppose finally |ai] = 1, |as| = 3. Since |as| + |ad > p — 3, we
have |as] = 3(p — 1) or 3(p — 3). Since a; = =+ 2a3;, we need only consider
las] = 3(p — 3) and then |a4 = 3(p — 3). This can be rejected by (IV) when
(p,3) =1, and by (II) when (p,3) = 3.

We now consider the odd values of p > 11. We know from (IV), (V), and
(VI), that we need consider only the cases when |a;| = 1, and the other a
satisfy |a| > 4; and of course all a satisfy |a] < 3p. We can reject all
a==23(p—1) ora==x3p—1).

p = 11. Here |as] = 4 or 5, and both can be rejected. Hence A is not

admissible.
p = 13. Here |az] = 4,5, or 6 and |as| = 4, 6 can be rejected, and so
|ae] = 5. Since |as| = 4, 5, or 6, we can reject 4, 6 and then |a.| = |a;|. Hence

A is not admissible.

p = 15. Here |as] = 4, 5, 6, 7 and we can reject 5, 6, and also 7 from (II).
Hence |as| = 4 and this is also the only possibility for |as]. Hence 4 is not
admissible.

p = 17. Here |a:| = 4, 5, 6, 7, 8 and we can reject 6, 8. Since |as], |as|, |a4
are distinct by (IV), they must be 4, 5, 7 in some order, and then |a;| + |a.
4+ las| + |ad = 17, so that 4 is not admissible.

p = 19. Here |a.| = 4,5,6,7,8,9.

We can reject 6 and 9. Hence |as, |as|, |a4| are three out of 4, 5, 7, 8 and since
lae] 4 |as] + |as > 19, we can suppose that 4 = {1 £7, &8, a4/19
where a4 = 4= 4 or &= 5. But now 34 = {4 3, + 2, & 5, 4 3a4} /19 (mod A)
and is not admissible since 3a4 = £ 7 or & 4 {mod 19} .*

p = 23. Here |a2| = 4,5,6,7,8,9, 10, 11.

We can reject 8, 11. The cases |as| = 6, 9, 10 are included under |a.| = 4, 5, 7
respectively on considering 44, 54, 74, respectively.

*I am indebted to the referee for these proofs for n = 17,19, which are rather shorter than
those I had given.
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When |ae| = 4, |as] + |as] > 19 and so |as] = 10. Then A = {*£ I, + 4,
=+ 10, a4} /23, and 54 = {£ 5, & 3, & 4, 5a4}/23 (mod A) is not admissible.

When |az| = 5, |as| + |as > 18 or, say, |as] = 9, 10. We can reject 10 since
las| = 2|as|. Hence 4 = {£ 1, £ 5, & 9, a4} andnow 3.1 = {3, £ 8, 4+ 4,
3a4} is not admissible.

When |as| = 7, |as| 4 |as] > 16 and so |as| = 9, 10 and so 4 = {£ 1, &= 7,
+ 9or & 10, a4} /23. Now 74 = {£ 7,3, &= 6, 0or £ 1, 7Tas}/23( mod A) and
is clearly not admissible.

We can now find the possible bases for A. We may suppose that not all
of the bases of the three-dimensional sublattices are of the type (4., 4.,
LA, + 4; 4+ 43). For if (A, Ao, 3(d1 + A2+ A4)) were also allowable,
then 3(4; — 44) would be a point of A. Hence we may suppose that three of
the 4’s, say, A1, A2, A3 form a basis for the three-dimensional sublattice. Then
the fourth basis element 4 must be such that A4 = b4 4 b1d1 + b24 5 + 0345
where the b are integers. Clearly we can typify 4 by oneof A4 3(Ads — A3 —Ay)
and 3(1, 1,1, 1}, 3( 1, = 1, =1, £ 1}, 3 (£ 2, £ 1, £ 1, £ 1},H{£2, £ 2

+ 1, £ 1}.
This completes the proof for n = 4. We note that we have shown that when
n = 4, integers x, X1, Xs, . . . , X, not all zero exist for which
g;)—x—m +...+ a;x—xn <1 |x[ <p

not only when p > 4! but also when p > 5. It is an interesting problem to
find the exact result for n > 4. Approximate results for large n have been
given by Blichfeldt (4).
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