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NOTES ON LOCAL INTEGRAL EXTENSION DOMAINS
L. J. RATLIFF, Jr.

1. Introduction. All rings in this paper are assumed to be commutative
with identity, and the undefined terminology is the same as that in [3].

In 1956, in an important paper [2], M. Nagata constructed an example
which showed (among other things): (i) a maximal chain of prime ideals in
an integral extension domain R’ of a local domain (R, M) need not contract
in R to a maximal chain of prime ideals; and, (ii) a prime ideal P in R’ may
be such that height P < height P N R. In his example, R’ was the integral
closure of R and had two maximal ideals. In this paper, by using Nagata’s
example, we show that there exists a finite local integral extension domain of
D = R[X]usr.x) for which (i) and (ii) hold (see (2.8.1) and (2.10)).

The fact that these two properties can be transferred from a semi-local
integral extension domain of R to a local integral extension domain of D is
because of a construction in the proof of a more general result, (2.4). In (2.4),
it is shown that given an arbitrary maximal chain of prime ideals of length #
in an arbitrary integral extension domain of an arbitrary local domain (R, M),
there corresponds a maximal chain of prime ideals of length » 4 1 in a quasi-
local integral extension domain of D, and this new chain contracts in D to
a maximal chain of prime ideals if and only if the original chain contracts in R
to a maximal chain of prime ideals. From this, the above mentioned (2.8.1) and
(2.10) readily follows.

Finally, in (2.13), it is shown that the construction can also be used to go in
the opposite direction (from D to finite integral extension domains of R).
Specifically, (2.13) shows that if D has any one of a number of properties
concerning chains of prime ideals, then each local domain Bp also has this
property, where B is a finite integral extension domain of R and P is a prime
ideal in B.

2. Local integral extension domains. We begin this section with a defini-
tion due to I. Kaplansky.

(2.1) Definition [1, p. 16]. An integral domain B is an S-domain in case
height QB[X] = 1, for all height one prime ideals Q in B. B is a strong S-domain
in case B/P is an S-domain, for all prime ideals P in B.

For example, all Noetherian domains are strong S-domains [1, Theorem 148].
The following proposition, which is of some importance, is probably known,

Received October 15, 1976. This research was supported in part by the National Science
Foundation Grant MCS 76-06009.

95

https://doi.org/10.4153/CJM-1978-008-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-008-4

96 L. J. RATLIFF, JR.

but the author knows of no reference for it. Therefore, since it is needed in the
proof of (2.4), a proof of the proposition will be given.

(2.2) ProrosITION. Let Q be a prime ideal in an integral extension domain B
of @ Noetherian domain A. Then height QB[X] = height Q, depth QB[X] =
depth Q + 1, OB[X] M A[X] = (Q M A)A[X], and B and B are strong S-
domains.

Proof. 1t will first be shown that B is a strong S-domain. For this, if P is a
prime ideal in B, then, with B, = B/P and 4, = A/(P N\ A4), 4, and B,
satisfy the same conditions as 4 and B. Therefore it suffices to prove that B
is an S-domain—that is, if p is a height one prime ideal in B, then height
pB[X] = 1. Now height pB[X] = 1, if, for each prime ideal m in the integral
closure B’ of B such that m M B = p, B’,, is a valuation ring [10, Theorem 8].
To see that this holds, note that height m = 1 (since height p = 1), so height
mM A" =1 [3, (10.14)], where 4’ is the integral closure of A. Let C =
B’ (4'—n 1 a7y, 50 Cis the integral closure of the valuation ring A’¢, A 4 in the
quotient field of B. Also, mC is a maximal ideal, so C,¢ is a valuation ring
(11, Corollary 2, p. 27]. Finally, B’,, = Cpe, so height pB[X] = 1, hence B is
a strong S-domain.

It is clear that if Cis a strong S-domain, then so is Cg, for all m.c. sets Sin C,
so By 1s a strong S-domain. Also, by [1, Theorem 39], height QB[X] = height Q
and height Q* = height Q + 1, for all prime ideals Q* in B such that QB[X] C
Q* and Q* N B = Q. Therefore altitude B[X] = altitude B 4+ 1, so depth
QB[X] = altitude B[X]/QB[X] = altitude (B/Q)[X] = depth Q + 1 (since
B/Q is a strong S-domain).

Finally, (B/Q)[X] = B[X]/QB[X] is integral over

Dy = A[X]/(QBIX] M A[X])

and (B/Q)[X] is integral over (4/(Q M A))[X] = A[X]/(Q N A)A[X] =
D, (say). Therefore, since D1 is a homomorphic image of Dy, QB[X] M A[X] =
(Q M A)A[X], completing the proof.

The following definition is needed in order to avoid continual repetitions in
the remainder of this paper.

(2.3) Definition. It will be said that an integral domain 4 has a mcpil n
in case there exists a maximal chain of prime ideals of length # in 4 (that is,
a chain of prime ideals (0) = py C p1 C ... C p, such that p, is maximal and
height pi/p;1 = 1, fori =1, ..., n).

The next result is the main theorem in this paper. Before stating it, it should
be mentioned that the same conclusions hold for any of the rings R[X ]y, where
N is a maximal ideal in R[X] such that N M R = M, as is readily seen by the
proof of (2.4).

(2.4) THEOREM. Let B be an integral extension domain of a local domain
(R, M), and let (0) C Q1 C ... C Q, be a mcpil n in B. Then there exists a
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quasi-local integral extension domain L of D = R[X]ur.x) which has a mcpil
n—+1, say (0) C Py C ... C Pny1, such that height P; = height Q,, depth
P;=depth Q;+ 1, and P, D = (Qi N\ R)D, for i = 1, ..., n. Therefore
O)CP NDC...CPuiND is a mepil n+ 1 if and only if (0) C
OONRC...C0O.NRisamepil n.

Proof. Let S = B[X])(rixi—wr.x)), and let L = D + J, where J is the Jacobson
radical of S. Let P; = Q;.SNL (¢ =1,...,n),and let P,y1 = (Q,, X)SN L
(= J). Then Sisintegral over D, so L is a quasi-local integral extension domain
of D. Moreover, (0) C O:B[X] C ... C Q,B[X] C (Q., X)B[X] is a mcpil
n + 1 in B[X] (since B is a strong S-domain (2.2)),so 0) C 0,:SC ... C
0.S C (Q,, X)S is a mcpil » + 1 in S. Therefore, since depth P, = depth
Q.S =1 (since S is integral over L and depth Q,B[X] =1 (2.2)) and since
Lp, = Sq,s (since J is the conductor of L in S), (0) CPi1C...C Pyiisa
mcpil # + 1 in L and height P; = height QS = height Q; (2.2),fori=1,...,n.
Also, by integral dependence and (2.2), for 2 = 1, ..., n, depth P; = depth
Q.S = depth Q;B[X] = depth Q; + 1, and if depth Q; = d and Q; C Qui’ C
... C Qud 1s a saturated chain of prime ideals in B of length d, then Q;S C
Q'S C...CQudS C (Qird, X)S, so depth Q;S = depth Q; + 1, hence
depth P; = depth Q. 4 1. Moreover, since Q;B{X] M R[X] = (Q; N R)R[X]
(2.2), it readily follows that P, N D = (Q; N\ R)D,forz = 1,...,n. Thelast
statement now follows, since (0) COQ1MNRC ... C Q,N R is a mcpil = if
and only if 0) C (0:NRDC...C (0.NR)D =MD C (M, X)D is a
mcpil » + 1.

A few comments on (2.4) will now be made.
(2.5) Remark. With the notation of (2.4), the following statements hold:

(2.5.1) If B is quasi-local, then S (in the proof of (2.4)) is quasi-local, so
Sand 0) COSC...C Q.S C (Qn X)S could be used in place of L and
0)CPiC...CPu1

(2.5.2) If R, instead of being local, is semi-local with exactly 2 maximal
ideals, then the same conclusions in (2.4) hold, except that L is quasi-semi-
local with exactly £ maximal ideals.

(2.5.3) If B is a finite integral extension domain of R, then L is a finite local
(Noetherian) integral extension domain of D.

(2.5.4) It is an open problem if there exists a finite integral extension domain
A C Bof Rsuchthat (0) CQO: M AC...C Q.M A isamcpil # and height
Q: N\ A = height Q; (and depth Q; N\ 4 = depth Q;), for 1 =1, ..., n.
However, this is easily shown to hold if, for each 7, Q; € \U {Q, € Spec B;
Q/ N R =0Q;NRand Q/ # Q;}. (This holds, for example, if B is contained
in the integral closure of a finite integral extension domain of R.) If such 4
exists, then it may be assumed that L is a finite local integral extension domain
of D in (2.4).
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(25:—)) Let Pll = XS(\ L and pi+1, = (Qi, X)Sm L, fOl‘ 'L = 1, ey N
Then (0) C P, C ... C P, isasaturated chain of prime ideals of length #in L
such that, fori =0,1,...,n — land Qy = Py = (0), height P4’ = height

Q:+ 1,depth P,y = depth Q;,and P/ "D = (Q: R, X)D = (P, D,
X)D. Moreover, (0) C P,/ C...C P, C Pt isamcpil # + 1 in L if and
only if depth Q,—1 = 1, and in this case, this chain contracts in D to a mcpil
n + 1 if and only if the P; /M D form a mcpil » + 1 in D.

Proof of (2.5.5). For i =0, 1, ..., n and Qo = (0), height (Q;, X)S =
height Q; + 1, by [1, Theorem 39]. Also, Lp,” = S(g._,.x)s (since J is the
conductor of L in S), so height P = height (Q;, X)S = height Q; + 1,
fori=0,1,...,n—1,and (0) C P/ C...C P, is a saturated chain of
prime ideals (since clearly (0) C XS C (Q1, X)S C ... C (Qp-1, X)S is a
saturated chain of prime ideals). Further, it is clear that depth P,.," = depth
(Q4, X)S = depth Qy, fori = 0, 1, ..., n, so depth P,/ = depth Q,_;, hence
ocCcrP/C...CP/ CP,tisamcpil n 4+ 1if and only if depth Q,—1 = 1
(since L is quasi-local). Moreover, since Q;S M D = (Q; M R)D, it readily
follows that Py’ N D = (Q: N\ R, X)D = (P, D, X)D, fori = 0,1, ...,
n (and with Qo = Py = (0)), so the last statement is clear from this and the
fact that (0) CO'NRC...C 0,NR is a mepil n if and only if () C
XDC((QiNR,X)DC...C(Q:NR,X)Disamcpil n + 1.

(2.6) Remark. In (2.5.5). use was made of the fact that if ¢ is a prime ideal
in a strong S-domain 4, then P = (g, X)A[X] is a prime ideal such that height
P = height ¢ + 1 and depth P = depth ¢. Note, on the other hand, if X ¢ Q
is a given prime ideal in A[X] and Q" = (Q, X)A[X] is a prime ideal, then
height Q" > height Q 4+ 1 is possible, even if 4 is Noetherian. For example,
let (R, M) be a local domain and let p be a prime ideal in R such that height
M/p =1, height M > height p 4+ 1, and M = (p, ¥)R, for some y € M.
(Such R, M, and p exist, as can be seen using [3, Example 2, pp. 203-205] in
thecasem > 0.) Let Q = (p, X — y)R[X],so Qisa primeidealand Q N\ R =
p. Also, Q' = (Q, X)R[X] (= (M, X)R[X]) is prime and Q' "R = M.
Therefore height Q = height p + 1 < height M < height M 4+ 1 = height Q".

As mentioned in (2.5.4), I donot know if, in general, L can be chosen to be
a finite local integral extension domain of D in (2.4). However, if just one prime
ideal in B is given (instead of a chain of prime ideals), then L can be so chosen,
as will now be shown.

(2.7) CoroLLARY. With R, B, and D as in (2.4), let Q be a prime ideal in B,
let height Q = h, and let depth Q = d. Then there exists a finile local integral
extension domain L of D which has a prime ideal P such that height P = h,
depthP =d 4 1l,and PN\ D = (Q M R)D, so height P M D = height Q0 N R.

Proof. By [5, (2.9)], there exists a simple integral extension domain R[c] of R
which has a prime ideal p such that p M\ R = Q M R, height p = k, and depth
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p = d. Therefore, by (2.5.3), there exists a local integral extension domain L
of D which has a mcpil & + d 4 1, say (0) C Py C ... C Phias1, such that
height P, = h, depth P, =d+ 1, and P,\ND = (p "YR)D = (Q N\ R)D,
so height P M D = height Q N R.

(2.8) Remark. With the notation of (2.7), the following statements hold:

(2.8.1) In [3, Example 2, pp. 203-205], it is shown that, for all m = 0 and
r = 1, there exists a local domain R whose integral closure has a maximal ideal
N such that height N = m + 1 and height NN\ R = r + m + 1. Therefore,
by (2.7), there exists a finite local integral extension domain L of D such that
L has a prime ideal P such that height P = m + 1 and height PN\ D =

m—+r+ 1.

(2.8.2) It is readily seen, much as in (2.5.5), that there exists a minimal
prime divisor P’ of (P, X)L such that height P’ = h + 1, depth P’ = d, and
PPND = (QN R, X)D, so height P "\ D = height (Q N\ R) + 1.

For the next corollary, the following definition is needed.

(2.9) Definition (7, Section 4]. Let € be the class of local domains R such
that there exists a mcpil # in some integral extension domain of R if and only if
there exists a mcpil # in R.

A number of facts concerning 4 and the rings which are in % are given in
[7, Section 4]. In particular, it is known that for all local domains (R, M),
R(XJor,x) € €17, (4.1.2)].

The following corollary shows that [6, Question 3.15)] has a negative answer.

(2.10) CoroLLARY. There exist local domains R C S such that S is a finite
integral extension of R, R € %, and there exists a« mcpil n in S which doesn’t
contract in R to a maximal chain of prime ideals.

Proof. By [3, Example 2, pp. 203-2C5], there exists a local domain (R,, M)
whose integral closure is a finite Ry-algebra and which has a mcpil m which
doesn’t contract in Ry to a maximal chain of prime ideals. Therefore, by
(2.5.3), there exists a finite local integral extension domain S of R =
Ro[X] 310, x) which has a mepil m + 1 which doesn’t contract in R to a maximal
chain of prime ideals.

It is still an open problem if R in (2.10) can be Henselian. As pointed out
in [6, p. 87], if such Henselian R exist, then the Chain Conjecture (the integral
closure of a local domain is catenary) fails to hold.

Since D € € (7, (4.1.2]), given the mcpil # + 1 in L in (2.4), there exists
amcpilz + 1in D. Is it true that there exists a mcpil n 4+ 1in D, say (0) C p1 C
voo C pupr = (M, X)D, such that height p; = height P, and depth p; = depth
P,(z=1,...,n+ 1), where the P;areas in (2.4)?
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Another application of the construction in the proof of (2.4) will be given
in (2.13). In order to keep from overburdening the statement of (2.13), the
following definition is needed.

(2.11) Definition. Let (*) denote a property of a local domain (R, M) such
that: (i) if S is a finite local integral extension domain of R and R has (*), then
Shas (*); (i) if R(X) = R[X]urix) has (*), then R has (*); and, (iii) if R has
(*), then Rp has (*), for all prime ideals P in R.

(2.12) Remark. (2.12.1) Examples of conditions which satisly (*) are f.c.c
(first chain condition for prime ideals); s.c.c. (second chain condition for prime
ideals) ; pseudo-geometric; and, GB (that is, adjacent prime ideals in arbitrary
integral extension domains of R contract to adjacent prime ideals in R—(see

181)).

(2.12.2) Examples of conditions which satisfy (i) and (ii) in (2.11), but for
which it is unknown if (iii) holds, are: H; (prime ideals of height = 7 have
depth = altitude R — 7 (see [9])); C; (R is H;, H;y1, and every maximal
ideal in the integral closure of R/p has height = altitude R/p, for each prime
ideal ¢ in R such that height p = 1 (see [9])); and, D, (prime ideals of depth
= ¢ have height = altitude R — 1 (see [5])).

(2.13) ties the construction in the proof of (2.4) to the conditions (*).

(2.13) ProrosiTiON, Let (R, M) be a local domain and let D = R X .x)-
If D has a (*) property (2.11), then, for all finite integral extension domains B of
R and for all prime ideals P in B, Bp has the same (¥) property.

Proof. Assume that D has a property (*) and let B be a finite integral exten-
sion domain of R. If B is local, then B has property (*). (For, R(X) does, by
(iii), so R does, by (ii), hence B does, by (i).) Therefore, by (iii), Bp has
property (*), for all prime ideals P in B.

Therefore, assume that B has more than one maximal ideal. Let P’ be a prime
ideal in B and let N be a maximal ideal in B such that P € N. Then, by (iii),
it suffices to show that By has property (*). For this, let S = B[X](zix1—r.x))»
and let L = D + J, where J is the Jacobson radical of S. Then L is a finite
local integral extension domain of D, so L has property (*), by (i). Also, since J
is the conductor of L in S, Lysn . = Sys, s0 Sys has property (*), by (iii).
Finally, Sys = Bx(X), so By has property (*), by (ii), completing the proof.

Concerning the properties (*), if the defining conditions in (2.11) are as-
sumed to be properties of a quasi-local domain R, and if (i) is changed to: if .S
is a quasi-local integral extension domain of R and R has (*), then S has (*);
then, whenever D has a property (*), then so does Bp, for all integral extension
domains B of R and prime ideals P in B. The proof is the same as the proof
of (2.13).

The following important known result follows quite easily from (2.13).
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(2.14) CoroLLARY [4, Theorem 2.21]. If (R, M) is a local domuin such that
D = R[X]y.x) satisfies the f.c.c., then R salisfies the s.c.c.

Proof. If B is a finite integral extension domain of R and Q is a maximal ideal
in B, then, since D satisfies the f.c.c., By satisfies the f.c.c., by (2.12.1) and
(2.13). Also, a mcpil # up to Q in B gives rise to a mcpil # + 1 in a finite local
integral extension domain L of D (2.5). Now D satisfies the f.c.c., so L does
(by (2.12.1) and (2.11) (i)), hence n + 1 = altitude L, so » = altitude R.
Therefore B satisfies the f.c.c., so R satisfies the s.c.c. {3, (34.3)].

As a final comment on (2.13), we note that if it can be shown that (2.11) (iii)
holds for H,, then, using (2.13), it can be shown that the Catenary Chain
Conjecture (the integral closure of a catenary local domain is catenary) holds.
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