UPPER BOUNDS ON HOMOLOGICAL DIMENSIONS
B.L. OSOFSKY

The homological dimension of a module M, is often related to the
cardinality of a set of generators for M or for right ideals of R. 1In this
note, upper bounds for this homological dimension are obtained in two
situations.

In [8] Jensen has shown that, for any ring R whose finitely generated
right ideals are countably related, if any right ideal of R is generated by
R, elements, then the right global dimension of R exceeds the weak
global dimension by at most =+ 1. In section 1 we show that the
condition that finitely generated right ideals are countably related may be
deleted, and Jensen’s theorem will still hold.

In [3] Berstein showed that a direct limit of modules over a countable
directed system has dimension at most one more than the supremum of
the dimensions of the modules. This is also an immediate consequence of
Roos [14], Theorem 1. In section 2 we show that a direct limit of
modules over a directed system of cardinality XR. has dimension at most
n +1 more than the supremum of the dimensions of the modules. Balcerzyk
showed this for a directed union in [2].

All rings R will have identity 1; all modules will be unital right R-
modules. For a module M, hdx(M) (or hd(M) if no confusion arises) will
denote the homological dimension of M. gl. d(R) will denote the right
global dimension of R and w. gl. d(R) its weak global dimension. A basic
tool for calculating upper bounds on homological dimensions is the following
proposition of Auslander.

ProrosiTioN 0. 1. Let _# be a non-emply well-ordered set, M a right R-
module, {N:|i € _#} a family of submodules of M such that Ni = N; for i<j.
If M= Uie_#Ni and hdy(Ni/Uj<iNj)<<n for all i € 7, then hdx(M)=<n.

Proof. 'This is proposition 3 of [1].
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ProrosiTion 0. 2. Let BrC Ar If hd(A) > hd(B), then hd(A)
= hd(A/B). If hd(A)< hd(B), then hd(A/B)= hd(B)+ 1. If hd(A) = hd(B),
then hd(A/B) <1+ hd(A).

Proof. This is Theorem 1. 2 of Kaplansky [10].
We observe that kd(B) cannot exceed both #kd(A), and kd(A/B), and
hd(B) = hd(A/B) implies hd(B)= hd(A).

CoRrROLLARY 0. 3. Under the hypotheses of Proposition 0.1, if hdy(U j<iNj)
<m for all i &, then hdp(M)<m+ 1.

Proof. Since hdp(Uj<iNj)<<m and hdp(N:) = hdp(Uj<i+1N;) < m, hdg(Ni/
Uj<iNj)<m+1 by Proposition 0. 2. Hence hdz(M)<m+1 by Proposition
0. 1.

§1. Dimension of a flat module. In this section we get an upper
bound on the homological dimension of a flat R-module in terms of the
number of generators of ideals of R,

DeriniTION : R is called NRs-noetherian if every right ideal of R is
generated by a set of elements of cardinality < X..

LemMAa 1.1, Let F be an R-module generated by a set of cardinality < Rn.
If R is Ru-noetherian, then every submodule of F is Rn-generated.

Proof. Jensen’s proof in [7] for the case n =0 goes through exactly in
this case.

Let F be a free R-module. We say BC F is a s-submodule of F &
for all {b:]1<i=<n} < B, there is a u € Hom x(F, B) such that u(d:) = b; for
l<i<mn. By [4], p. 65, B is a *submodule of F ¢ F/B is flat.

Lemma 1.2, Let M be a countably related flat R-module. Then hdg(M)
=<1,

Proof. See Jensen [7], Lemma 2.

TuroreEM 1.3. Let F be a free R-module with basis {zili e £}, B ax-
submodule of F.  Then any submodule T of B generated by R elements can be
embedded in a s-submodule T* of B such that T* is also Ri-generated. If k€ o,
any Ri-generated x-closed submodule has homological dimension < k.
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Proof. We use transfinite induction on %.

Basis: k= 0.

Let {ti|i € o} generate T C B. We inductively define Ti, u: so that
To = toR and

i tieT:
i) T;<Ti for all j<i
iii) 7: is a finitely generated submodule of B

iv) @it F—> Tiy1 is the identity on Ti.

Assume we have Ti. Let «':F—— B be any map which is the
identity on T:+ ti+1R. Define ui: F—> B by wui(x;)=0 if Ti+ titaR
has zero projection on ;R ; ui(x;) = u'(x;) otherwise. Since Ti+ titaR is
finitely generated, ui(z;) =0 for all but a finite number of j _#. Hence
Tiy1= ui(F) is finitely generated and {7T;|0<j< i+ 1} satisfies i)—>iv).

Set

T* = Ui=0T4.

Since any finite subset of T* is contained in some Ti, wi: F—>Tiy1 € T*
is a map leaving it fixed. Hence T* is a xsubmodule of B. Clearly T*
is countably generated and contains 7.  Since F/T* is flat, by Lemma
1. 2, T* must be projective.

Induction step. Let {¢;]7 <Xi} generate T. Set

Ty = [t+R 4+ Up<sTsl*

for all 7<<R. If for all g<r, Ty is generated by at most NRo times
cardinality of g elements, then #;R + Up<;Ts is generated by Ne-cardinality
7 elements. Hence by the induction hypothesis, T; exists and is generated
by at most Roecardinality 7 elements. Set

T* = U T<kaT'

Then T*27T and T* is Ri-generated. Since a linearly ordered chain of
x-submodules is a s-submodule, T* is the required module.

If ke o, since Up<;Tp is a *-submodule of F generated by a set of
Ri-1 elements, by the induction hypothesis hdg(Up<r Ta) <<k — 1. By
Corollary 0. 2, hdy(T*) <k.
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CoRrROLLARY 1.4. Let R be Rn-noetherian. Then

gl. dR)<w. gl. dim(R) +n + 1.

Proof. Let I be any right ideal of R. Since R is Rs-noetherian, we
can find a projective resolution

coe—>Fp—>eee—> Fo—> RII—>0

of R/I where each F. is free on R, generators. Let w. gl. dim(R) = k.
Then the image of Fi is flat, so the image of Fi41 is a s-submodule of
Fi generated by at most R» elements. Then #hdg(Image Fr+1)<<n by the
theorem, so hdz(R/I)<k+1+n. The global dimension theorem (Auslander
[11) completes the proof.

A module M is flat if and only if M is a direct limit of finitely gene-
rated free modules. (See [11].) Of course, direct limit cannot be replaced by
directed union here. However:

CoroLLARY 1.5. Let R be Ru-noctherian. Then any flat R-module is
the directed union of Rn-generated flat submodules.

Progf. Let N be any Ra-generated submodule of the flat module M,
and let F=3),_ @R be a free module mapping onto M with kernel K.
We wish to find a flat submodule N’ € M such that NS N’ and N’ is
generated by R. elements. We apply a snaking argument of Kaplansky
[9]. N is contained in the image of X. of the @i, say 3,  s@iR.  Let
To= KN, goR. To is Ru-generated by Lemma 1.1. Hence To is
contained in an Rs-generated s-closed submodule T1i.

Assume 7 has been defined so that 7: is an XNa-generated, =-closed
submodule of K containing T; for all j<I. Since T: is Rs-generated,
it is contained in 3},  s#:iR for some set 7 < & of cardinality at most
Ru. By Lemma 1.1, Kn3X,_ _gmiR 18 Rau-generated. Set Tiyi1=(K
n ZieﬂxiR)*. Set

T = U?:OTI
A= Ui= 7.

Then T is an ascending union of #-closed submodules of F and so =-closed.
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Moreover, z € KN 3, ;%R implies ze&3, _x:RNK for some I, so
2 € Ti+1.  Hence

T=KNX, R
and 3. ,#R/T is isomorphic to a flat, Ru-generated submodule of M
containing N. M is the directed union of such submodules.

We note that Corollary 1, 4 is the best possible result, for by Osofsky
[12], an R.-noetherian valuation ring which is not X,_,-noetherian has
global dimension 7 + 2. Its weak dimension is 1. By Pierce [13] a free
boolean ring on R, generators has global dimension #» +1, and its weak
dimension is 0. It is unknown if the number of generators of the flat
submodules can be reduced in 1.5. We can show, however, that in the
case n =0, Corollary 1. 5 is best possible. The following modification of an
example of Kaplansky is due to C.U. Jensen.

Let R be the subring of the ring of all continuous functions from @
to @ generated by functions composed of a finite number of linear pieces.
Then R is countable, and for all » e R, »~1(0) consists of a finite number
of components. Let I be the ideal of R consisting of functions vanishing
in a neighborhood of 0. Let f;=0, and for n=1, let fx» be 1 on
(— o0, —2/m] U [2/n,), linear on [—2/n, —1/n]U [1/n, 2/n], and O on
[—1/n,1/n]. Then {fat+1— fr|n € 0w} forms a dual basis for I, so I is
projective. ~ We show that no finitely generated submodule of I is flat.

Let g1, ++,9.€ I, and let [g,b] be the largest neighborhood of 0 on
which all of the g; vanish. By multiplying by —1 if necessary, we may
assume all of the g; are non-negative on a neighborhood to the right of b,
and at least one of the g; is strictly positive there. Let % be non-zero on
(a,b) and zero elsewhere. Then hg;=0 for all . If 3'g;R is flat, the
kernel of an epimorphism from a free module to it is a xsubmodule, so
there exist {p;;|1<i, j<#n} < R such that 0= 3\/_.9:p:;;, and hp;; = hd;;
for all j, 1<j<mn. Then

0= 21710:(27=1D:5)
and pi;= 5;; on [a, bl Hence }Yj_1pij=1 on [a,b], so in a neighborhood

to the right of b4, each ¢;31p:;)=0, and some g¢;(3}p;;) >0, a contradic-
tion.
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Cororrary 1.6. Let R have cardinality R.. Then the left and
right global dimensions of R can differ by at most » + 1.

Proof. Each dimension is equal to or greater than the weak dimension,
and exceeds it by at most »n + 1.

In Corollary 1. 6, no smaller bound is possible, for Jategaonkar [6] has
an example of a left hereditary ring of cardinality R. and right global
dimension = n + 2.

§2. Dimension of a direct limit. Let D be a directed set,
{R;,7!|i,j € D} a directed system of rings, {M;, ¢l14i,7 € D} a directed system
of groups such that each M; is an R;-module and Elmr) = Elm)zi(r) for all
me M, reR;, Let M=1i_r_r:1\4,-, R=li_m)R,-.

ProrposiTioN 2. 1. If D is countable, then hdy(M)<1+ sup hdp(M:) and
gl. dR)<1+ supgl. d(R;).

Proof. See Berstein [3].

We generalize this result to any cardinal X, where # € o.

Let D’ ={d;|7<®,} be cofinal in D.  Then the direct limit over D
is the same as over D', so we may assume D’ = D,

Lemma 2. 2. Assume n >0, Then there exist directed subsets {E;|7r
< Ru} of D such that
D= Ur<x.E¢
Eg S E; for p<r7
Cardinality Ey = Ra-1 for all 7 < R,

Proof. Assume Ep has been defined for all g<7r. Let E;o={d:|le
< Ru-1+7}U Up<sEp.  Then Eyo has cardinality Rs-1. Once E;: has
been defined, define Ey,i+1= Eyi U Fi;, where F: is the image of a function
from E;: X Eyi—> D taking (#,%) to an upper bound of # and y. Then
each Er: has cardinality Rn,-1, and so does E;= Ui=iEr:.  Clearly
D= U;<x.E; and each E; is a directed subset of D.

THEOREM 2. 3. If a set of cardinality Rn is cofinal in D, then

hdpg(M)<n + 1 + sup hdp (M)
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gl. dRy<n + 1+ supgl. d(Ri).

Progf. Berstein in [3] reduces the situation to the case where each
Ri=R and =x}=the identity by first using induction to get each M;
Ri-projective and then using the fact that M, is the direct limit of
{M: ®zR}. So we may assume all M; are R-modules. We now use
induction on n. The basis is Proposition 2. 1. Now assume n >0.

By Lemma 2.2, D= U;<g,E;, where each E; is a directed set of
cardinality Xs-1. Now

My= lim M= 3 &M/ X (m; — Elm;)R
— i€ Up<,Ep hicUg< Ep
UB<T B m,e M,

and by induction hdg(My)<sup hdg(M;) + n. By Proposition 0. 2,

hdy( 3N (mi— Em)R)< sup  hdn(M;) +n—1.

i€Ug<rEp i€Up<rEp
By Corollary 0. 3,

n -+ sup hdp(M;) = hdp (Ur<q, 33 (mi — Em)R).
i€Upc Ep
m,E M,
Also, hdr(Z ® M;) = sup hdg(M;).
But

Mi= 33 ® M; | Ur<gt, X (m; — &lmi)R,

M= lim
3

so by Proposition 0. 2, hdg(M)< sup hdg(M;) + n + 1.

The statement about global dimensions follows since any left ideal of R
is the direct limit of left ideals of the R; (take inverse images of the maps
from the R;—> R).

Theorem 2, 3 obtains the best possible bounds, for any ideal in a valua-
tion ring is a direct limit of projective ideals, and if it is generated by a
set of R, elements but no set of smaller cardinality, its dimention is » + 1.
And a free boolean ring on R, generators (global dimension » +1 by [13])
is a direct limit of semi-simple Artinian rings.
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