ON THE HOLONOMY GROUPS OF LINEAR CONNECTIONS

JUN-ICHI HANO and HIDEKI OZEKI

In this note we show in §1, as the main result, that any connected Lie
subgroup of the general linear group GL(n, R) can be realized as the holonomy
group of a linear connection, i.e. the homogeneous holonomy group of the as-
societed affine connection, defined on an affine space of dimension n (n = 2).

In the case of Riemannian connections it is known that the restricted
homogeneous holonomy group is always closed in GL(%n, R). Our result shows
that this is no longer true for general linear connection. We shall furthermore
give an example of a linear connection without torsion whose restricted holonomy
group is not closed (§2).

Throughout this note we use the results, together with the terminology of
W. Ambrose and I. M. Singer in their paper “A theorem on holonomy groups”
(Trans. Amer. Math. Soc. vol. 75, 1933).

K. Nomizu extends our result in §1 to the case of general connections on

principal fiber bundles (In this journal).

1. Let M be an affine space of dimension n and (x') a system of cartesian
coordinates. Then the bundle of frames F(M) of M has a system of coordinates
(x', X%), such that the =z vectors of a frame are given by é]lX ,k ré%,; (7=1,

., ), where the determinant of (X%) is not zero. We denote by x a point
in M with the coordinate (x) and by (x, X) a point in F(M) with the coordinate
(x', X%, especially by (x, ¢) a point with the coordinate (x', &}).

The structure group of the bundle F(M) is the general linear group
GL(n, R) and an element Y = (Y%) of GL(n, R) defines the right translation
Ry : (e, X)) = (¥, SXIY) of FOM).

A linear connecet_ion on M is defined by the so-called coefficients of linear
connection I" }k(x), where #» differentiable functions 1‘§k(x) on M can be arbi-

trarily chosen.
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Then the n-dimensional subspace of the tangent space at (x, X) of F(M)
spanned by

n ; a .
Xix,x) = a?c"' (x,X) — j}k;II‘jk(x)de(**ﬁan ) (i=1,...,n)

k (x,8)
is the horizontal subspace associated to the connection. And the » differential
forms

0k n = 2 (X DI(dXE+ > Tho(x)ds? XD
e=1

»,a=

define the (8((n, R)-valued) connection form w. According to W. Ambrose and

I. M. Singer the structure equation is given by
1
do= — ~2~[w, wl+ 2

where 2 is the curvature form.

When the dimension of M is equal to 1, the holonomy group of any linear
connection on M consists of only the neutral element. Hereafter we assume
that the dimension of M is = 2.

We take an arbitrary connected Lie subgroup G in the general linear group
GL(n, R). Let 8 be the Lie subalgebra associated to G in the general linear

Lie algebra 4/(n, R), and let V;= (vM) (i=1,..., m) be a basis of 8, where
m is the dimension of 4.

We take arbitrary s positive numbers a; <a: < ... < am, and construct

m functions

u
gw={ Mt-a)dt (a=1...,m
0ax8
Then the function g.(#) (a=1,..., m) is an analytic function of the real

variable %, and its derivative dg./du is zero at u=a; if Bxa and is

ce= Il (@z—@a3) %0 at u=a..
a%3

We now define a linear connection on M, whose holonomy group is G, as

follows:

%) = S fu(x)vhe,  where fulx)=g(x%),
a=1
Fix) =0 for j=2.

Then the horizontal vector fields are given by
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N a m
X = = - (x) - V.
1(x, X) ax‘ 1 Z}Ifa ) a(x,X),
0 .
Xj ) = E for j=2,

where V. ix,x) = dRx <i%1'”‘ik£f(x,a>>'

We shall prove that the holonomy group @ with the reference point (0, §)
of our linear connection defined above is G. First we prove that @ containes
G. The curve o(#)=(0,¢ 0...0, §) through the reference point (0, ) in
F(M), whose tangent vector at o(#) is X.,s, is a horizontal curve. Then
2(%, X5)0), is contained in § according to W. Ambrose and I. M. Singer’s

theorem. From the structure equation it is easily seen that
.Q(%l, %2) = - a)([xx, %23),

as X,, ¥, are horizontal vector fields. And we have from our definition

m

of,

[%,, x?.]o(aa) = E (ax(f, )(o,aa,o ..... 0y Viniag) = Cx * Vaniag:
8=1

and hence 2(Xi, X:)raey =cs Vo for any a=1,2, ..., m. This shows that @
is contained in the Lie subalgebra associated to @, and G is contained in .
Next we prove that @ is contained in G. The subset P={{x, X) ; (X,) € G}
in F(M) can be identified with the direct product M < G and by this identifi-
cation it becomes a submanifold of F(Af). It is clear from our definition that
the horizontal subspace at each point in P is contained in the tangent vector
space of P then the submanifold in F(M) consisting of all points which can be
joined with the reference point (0, d) by a horizontal curve is contained in #.

And for any two horizontal vector fields X, 9)
._Q(f, @)(x,X) = - w([k‘, gD])():,X)

is contained in @ if (x, X) & P. Because [¥X, 91, x) is contained in the tangent
space of P if (x, X) &€ P. Therefore according to W. Ambrose and 1. M. Singer’s
theorem the holonomy group @ is contained in G. Thus we have completed the
proof of the following theorem ;

Any connected Lie subgroup of the general linear group GL(n, R) can be

the holonomy group of some linear connection on M of dimension n (n = 2).

2. The theorem in § 1 shows that the restricted holonomy group of a linear

https://doi.org/10.1017/50027763000000106 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000000106

100 JUN-ICHI HANO AND HIDEKI OZEKI

connection is not necessarily closed subgroup of GL(n, K). But the connection
in §1 has the non-zero torsion tensor. We shall give an example which shows
that even if the torsion tensor is zero the restricted holonomy group of a linear

connection is not necessary closed.
Let M be a six dimensional affine space. We define a linear connection as

follows;

(%) =0,

(%)) = o

and for 7 =3
Ci(x) =0 if k=2 TIl(x)=Tiix).

Then of course the torsion tensor of this connection is zero and it is im-

mediately seen the holonomy group is a non closed subgroup consisting of ele-

ments
10
01 a a- as as
cosf siné
—sinfd cos @ !

cosy20 sinv26
—siny 260 cosy 260

where a;, . .., a; and 6 are arbitrary real numbers.
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