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Abstract

We consider a convex Lagrangian L : TM — R quadratic at infinity with L(x, 0) = 0 for every x € M and
such that the 1-form 6 defined by 6,(v) = L,(x, 0)v is not closed. We show that for every number a < 0,
there is a contractible (nonconstant) periodic orbit with action a. We also obtain estimates of the period
and energy of such periodic orbits.
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1. Introduction

Let M be a closed connected smooth Riemannian manifold. Let
L:TM - R

be a smooth convex Lagrangian. This means that L restricted to each T, M has positive-
definite Hessian. The Lagrangian L is said to be quadratic at infinity if there exists
R > 0 such that for each x € M and |v|, > R, the function L(x, v) has the form

L(x,v) = Ve + 0,(v) - V(),

where 6 is a smooth 1-form on M and V : M — R is a smooth function. We shall
also assume that L(x, 0) = O for every x € M and that the 1-form 6,(v) = L,(x,0)v is
not closed. Our assumptions are satisfied if L(x, v) has the form L(x,v) = %Ivli +6,(v)
for a nonclosed 1-form 6. The Euler-Lagrange flow of this Lagrangian is called exact
magnetic flow and it models the movement of a particle under the effect of a magnetic
field (see [4, 11, 13, 14, 19]).

Let A be the set of absolutely continuous contractible curves x : [0, 1] —» M,
x(0) = x(1), such that x has finite L>-norm. It is well known [7, 15] that A has a
Hilbert manifold structure compatible with the Riemannian metric on M.
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The free-time action Ay : R* X A — R (where R* stands for the set of positive real
numbers) is given by

1
Arb, x) = f b L(x(t), x(¢)/b) dt.
0

If the Lagrangian is quadratic at infinity, arguments in [2, Proposition 3.1] show that
Ay is a C! function (that is, a function with locally Lipschitz derivative).

Periodic orbits with energy larger than Mafié’s critical value were obtained in [7]. In
previous articles [16, 17], we showed the existence of periodic orbits, not necessarily
contractible, with large enough abbreviated action and large enough action. The aim
of this note is to obtain nontrivial (that is, nonconstant) contractible periodic orbits for
every negative value of the action. We also obtain estimates of the period and energy

of such periodic orbits. We prove the following theorem.

THeorEM 1.1. Let L be a convex Lagrangian quadratic at infinity such that L(x,0) = 0
for every x € M and such that the 1-form 0,(v) = L,(x,0)v is not closed. Then there are
v > 0and a; < 0 such that for every a < 0, the Lagrangian has a nontrivial contractible
periodic orbit with action a so that its period T and energy e satisfy

—yla<T, e<y foreverya<0,

T<-ya, —y'a'<e foreverya<a,.

We remark that nonconstant periodic orbits with action a are obtained for every
a < 0. The first line of estimates holds for every a < 0 and the second line holds for
every a < aj. All estimates are satisfied if a < a;.

In [5], it is shown that a particular class of Lagrangians has an infinite set of periodic
orbits satisfying similar bounds. In [17], we obtained periodic orbits with large enough
prescribed action but those orbits are not necessarily contractible and satisfy different
estimates.

We outline here the proof of Theorem 1.1. In Lemma 4.5, we show that for every
a < 0, the set X, of those (b, x) such that Ay (b, x) = a is nonvoid. This is achieved by
finding an upper bound of AL(b, x) containing the integral of the 1-form 6. Since 6
is not closed, we find a curve with negative action. By integrating many times along
such a curve, we obtain arbitrarily large negative values of the action. On the other
hand, under our assumptions, the value O is attained and hence the action takes every
negative value (note that A is connected). In Lemma 4.3, we show that every a < 0 is
a regular value of A; and consequently X, is a C"! manifold.

Consider the function 77 : X, — R given by

Ta(b,x) =b.

In Proposition 2.3, we show that critical points of 7, correspond to periodic orbits
of the Lagrangian. The existence of the desired periodic orbits follows by showing
that for every a < 0, the map 7, has a critical point. The periodic orbits obtained are
nonconstant because if (b, x) € X,, then b and the L>-norm of x are bounded away from
zero (see Lemma 4.4).
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2. Contractible periodic orbits with prescribed action

The energy E; : TM — R is defined by
oL

E;(x,v) = —(x,v).v— L(x,v).
av

Since L is autonomous, E, is a first integral of the Euler—Lagrange flow of L. Critical
points of Ay correspond to periodic orbits with energy k.

Proposition 2.1. If (b, x) is a critical point of A, then y : [0,b] - M given by
v(s) = x(s/b) is a periodic solution of the Euler—Lagrange equation of L with energy
k. (See[2,3,8,9].)

Note that periodic orbits with energy different from k do not correspond to critical
points of Ap .
It is useful to define the average energy function e : R* x A — R by

1 1 b
e(b,x) = fo EL(x(t),x(t)/b):E fo EL(y(s), y(s))ds.

REmARrk 2.2. It is easy to see that

0A;L B
E(b’ x) = —e(b, x).

Define 7, : X, — R by
Talb,x)=b

and note that 77, is the restriction to X, of the canonical projection IT : R* x A — R*.
Then V7 ,(b, x) is the orthogonal projection of VII = (1, 0) onto Ty »X,. We can find
the projection by writing

AL
VTa=p,vy), (1,0)=a + (Vp, V).
Ohvds (1,0)= @2l + (1)
It follows that
1 aA, ) 1 A, A,
= a7 = - s x = — . 21
“EiNAg e T T T TINAR b ox @D

Note that V77, is locally Lipschitz.

Prorosition 2.3. If (b, x) is a critical point of T, then (b, x) corresponds to a periodic
orbit.

Proor. Let (b, x) be such that V7,(b, x) =0. Then v,(b, x) =0 and v.(b, x) = 0.

Therefore, a # 0 and hence

%(b, x)=0. O
ox
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3. Minimax principle

Derinimion 3.1, Let f: X — R be a C' map, where X is an open set of a Hilbert
manifold. We say that f satisfies the Palais—Smale condition at level c if every
sequence {x,} with f(x,) — cand ||d,, f]| = 0 as n — oo has a converging subsequence.

The following version of the minimax principle (Proposition 3.2 below) is a
particular case of [7, Proposition 6.3] (which in turn is inspired by [12] (see also [18])).
Let X be an open set in a Hilbert manifold and f : X — R be a C!! map. Observe that
if X is not complete or the vector field Y = —V £ is not globally Lipschitz, the gradient
flow ¢, of —f is a priori only a local flow. Given p € X and ¢ > 0, define

a(p) :=supfa > 0| s — ¥(p) is defined for s € [0, a]}.

We say that a function 7 : X — [0, +00) is an admissible time if 7 is differentiable and
0 < 7(x) < a(x) for all x € X. Given an admissible time 7 and a subset F' C X, define

Fro:={p(p) | peF}

Let ¥ be a family of subsets F' C X. We say that F is forward invariant if F; €
for all F € ¥ and any admissible time 7. Define
,F) = inf su .
(f.¥) = inf sup f(p)
ProposiTion 3.2. Let f be a C'! function satisfying the Palais—Smale condition at level
c(f,F). Assume also that F is forward invariant under the gradient flow of —f.
Suppose that ¢ = c¢(f, F) is finite and that there is an & such that the gradient flow
is relatively complete in the set [c —e < f < c+&l. Then c(f,F) is a critical value

of f.

4. Proof of Theorem 1.1

Recall that we are assuming that our Lagrangian L is convex, quadratic at infinity
and such that L(x,0) = 0 for all x. Let 6, be the 1-form 6,(v) = L,(x, 0)v, where L, is
the derivative along the fibre. Recall that we are assuming that € is not closed. Set
Ox) = fx 6 and define

|O)|

nitzo 11112,

o(L) =

Lemma 4.1. 0 < (L) < +o0.

Proor. Let £(x) be the length of x and note that £(x) < ||x]|.

By [7, Lemma 5.1, page 369], there is a o9 > 0 such that |®(x)| < of(x)? for every
x € A and therefore o(L) < oo.

We claim that there is an x € A so that ®(x) # 0. Assume by contradiction that
®(x) =0 for every x € A. Consider U C M, a contractible open set. We have in
particular that ®(x) = fx 6 = 0 for every x contained in U. Therefore, 6|y is exact
and hence d6|y = 0. Since U is arbitrary, we conclude that 6 is closed, contradicting
the hypothesis of Theorem 1.1. This proves the claim, which implies that o > 0. O
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Lemma 4.2. Set 0,(v) = L,(x,0)v and let, as before, ®(x) = fx 6. If L is convex,
quadratic at infinity and such that L(x,0) = 0 for every x € M, there are positive
constants A, Ay, B, By such that

A A
Ellxlliz +0x) <AL, x) < —lllxlliz + 0O(x), 4.1)
A Ao
ﬁIIXII <e(b,x) < 2bzIIXIILz, 4.2)
” Il Bb < A (b, )<A”.Hi2+Bb 4.3)
A2 w0 = ATy T ‘
Proor. Let a, a; be positive numbers according to [7, Lemma 3.1] such that
S+ 6.0) < L(x.v) < SV + 6,00, (4.4)
IR < Er(xov) < D2, 4.5)
2 2
On the other hand, since L is quadratic at infinity, there are positive numbers a, B, a;, B;
such that B _
a o a, o
EIVI - B<L(x,v) < ilvl + Bj. 4.6)
Take Aand A; suchthat0 <A <a,0<A<aand0<a; <A;,0<a; <A;. Thelemma
follows from this choice on taking account of (4.4)—(4.6). O
From (4.2) and (4.3),
A (Ab,x) ) Ay (ﬂL(b , X) )
bl Bt i <e(b,x) < — + B). 4.7
A ( b «b.0) <7 @D

Let X, be the set of those (b, x) € R* x A such that A (b, x) = a.
Lemma 4.3. Suppose that a < 0. Then X, does not contain critical points of Ay.

Proor. Assume that the lemma is false. Then there is (b, x) such that

%(b x)=0 and %(b,x)zo

By Remark 2.2, e(b, x) = 0 and hence, by (4.2), ||x]|;> = 0. By (4.1),
A
0= Sollllz, + O(0) < Aub, ) =a <0,

which is a contradiction. O

Note that Lemma 4.3 implies that X, is a C"! manifold for every a < 0 and hence
we can apply the minimax principle to the function 7,: X, - R. If (b,x) is a
critical point of 7, it satisfies 0.A; /dx (b, x) = 0 on account of Proposition 2.3 (and
therefore it corresponds to a periodic orbit). However, such a point (b, x) cannot satisfy
0AL]0b (b, x) = 0 at the same time.
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Lemma 4.4. Suppose that (b, x) € X, and a < 0. Then:

(1) b=(A/20);
2 |IAli7, = —a/o.

Proor. By (4.1) and Lemma 4.1,
A . A
%IIXIIZ —allill7, < %”x”iz +0(x) <ALb,x)=a<0
and this gives the first item. To prove the second item, note that
A
—a < (o= 2R < ol 0

Recall that 7, : X, — R is defined by 7,(b, x) = b. Let ¥, be the family of sets
F = {(b, x)} such that A; (b, x) = a.

LemMma 4.5. F, is nonvoid for every a < 0 and there are y > 0 and a; < 0 such that

—y_la <c(Tu,Fa) foreverya<0,
c(Tu,Fa) < —ya foreverya<aj.

Proor. First we show that A, takes arbitrarily large negative values. To see this, note
that for nonconstant x,

AqllF1?
Ar(b, x) < % +0O(x) = ||x||iz(’;—l; + I(I?C(IIZ )
By Lemma 4.1, o > 0 and hence there is an x; € A such that ®(x;) # 0. (Recall that to
show that o > 0, we used the assumption that 6 is not closed.) If ®@(x;) < 0, set xy = x;
and, if @(x;) > 0, set xo(t) = x;(1 — t) for ¢ € [0, 1]. This shows that there is an xy € A
such that O(xy) < 0.
Take by so that Ay (by, xo) < 0 and set

ap = Ar(bo, xo).

For n=1,2,..., let w":[0,n] —» M be the map defined by w"(r) = xo(¢t — i) for
t € [i,i + 1], where i is any integer such that 0 <i <n. Let xj € A be defined by
x5(t) = w"(tn). Then

A (nby, x;) = nay, 4.8)

which shows that A, takes arbitrarily large negative values. On the other hand, since
Ay takes the value 0, it takes every negative value since Ay is continuous and A is
connected. This shows that X, is nonvoid for every a < 0.

If (b, x) € X,, then, by (4.3),

[|]2
Zb“ —Bb < A(b,x) = a.

-Bb<A
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Therefore,

-—a<b

and hence {
~52 <c(TaFa)-

For the other inequality, let a < ap and keep it fixed for the rest of the proof. Take a
positive integer n such that
(n+ ag < a < nay.

LetT : [0,1] —» R* x A be a continuous map given by

I'(s) = (Bs, Zs)

such that B = (n + s)bo, zo = x; and z; = x’é”. By (4.8) and the continuity of Ay, there
is an 51 € [0, 1] such that
ALT(s1)) = a.

Then
TaI'(s1)) = B,

and consequently

c(Ta, Fa) < Bsy-

Therefore,
bg by
(Ta, Fa) < (n+ Dby = —(—nay — ap) < —(—a — ap).
—dy —daop

We choose a; < 0 and y; > 0 so that

bo
—(—a—-ap) <—yja fora<a.
—ag

Finally, let y > B and y > ;. O

Lemmas 4.6 and 4.7 below appear also in [17] and we include them here for the
sake of completeness.

Lemma 4.6. The flow of =VT, is relatively complete in 0 < ¢y < T, < 3.

Proor. Arguing by contradiction, let s — I'(s) = (b(s), x(s)) be a flow semi-trajectory
defined in the maximal interval [0, §) and contained in ¢; <7, < c¢,. Let 1, € [0,5)
be a sequence converging to 5. By the same argument as in [7, Lemma 6.9], the
sequence I'(z,) is a Cauchy sequence, implying that b(t,) converges to by € [0, o).
Since b(t,) > ¢y > 0, we know that by > 0 and hence the sequence I'(z,) converges in
X,, which allows the flow semi-trajectory to be extended. O

Lemma 4.7. T, satisfies the Palais—Smale condition at level c¢(T ,, F,).
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Proor. Let {(b,, x,)} be a sequence in X, such that 7,(b,, x,) — c(T,, F,) and such
that ||[VT 4 (by, x,)|l = 0. By Lemma 4.5, b, is bounded and bounded away from zero.
Then ||[VAL(b,, x,)|| is bounded away from zero since otherwise the arguments of
[7, Proposition 3.12] (see also [6, 10]) show that {(b,, x,)} has a subsequence
converging to a critical point of Ay, which is impossible because a is a regular
value of A;. Since Ay(b,,x,) =a and b, is bounded and bounded away from
zero, we conclude by (4.3) that ||%,||;> is bounded and this implies, by (4.2), that
e(b,, x,) = —0AL|0b (b,, x,) is bounded.

Let vp, vy, @ be as in (2.1). Then v(b,, x,) converges to 0 and thus a(b,, x,) is
bounded and bounded away from zero. This implies that |[VA(b,, x,)|| is bounded and
OAL/0b (by, x,) is bounded away from zero.

On the other hand, since ||v,(b,, x,)|| also converges to 0,

0A,
. bns n
H Ox G )

- 0.

Hence, by the argument of [7, Proposition 3.12], the sequence {(b,, x,)} has a
convergent subsequence in X,. In fact [7, Proposition 3.12] assumes that ||dp, , ALll
converges to zero but it is enough to have ||0AL/0x (b,, x,)|| = 0 as is shown in
[1, Lemma 5.3]. |

Proor oF THEOREM 1.1. Lemmas 4.3, 4.5-4.7 allow us to apply Proposition 3.2,
completing the proof. The orbits obtained are nontrivial because of Lemma 4.4. The
estimates for the period follow from Lemma 4.5. The upper bound of the energy is
obtained from the estimates for the period and (4.7) (possibly after taking a bigger y).
The lower bound of the energy is obtained from the estimates for the period and
Lemma 4.4. O
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