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1. - Introduction. 

In m a n y cases, the outer a tmosphere or corona regions of stars are no t domi
na t ed by the ordinary process of collisions between ions. Very roughly, collision-
free phenomena become of interest when the mean free p a t h for interpart icle 
collisions is larger t han the region of space being considered. Fo r solar corona 
conditions, if we consider a densi ty of 10 7 particles per cubic cent imeter and 
a typical particle velocity of 500 ki lometer per second, the mean free p a t h is 
a few t imes the solar diameter . A t the same velocity for a densi ty of 100 par
ticles per cubic centimeter , corresponding to the in te rp lane tary density, the 
mean free pa th would be a thousand astronomical uni ts . Since in bo th of these 
regions, we are interested in smaller dimensions, it is of interest to consider 
the propert ies of a p lasma in which collisions are very rare . 

A somewhat more precise definition of the region where collisions are un
impor t an t , is obtained b y compar ing the mean free p a t h to the ion gyro radius . 
W h e n the mean free p a t h is the larger of these quant i t ies , some impor t an t 
changes in the plasma propert ies which m a y be described as collision-free plasma 
effects become impor tan t . A more detailed discussion of t he boundar ies of 
such regions was given a t the previous Symposium [1]. According to this cri
ter ion of gyro radius and mean free pa th , the photosphere of t h e sun is defi
ni te ly collision-dominated, whereas, t he solar corona is essentially collision-free. 

I n this paper , we will consider two aspects of collision-free p lasmas—the 
s t ruc ture of a shock-wave moving through such a plasma, and t h e electrical 
conduct iv i ty of such a plasma. As we shall see, t he thickness of a shock-wave 
m a y be appreciably th inner t h a n the mean free p a t h for interpar t ic le colli-

(*) This paper is a summary of work done largely under Contracts no. 2524(00) 
and AF 49(638)-61. 
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sions and therefore, there m a y be appreciably more ab rup t changes in the s ta te 
of the plasma t h a n one might otherwise have ant ic ipated. The electrical con
duc t iv i ty can be appreciably reduced, as compared to the s t anda rd value de
rived from interpart icle collisions, due to the presence of appreciable wave 
mot ion in the plasma. This reduct ion m a y in some cases be sufficient so t h a t 
t he usual astronomical assumpt ion of the fluid being tied to the magnetic field 
lines will not always be valid. 

2. - Wave turbulence. 

One of the str iking features which has been discovered in labora tory plasma 
exper iments is t h a t a phenomenon similar to turbulence frequently occurs in 
collision-free plasmas [2]. Large scale fluctuations in p lasma propert ies appear 
a n d considerably increase the ra te of dissipation in the p lasma. The under
s tanding of this phenomenon seems to be fundamenta l to a discussion of the 
t r anspor t propert ies of such a plasma. The use of the t e rm turbulence should 
no t be taken to imply t h a t the mechanism is as complex as i t is for ordinary 
aerodynamic turbulence. As we shall see, these fluctuations in plasmas have 
a much different physical basis and are easier to unders tand . 

If we examine the small ampl i tude per turbat ions which can exist in an other
wise uniform collision-free plasma, we find t h a t most such disturbances can 
be described as propagating waves. The exceptions to this are the very re
s t r ic ted class of dis turbances t h a t are completely independent of t he co-ordi
na t e along the magnet ic field lines. The basic elements which m a k e up plasma 
turbulence are, therefore, probably propagat ing waves ra ther t h a n disturbances 
which remain s ta t ionary in the fluid. 

P lasma turbulence m a y be considered as a distr ibution of r andomly oriented 
waves propagat ing through the plasma. As these waves propaga te they carry 
m o m e n t u m and energy from one place to another . Due to the non-linear 
interact ions between these waves, a par t icular wave has a finite lifetime a t 
t he end of which i ts m o m e n t u m and energy has been transferred to other 
waves. If we visualize the waves as being grouped into wave packets , this 
p ic ture is closely analogous to the kinetic theory pic ture of an ordinary gas. 
The w a v e packets replace the a toms, and the distance travel led by a wave 
in i ts lifetime replaces the mean free pa th . 

The waves which will be of interest to us for the two problems which are 
considered here, are the magne tohydrodynamic waves a t frequencies in the 
neighborhood of t he ion cyclotron and somewhat higher. F o r these waves, 
t he mean free p a t h has been es t imated [3] by considering the r andom walk 
of t he phase of a wave as i t moves through the dis turbances in the plasma 
propert ies caused b y the other waves present in the plasma. The resulting 
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mean free pa th was 

where k is the mean wave number in the distr ibution of waves and /S is the 
ra t io of wave energy to the average magnet ic field energy. This result m a y 
be in terpreted simply as a s t a t emen t t h a t the scale is de termined by the mean 
wave length of the turbulence and t h a t the number of wavelengths which a 
wave moves between collisions is inversely proport ional to the amoun t of 
dis turbing wave energy present . 

Before developing the consequences of this kinetic theory picture of wave 
turbulence, i t is of interest to compare this picture with the picture of ordinary 
aerodynamic turbulence. I n the la t t e r case, the fundamenta l e lement is a 
vor tex which does not p ropaga te through the fluid in t he absence of o ther 
disturbances. This means t h a t fluid properties are t r anspor ted from one place 
to another only through the non-linear interactions of different vortices. The 
simple picture of an individual e lement of the turbulence t r anspor t ing fluid 
propert ies is therefore no t valid. Fur the rmore , the fact t h a t vortices do not 
propagate means t h a t vortices re ta in the same neighbors, and a high degree 
of correlation results which mus t be properly t aken into account . I n a plasma, 
waves a t t a in new neighbors due to their propagat ion, and the simplifying 
assumption t h a t in teract ing waves have random phases is justified. 

3. - Shock structure. 

Before discussing the s t ruc ture of a shock-wave in a collision-free plasma, 
we will review very briefly some of the gross features of shock-waves in a 
neu t ra l gas where collisions domina te . The first point to be made is t h a t a 
pressure pulse whose init ial dimensions are large compared to t he mean free 
pa th will t end to steepen to form a shock front. I n other words, if viscous 
forces and hea t conduction m a y be neglected, such a pressure pulse will t end 
to steepen towards a discontinuity. When such a discontinui ty is reached, i t 
is apparen t t h a t the neglect of dissipative effects is no longer valid. If one is 
interested in the large scale propert ies of the flow, one m a y calculate t he con
ditions across the discontinui ty (shock-wave) from the laws of conservation 
of mass, energy, and m o m e n t u m . If, on the other hand , one is interested in 
resolving the discontinuity, one m u s t calculate the local region of the flow 
including the effects of viscosity and heat conduction. 

A very rough es t imate of the result ing thickness of a shock-wave m a y be 
obta ined in the following manner . I n the absence of viscosity, t he pressure 
rise is unbalanced for a s teady flow as indicated by the fact t h a t pulse steep-
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ening occurs. In order to m a i n t a n a s teady shock s t ructure , this excess pres
sure mus t be balanced by viscous stresses. Fo r a s trong shock wave, the mag
n i tude of the unbalance is of t he order of the gas pressure. If the viscous 
stresses are to be this large, the distr ibution function of t h e particles mus t be 
appreciably distorted from a Maxwellian. In order to achieve this , there mus t 
be appreciable gradients per mean free pa th . The result ing shock thickness 
is therefore of the order of a mean free pa th . More detailed considerations, 
bo th experimental and theoret ical , show t h a t the shock thickness for a s trong 
shock in an ordinary gas is of the order of two mean free pa ths in the gas 
ahead of the shock [4] . 

If we now consider the case of a plasma (in the absence of turbulence) 
in which the mean free p a t h is appreciably longer t han the ion gyro radius, 
t he viscosity is reduced by the square of this rat io since the ions are no longer 
free to move with a cons tant velocity between collisions. This means t h a t 
the viscous forces are appreciably reduced and cannot balance the excess pres
sure when the pulse thickness is of the order of the mean free pa th . The steep
ening therefore proceeds to a thickness appreciably less t h a n the mean free 
pa th . In this case, very few collisions between particles will occur inside the 
shock font, and we m a y consider interpart icle collisions to be completely absent 
in the shock front. 

If we now want to consider t he s t ructure of such a shock-wave from the point 
of view of kinetic theory of waves, we mus t first show t h a t large 'wave ampli
tudes can be buil t up by the shock wave [5]. This can be done by considering 
a small ampl i tude , small scale dis turbance superposed on the velocity gradient 
which is present in a shock-wave. This small dis turbance or wave packet will 
exer t a pressure on the fluid. I n the presence of a compressive velocity gra
dient , there will be a ne t a m o u n t of work done on the wave packet by the 
flow, and the energy of the wave packet will increase. This compression work 
is the source of wave energy in the shock front. This mechanism will be most 
effective for those waves which can spend a long t ime in the compressive region 
of the shock. Thus, waves with a group velocity comparable to the flow veloc
i ty will predominate . For shock-waves moving perpendicular t o the magnet ic 
field a t shock speeds no t too much above the Alfven speed, the waves which 
will be selected on this criterion are the magne tohydrodynamic waves a t fre
quencies somewhat above the ion cyclotron frequency. 

As in the case of an ordinary gas, we mus t have an appreciable distortion 
of t he distr ibution of waves to give appreciable viscous stress and heat con
duction. This implies t h a t the shock thickness will again be a few mean free 
pa ths . In the present case, of course, it is a few mean free pa ths for the waves. 
The mean free pa th for the waves as given by eq. (1) depends on the wave en
ergy as well as the mean wave number . The mean wave number is determined 
from the above criterion of the appropr ia te wave velocity. The wave energy 
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is de termined from the conservation equat ions. All of t h e energy which would 
normal ly be thermal energy behind the shock is wave energy in this case. The 
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Fig. 1. - Dependence of shock thickness on density. At low densities, the shock thick
ness is less than the interparticle collision-free path and agrees with the predicted 
collision-free shock thickness. At high densities, the mean free path is reduced and 
one would expect a shock thickness several times the interparticle mean free path. 

resul t ing est imate of shoch thickness and its dependence on density and Alfven-
Mach number [6] are given in Fig. 1 and 2 . 
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Fig. 2. - Dependence of 
shock thickness on the ratio 
of shock speed to Alfven 
speed ahead of the shock. 
With increasing Alfven Mach 
number the shock thickness 
decreases roughly as predict
ed. The ordinary particle 
collision shock thickness 
would increase. The angle 
referred to is the angle be
tween the magnetic field 
ahead of the shock and the 
plane of the shock. Over the 
range covered, no experi
mental dependence is observe 
ed. The theoretical varia
tion is, however, also rather 

small. 
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= 2 . 4 

The exper imenta l d a t a shown in these figures was obta ined b y P A T R I C K [7] 
in a magnet ic annular shock tube . This is a device in which t h e tes t gas occu
pies the annular space between two concentric cylinders. Current from a con
denser discharge between t h e inner 
a n d the outer cylinders creates a 
magnet ic field which acts as a piston. 
This piston pushes t he gas down the 
annulus to form a shock-wave. These 
shock waves were observed princi
pally by recording t h e emi t t ed brems-
s t rahlung from the ho t gas wi th a 
collimated photomult ipl ier system 
looking across t h e annulus . 

Shock speeds of t he order of 300 k m 
per second were obta ined a t t he den
sities used. The absolute value of 
t he radia ted intensi ty varies as the 
square of the electron densi ty and 
is almost independent of t h e tem
pera ture . I t s measurement can there
fore be used to determine the densi ty 
behind the shock-wave. I n Fig. 3 , 
a comparison is given of t h e theo
retical and exper imental l ight inten
sities which are seen to be in very 
good agreement. This agreement 
shows t h a t the interact ions with the 
wall do not appreciably change the conservation relations across the shock. 
T h a t is, the effects of the wall are presumably confined to a narrow region 
near the wall. 

The exper imental shock thicknesses were ob ta ined by measur ing the rise 
t i m e of t he light in tens i ty as t he shock passes the coll imating slits. The re
sult ing agreement between theory and exper iment is somewhat be t te r t h a n 
one might , expect from the present crude form of t h e theory . 

The theoretical shock thickness a t a fixed Alfven-Mach n u m b e r varies in
versely as the square root of t h e density. Fo r a shock speed of twice the Alfven 
speed a n d a densi ty of 100 particles per cubic cent imeter corresponding to the 
in terplanetary gas, t h e predicted thickness is still only 200 k m . 

This scale is still reasonably small compared to t he length scales which are 
of interest . We m a y therefore conclude t h a t shock waves of a lmost negligible 
thickness can exist in t h e in te rp lane ta ry medium in spite of t he extremely 
long mean free p a t h for interpar t ic le collisions. 

P\ in jim of H 2 

Pig. 3. - Measured light intensity behind 
the shock wave as a function of density. 
The expected value for the initial magnetic 

field used corresponds to O2/Q1 = 2.2 
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Another type of approach to the collision-free shock which has been at
t e m p t e d in several var ia t ions is to assume t h a t the flow is completely one-
dimensional—that is, independent of t h e co-ordinates in t he plane of the shock 
front. This approach is somewhat questionable in view of t he a rgumen t for 
the growth of .wave energy which was given. This a rgumen t would imply 
t h a t such solutions might be uns table to three-dimensional dis turbances. These 
t r e a tmen t s will not be considered in this paper since some of t he proponents 
of these theories are present and will br ing t hem up in the discussion. 

4. - Electrical conductivity. 

The suggestion t h a t small-scale turbulence could be responsible for an 
enhanced diffusion of plasma across a magnet ic field was first made by B O H M [8]. 
B U N E M A N [9] considered the reduct ion in electrical conduct iv i ty associated 
with the build-up of waves by the two-st ream instabi l i ty . His mechanism 
however, requires currents corresponding to electron velocities greater t han 
the electron thermal velocities. Such large values of current will no t occur 
in general. S P I T Z E R [10] has considered the r andom walk diffusion of par
ticles due to the presence of a wave field. His resul ts , however, would seem 
to be applicable only to the small number of particles which move in phase 
wi th the waves. His diffusion ra te applied to the p lasma as a whole is, there
fore, probably a gross overes t imate . 

I n an ordinary plasma in which collisions domina te , the electrical con
duct iv i ty is determined by the friction force which results from collisions be
tween electrons and ions when the electron s t ream has a velocity relat ive to 
t he ions. If the electrical conduct iv i ty is to be reduced by the presence of 
wave turbulence, the waves mus t be more effective in producing such a fric
t ion force t han the interpart ic le collisions are. I n order to see how a wave 
field could give rise to such a force, let us assume t h a t a wave field exists such 
t h a t t he electric field associated wi th the waves has a component which is in 
phase with the fluctuations in the mass density. A ne t force would result on 
t h e relat ive motion between the electrons and ions, since in the high density 
regions there are more electrons t h a n ions present to be accelerated in one 
direction t h a n are present in t he low density region where t he acceleration is 
in t h e opposite direction. A similar t e rm would also arise if there were a cor
relat ion between the mass velocity of the fluid and the per tu rbed magnet ic 
field. If we consider bo th of these te rms, the m o m e n t u m balance for the elec
t rons for a quasi-steady s ta te current m a y be wr i t ten as 

(2) q0E0 = - VF- o.VyTW', 

<N 
<S> 
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where Q is the mass densi ty of the plasma, E the electric field, v the mass veloc
i ty , and B the magnet ic field, t he subscript 0 indicates t he undis turbed con
ditions, the pr ime indicates quant i t ies which fluctuate due to the turbulence 
a n d the ba r indicates an average over a region large compared to the wave
length of the turbulence. The left-hand side indicates t h e acceleration due 
to t he applied stat ic electric field and the r ight-hand side represents the fric
t ion associated with the^ fluctuating fields. I t is impor t an t to note t h a t this 
equat ion suggests t h a t very high frequency waves which oscillate too rapidly 
to produce changes in the mass density will not be effective in producing the 
required friction force. 

The friction force resul t ing from a linear wave of cons tan t ampl i tude is 
zero, since a wave which proceeds unchanged cannot continually supply mo
m e n t u m to the relat ive mot ion between electrons and ions. This m a y be re
garded as the s t a t ement t h a t the effective electric field and the density are 
exact ly 90 degrees ou t of phase for a wave of cons tant ampl i tude . If, however, 
one considers a wave whose ampl i tude is changing wi th t ime , the phase angle 
between these quant i t ies will change slightly and an in-phase component will 
appear . There is then a ne t force associated with a wave whose ampl i tude 
is changing with t ime. The order of magni tude of this force has been est imated 
b y considering the l inear dispersion relation for a zero t empera tu re plasma in 
which the wave is artificially excited by the presence of a hypothet ica l oscil
la t ing body force. For the case of the magne tohydrodynamic waves a t fre
quencies much smaller t h a n the electron cyclotron frequency the friction force 
is of the order of magni tude of the ra te of change of m o m e n t u m of the wave 
(rate of change of energy divided by phase velocity). 

Unless strong damping or s trong instabilities exist, the t ime ra te of change 
of the energy of a par t icular wave is probably determined b y collisions with 
other waves. Ronghly speaking, the friction force result ing from a collision 
between waves will be of the order of magni tude of the m o m e n t u m interchange 
in the collision. 

If the waves present in t he plasma have a symmetr ic dis t r ibut ion of the 
wave vectors, t he ne t friction force resulting from each of t h e individual col
lisions will average to zero. I n order to obta in a ne t friction force when aver
aged over all t he collisions, there mus t be an a s y m m e t r y in t h e distribution 
of waves. This a s y m m e t r y results from the presence of a current in the plasma. 
Depending upon the frequency of t he wave, the wave m a y be more coupled to 
t he electron or to t he ions. The waves coupled to t he ions will t end to move 
wi th respect to a co-ordinate system determined by the ions, whereas, those 
coupled to t he electrons move wi th respect to a co-ordinate system determined 
b y the electron motion. I n other words, one would expect t h a t a change in the 
phase velocity of some waves would be associated wi th t he int roduct ion of 
a current into the system. If one calculates t he dispersion relation for the 

eo 
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magne tohydrodynamic waves in a zero t empera ture p lasma and in the pres
ence of a s teady current , one does find a change in the phase velocity of t h e 
waves which is of the order of magn i tude of electron velocity associated with 
the current . This change in phase velocity is a function of the frequency of 
the wave. I t is constant a t ve ry low frequencies and a t very high frequencies, 
and it changes in the neighborhood of the ion cyclotron frequency. I n t he 
presence of a current , therefore, t h e high frequency waves will have a net 
drift velocity relative to t h e low frequency waves. This gives rise to an asym
m e t r y in the distr ibution of waves which is proport ional to the current . The 
collisions between the high and low frequency waves result in a transfer of 
m o m e n t u m between the two groups of waves. This m o m e n t u m transfer be
tween the waves is t r ansmi t t ed as a m o m e n t u m transfer between electrons 
and ions by the mechanism discussed earlier. 

Since the ne t friction is propor t ional to the current , we have a l inear re
lation between the current and the electric field. The order of magni tude of 
t he result ing conduct ivi ty can be es t imated from the above a rguments using 
eq. (1) to determine the mean free t ime for collisions between waves and taking 
the mean frequency of the wave dis t r ibut ion to be the ion cyclotron frequency. 
This choice of mean frequency is d ic ta ted by the fact t h a t it separates the 
regions of different change of the phase velocity of the waves. Waves mus t 
be present on both sides of the ion cyclotron frequency in order to have a 
relat ive velocity between them. 

The resulting conductivi ty is 

SNec 1 

where N is the particle density, B is t he average magnetic field, e is the electronic 
charge, and e the velocity of l ight. The rat io of this conduct iv i ty to the con
duct iv i ty determined by the interpart icle collisions is 8 / ? 2 / c O c e T e > where ojce is 
the electron cyclotron frequency and r e the electron mean free t ime. Since 
o>cere can be very large under high t empera tu re and low density conditions, 
t he reduct ion in conductivi ty can be appreciable even for modera te values 
of fi [ 1 1 ] . 

A very rough comparison of this theory with experiment m a y be obtained 
from some stabilized pinch exper iments of C O L G A T E [2]. The measured life
t ime of t he pinch indicates a conduct iv i ty of 10 3 mho per cm a t a densi ty of 
2 - 1 0 1 6 / c m 3 and a magnet ic field s t rength of 2 -10 4 gauss. No direct measure 
of /8 exists for these exper iments . However , the plasma pressure was es t imated 
for magnet ic probe measurements t o be abou t one-sixth of the magnet ic pres
sure. If t he arb i t rary assumpt ion is m a d e t h a t all of this pressure is wave 
pressure, t he predicted conduct ivi ty is 5 * 1 0 2 m h o per cm. 

https://doi.org/10.1017/S0074180900104632 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900104632


P A R T I V - D : C O L L I S I O N - F R E E P L A S M A S 457 

The astronomical implications of this reduced conduct iv i ty are not com
pletely clear since t h e magn i tude of which occurs is generally no t known. 
I n principle, of course, th is is calculable from an energy balance, consideration 
of t he wave energy. The joule dissipation associated wi th these waves increases 
t h e wave energy and damping of t he waves, as well as their diffusion out of 
t h e current region decreases the i r energy. This energy balance has, however, 
as ye t not been considered even for the simpler labora tory cases. I t is, 
however, interest ing to no te t h a t if a large value of /? does occur, the 
electrical conduct ivi ty can become so low t h a t in some astronomical cases, 
appreciable diffusion of t h e magnet ic field relat ive to the p lasma can occur. 
F o r example, for /? = 1, a densi ty of 10 8 particles per cubic centimeter , and 
a magnet ic field s t rength of 1 0 3 gauss, t he diffusion dep th is of t he order of 
3 - 1 0 1 0 cm in one mon th . This implies t h a t for sufficiently large /?, t he magnet ic 
field above a sunspot can diffuse across the dimension of a sunspot in a t ime 
less t han the lifetime of the sunspot . These a rguments , of course, do not apply 
to t he currents in the photosphere and below, which are responsible for the 
magnet ic energy of the sunspot . The s t ructure of the field in t h e corona above 
the sunspot is, however, of interest in determining t he behavior of disturbances. 
This s t ructure m a y be appreciably influenced by the diffusion mechanism de
scribed above. 

5 . - Summary. 

I n the corona regions of s tars t he ra t io of the mean free p a t h for inter
part icle collision to t he gyro radius becomes very large. Under these condi
t ions the t ranspor t processes in the plasma become domina ted by plasma 
turbulence. This phenomenon can be described in t e rms of a kinetic theory 
of a random distr ibution of waves. The s t ructure of a shock-wave under these 
conditions has been considered. Even a t densities as low as 10 2 particles per 
c m 8 t he thickness of such a shock-wave should be very th in , less t h a n 100 km. 
The effects of such a tu rbu len t wave field on reducing the electrical conduc
t iv i ty has also been considered. I t seems possible t h a t appreciable diffusion 
of t h e magnet ic field relat ive to the plasma could occur under some astro
nomical conditions. 

Note added in proof. 

Recent more detailed analysis of the shock structure problem (to be published 
in Proc. of the Intern. Atomic Energy Conf. on Plasma Physics and Controlled Nuclear 
Fusion Research to be held in Salzburg, Austria, from 4 to 9 September 1961) has indi
cated that in order to persist the wave distribution must be highly asymmetric. This 
casts some doubt on the assumption in the estimate of electrical conductivity that a 
small departure from a symmetric distribution is caused by the current. 

>A o» 94 
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