
SUMS O F R E C I P R O C A L POWERS O F T E R M S 
IN ARITHMETIC SEQUENCE 

E. L. Whitney 

A n o t e * by N. K i m u r a g ives the s u m s 

oo 
1 

2 = S , defined for - a i 0, 1, 2, . . . , 
jx=0 (a+M.)P(a+|jL+l)P P 

00 

1 
exp l i c i t ly l i n e a r l y in t e r m s of the s u m s 2 — for pos i t ive 

u=0 (u+a) P 

i n t e g e r s p . 

We note h e r e tha t by a s i m i l a r s imp le m e t h o d , the 
B e r n o u l l i n u m b e r s and E u l e r n u m b e r s m a y be r e l a t e d s i m i l a r l y 
to t h e s e s u m s . 

F i r s t , f r o m the e x p a n s i o n s 

2 t ? { x * + ( i - * ) * } = -
1-

1 1 
+ 

M " t x 1 - t ( 1 " x > 

= (2-t) 2 P {1 - txfl-x)}^ 
. • » « o • 

= (2- t ) S t V S ( - l ) V - % * ) x V ^ ( l - x ) V - , a 

v=0 n > v / 2 V •* 

we h a v e , for x = - a , 

1 ( - 1 ) P P p v 
P P V P - V V V 

a F ( a + i r v > p / 2 p a (a+1) 
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00 ' 

If S = S , then 
P |JL=0 (a+^i ) P (a+ | jL+l) P 

2p+l j v 2 p + l - v v 
a ^ v=p+l r 

and 

oo 2p 
4 " + 2 2—i—- = S i E ( / )S • 
a 2 p ^ l ( a + H 0 2 p v ^ V 2 P " V V 

In the l i n e a r s e n s e , t h e s e i n v e r t K i m u r a ' s r e l a t i o n s . 

If we w r i t e 

oo k - 1 b C (a) 
_ 1 1 1 _ p k 
__ , ^ .2 a 2 2p+l 2k+l ' 

fx=0 (a-ffi) 2a p=l a a 

w h e r e C (a) -*• b a s a -> oo , 
k k 

S 0 k - 1 2p+l o j C a 
then — = S b S - ^ — ( ) S + 

2 p v 2 p + l - v v 2k+l 
p=l ^ v=p+l r a 

Then 

v>(p /2 ) 

1 
wi th b = -7 , de f ines uniquely the B e r n o u l l i n u m b e r s {b } 

We a l s o have 

00 

2J t {x - (1-x) } 
__ 1-tx l - t ( l - x ) 

v=0 
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= (2x-l) S t 2 ( -D ' - ' -N ^ ) x V _ » 1 ( l - x ) V - J l 

v=0 | i > ( v / 2 ) V _ t X 

w h e n c e 

p+1 p+1 p - v 2 v + 1 
( k - l ) P ( k + l ) P v > p / 2 P (k - 1 ) 

„ 1 - - 1 k n 
H e r e , — = - Z — + ( - 1 ) k , 2 v , 2 n 

v= l (k - 1 ) k (k - 1 ) 

If k = a + 2{JL + 1, a n d cr = Z ( " ^ kH> 

* P u=0 (TTTP 

oo ML k - 1 e C*(a ) 
^ ( - 1 ) ^ P k 

w e m a y s e t Z = Z f + n a + 2 u + l n ^ 2 p + l 2 k + l 
fi=0 ^ p=0 2a r 2a 

w h e r e C' ' ' (a) -* e if a -* oo . S i m p l i f y i n g 

^ e 2 p ^ 

S ^ Z ( V ) 2 2 V - 2 P + I c r + 0 ( — i ~ ) 
A 2 l 2 p - V v + 1 l 2 k + 3 ; 

p=0 v=p a 

k e P 2 2 
= 2 p , w e h a v e Z ( p ) 2 P * V e = ( - D P 

^ ^ 2 p + l . 2 v - p v 
p=0 2a r v > p / 2 r 

T h e s e l i n e a r r e l a t i o n s , w i t h e = - 1 , d e f i n e t h e E u l e r n u m b e r s 

u n i q u e l y . 

x x 2 
rr • -, i i- • • t / k + l x r 2 c*x -, r 2 x d x 
U s i n g t h e d e f i n i t i o n s l og (—;—) = / = 2 x + / — 

k J 2 J 2 
0 1 -x 0 1 -x 

1 
f o r x = •— , a n d i n t e g r a t i n g b y p a r t s , w e e x t e n d t h e s e r e s u l t s 
e a s i l y t o S t i r l i n g ' s e x p a n s i o n of t h e l o g a r i t h m of t h e f a c t o r i a l 

f u n c t i o n , a n d i t s d e r i v a t i v e 
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oo b 
1 1 1 1 2 

- C + 2 { - } = log a + —- - — — - — -
. V a V â 2 4 

\i=i 12a 4a 
t r e a t e d a s an a s y m p t o t i c s e r i e s in the above s e n s e . 

*N. K i m u r a . T h i s Bu l l e t in (1962) 5 3, pp. 305-309-

U n i v e r s i t y of A l b e r t a 
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