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2 
Let S be the se t of n points with in teger coo rd ina t e s 

n 
(x, y), 1^ x, y < n. Let f be the m a x i m u m c a r d i n a l of a subse t T of 

S such that no t h r e e points of T a r e c o l l i n e a r . C l e a r l y f < 2n. 
n r n 

F o r 2 < £ n < £ l 0 it is known ([2], [3] for n = 8, [1] for n = 10 , a l so 
[4], [6]) that f = 2n , and that this bound is at tained in 1, 1 , 4 , 5 , 11, 

22, 57, 51 and 156 d i s t inc t conf igura t ions for t he se nine va lues of n . 
On the o ther hand, P . Erdo's [7] has pointed out that if n is p r i m e , 

2 
f ^ n , s ince the n points (x, x ) r educed modulo n have no t h r e e 

c o l l i n e a r . We give a p r o b a b i l i s t i c a r g u m e n t to suppor t the con jec tu re 
that t h e r e is only a f inite n u m b e r of solut ions to the n o - t h r e e - i n - l i n e 
p r o b l e m . M o r e spec i f ica l ly , we con jec tu re that 

(1) (? ) f - ( 2 T T Z / 3 ) S n. 
n 

THEOREM. The number , t , of se t s of 3 co l l inea r points that 
n ' 

can be chosen f rom S is 
n — 

3 4 4 
t n = — n log n + 0 (n ). 

Proof . The number of s e t s of 3 co l l inea r points p a r a l l e l to a 
coo rd ina t e axis is 

(2) 2 n ( " ) = | n 2 (n - 1) (n - 2) . 

The number of such se t s p a r a l l e l to x = -y is 

(3) 2 ^ ) + 4 { ( n ^ ) + ( n^ 2) + . . . + (* ) } = | n ( n - l ) 2 (n-2) 
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We next count the t r i p l e s c h o s e n f r o m {(a + sp, b + sq) : s = 0 , 1 , 2 , . . . } , 
w h e r e 

(4) i $ q < p £ [ | ( n - D ] , 

s q u a r e b r a c k e t s denot ing i n t ege r p a r t , and (p, q) = 1. F i g u r e I 
i l l u s t r a t e s the c a s e n = 60, p = 7, q = 5 . Define r = [(n - l ) / p ] , so 
that r = 8 in this c a s e . Po in t s in r e g i o n s m a r k e d 1 in F i g u r e I , 
a r e in l ines o r ig ina t ing in the r e c t a n g l e 1 ^ a ^ n - r p , 1 ^ b ^ n - rq , 
each line containing r + 1 p o i n t s . Those in Regions 2 have n - rp + 1 < a^ 
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FIGURE I 

and l £ b ^ n - ( r - l ) q , and r poin ts in each l ine . T r i p l e s a r i s i n g 
f rom Regions 1 and 2 should be counted 4 t i m e s , to a l low for the 
c a s e s w h e r e one or bo th of p and q a r e n e g a t i v e . T r i p l e s a r i s i n g f r o m 
Regions j (3 <C j <£ r) a r e counted 8 t i m e s , for the s a m e r e a s o n , toge the r 
with the fact that they a r e each r e p e a t e d ( see the Reg ions 5 ' in F i g u r e I) . 
These r e g i o n s have n - (r + 3 - j)p + 1 <: a £ n - (r + 2 - j)p and 1 < b < q 
except for j = 3 w h e r e the r a n g e for a i s p + l ^ a £ n - ( r - l ) p . 
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T h e l i n e s in t h e s e c a s e s c o n t a i n r + 3 - j p o i n t s . T h e r e q u i r e d n u m b e r 
of t r i p l e s i s t h u s 

4 { ( n - r p ) ( n - r q ) ( r ^ " V ( ( r + 1 )p - n) (n - ( r - l )q) (*)} + 8{ (n - r p ) q (*) 

+ p q S ( r + 3 ~ j ) } = f r ( r " ! ) i ^ 2 ~ 4 n ( P + q ) ( r + 1) + P q ( r + l ) ( 3 r + 2 ) } 
j = 4 

s u m m e d f o r p and q i n t h e r a n g e (4) , and a u g m e n t e d b y (2) and (3) , s o 

t h a t 

t = i n ( n - l ) ( n - 2 ) ( 3 n - 1) 
6 

P i ( n - l ) ] p - 1 2 

+ 2 2 ~ r ( r - 1) { 6 n - 4 n (p + q ) ( r + 1) + p q ( r + 1) ( 3 r + 2)} 
p=2 q = l 

( p , q ) = l 

U s i n g E u l e r ' s t o t i e n t f u n c t i o n , cf>(p), and i t s p r o p e r t i e s [5 ] 

P~ 1 ,, m 

2 * ( q ) = 2 P * ( p ) ' S 2 = V o g m + 0 ( 1 ) , 
q = l P = l P TT 

w e o b t a i n 

t = 7 n ( n - l ) ( n - 2) (3n - 1) 
n ° 

[ W n - D ] - 2 2 

+ 2 - r ( r - l ) { l 2 n - 1 2 n p ( r + 1) + p ( r + l ) ( 3 r + 2)} 4>(p) 
p=2 

[Vzd i - l ) ] 
1 4 2 4 

= ~ n S (|>(p)/p + 0 ( n ) 
P=2 

3 4 , ™ 4X 

= — n log n + 0 ( n ) , 

and t h e t h e o r e m i s p r o v e d . 
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F o r l a r g e n, t h e p r o b a b i l i t y t h a t t h r e e p o i n t s , c h o s e n a t r a n d o m , 

s h o u l d b e in l i n e i s t h u s 

3 4 , / . n . 18 log n 
- 2 n l o g n / ( 3 ) - 2 2 
TT TT n 

and t h e p r o b a b i l i t y t h a t t h r e e s u c h p o i n t s s h o u l d n o t b e i n l i n e i s 

2 2 K Z 
TT n n 

If w e a s s u m e t h a t t h e e v e n t s a r e i n d e p e n d e n t , t h e p r o b a b i l i t y t h a t 2 n 

p o i n t s c o n t a i n no t h r e e i n l i n e i s ~ 
2n 

v 3 ' 

18 log 

2 2 
TT n n - ' 

24 
- — n log n + O(n) 

T T ^ 

H e n c e , a n e s t i m a t e of t h e n u m b e r of s o l u t i o n s to t h e n o - t h r e e - i n - l i n e 
p r o b l e m i s g i v e n b y 

2 -24n/TT 2 O(n) . 
, n e 
( 0 ) n 

2n 

w h i c h t h e u s e of S t i r l i n g ' s f o r m u l a s h o w s to b e 

(5) 
_ c . n n 

0 ( n C l c ) 

w h e r e c , and c^ a r e c o n s t a n t s , w i t h c = - 2 + 2 4 / T T . T h e e x p r e s s i 
1 2 1 

(5) s u p p o r t s t h e c o n j e c t u r e c o n c e r n i n g t h e f i n i t e n e s s of t h e n u m b e r s of 
s o l u t i o n s . 

If w e r e p e a t t h i s a r g u m e n t w i t h k n p o i n t s i n p l a c e of 2n , t h e 
3 2 

c o r r e s p o n d i n g v a l u e of c^ i n (5) i s - 2 + 3k / rr , s o t h a t (5) t e n d s to 
2 */L r\, 

z e r o a s n -> oo, p r o v i d e d k > (2TT / 3 ) 3 - 1 . 8 7 3 8 5 6 , i . e . f o r l a r g e n , 

w e e x p e c t to b e a b l e to s e l e c t a p p r o x i m a t e l y (2TT / 3 ) 3 n p o i n t s w i t h no 

t h r e e in l i n e , b u t no l a r g e r n u m b e r . 
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