
THE A C C U R A C Y OF THE D E T E R M I N A T I O N OF T E R R E S T R I A L R E F R A C T I O N 
FROM R E C I P R O C A L Z E N I T H A N G L E S 

K. R a m s a y e r 
G e o d e t i c I n s t i t u t e o f t h e U n i v e r s i t y o f S t u t t g a r t 

To i n v e s t i g a t e t h e a c c u r a c y o f t h e d e t e r m i n a t i o n o f 
t e r r e s t r i a l r e f r a c t i o n f r o m r e c i p r o c a l z e n i t h a n g l e s 
a n d a s t r o n o m i c a l l a t i t u d e s a n d l o n g i t u d e s a t b o t h 
e n d s o f a l i n e a t e s t n e t w i t h l i n e s f r o m 4 km t o 
23 km w a s o b s e r v e d a n d t h r e e d i m e n s i o n a 1 1 y a d j u s t e d . 
As t h e m e a s u r e m e n t s o f t h e Z e n i t h a n g l e s w e r e r e ­
p e a t e d e v e r y h o u r 4 0 t i m e s i n a n a v e r a g e t h e a d ­
j u s t e d v a l u e s w e r e t a k e n a s a s u b s t i t u t e f o r t h e 
t r u e v a l u e s . I t i s s h o w n , t h a t t h e m e a n r e f r a c t i o n 
c o e f f i c i e n t k , w h i c h i s c h a n g i n g f r o m k = 0 . 1 0 a t 
d a y up t o k = 0 . 3 4 a t n i g h t , a n d t h e c o r r e s p o n d i n g 
r e f r a c t i o n a n g l e c a n be d e t e r m i n e d v e r y a c c u r a t e l y , 
i f b o t h a n g l e s a r e m e a s u r e d s i m u l t a n e o u s l y . O b s e r ­
v a t i o n s w i t h d a y l i g h t a r e b e t t e r t h a n o b s e r v a t i o n s 
i n t h e n i g h t . F o r o b s e r v a t i o n s w i t h d a y l i g h t t h e 
mean d i f f e r e n c e b e t w e e n t h e t r u e r e f r a c t i o n a n g l e 
a t t h e o b s e r v a t i o n s t a t i o n a n d t h e mean r e f r a c t i o n 
a n g l e o f t h e o b s e r v e d l i n e was s m a l l e r t h a n + 1" 
i n d e p e n d e n t o f t h e l e n g t h o f t h e l i n e . T h a t m e a n s 
t h a t t h e m e a n d e v i a t i o n o f t h e t r u e e f f e c t i v e r e ­
f r a c t i o n c o e f f i c i e n t i n t h e o b s e r v a t i o n s t a t i o n a n d 
t h e m e a n r e f r a c t i o n c o e f f i c i e n t o f t h e o b s e r v e d l i n e 
was i n v e r s e p r o p o r t i o n a l t o t h e d i s t a n c e . 

1 . I N T R O D U C T I O N 

I n t h r e e d i m e n s i o n a l n e t w o r k s a n d t r a v e r s e s t h e a c c u r a c y o f 
t h e h e i g h t s i s m a i n l y d e p e n d i n g on t h e a c c u r a c y w i t h w h i c h 
t h e i n f l u e n c e o f r e f r a c t i o n t o m e a s u r e d z e n i t h a n g l e s c a n 
be d e t e r m i n e d . A w e l l k n o w n m e a n s t o d e t e r m i n e t h i s i n f l u e n c e 
i s t o m e a s u r e t h e z e n i t h a n g l e s a n d t h e d i r e c t i o n s o f t h e 
v e r t i c a l s a t b o t h e n d s o f a l i n e P i P £ > F i g . 1 . T h e n we h a v e 
t h e f o l l o w i n g r e l a t i o n s 
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= Z , + 6 . + k 1 C d / 2 r ) p , 
1 m 

+ 6 2 = z ' + k 2 ( d / 2 r m ) p , 
( 1 ) 

"1 ' 

V 
1 » 

: 2 = t r u e z e n i t h d i s t a n c e s o f t h e l i n e P ^ P 2 

z • = m e a s u r e d z e n i t h d i s t a n c e s , 

>2 = r e f r a c t i o n a n g l e s , 

s 2 = r e f r a c t i o n c o e f f i c i e n t s , 

= m e a n r a d i u s o f t h e e a r t h , 

= d i s t a n c e b e t w e e n a n d P £ , 

= 2 0 6 2 6 5 " . 

Fig. 1 

I f we i n t r o d u c e t h e m e a n v a l u e s 

6 = ( 6 + 6 2 ) / 2 a n d k = ( K 1 + K ) / 2 

t h e n we g e t w i t h 

A6 = [6 ~ 6 ) / 2 a n d Ak = ( k - k ) / 2 

z 1 = Z l ' + 6 + A 6 

= z ' + k ( d / 2 r )p + A k ( d / 2 r ) p , 
1 m m 

z 2 = z 2 ' + 6 - A 6 

= z ' + k ( d / 2 r )p - A k ( d / 2 r ) p . 
I m m 

(2) 

(3) 

( 4 ) 
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THE ACCURACY OF THE DETERMINATION OE TERRESTRIAL REFRACTION 2 0 5 

B e t w e e n t h e r e c i p r o c a l z e n i t h a n g l e s we h a v e t h e r e l a t i o n 

z + z = z • + z ' + 26 
1 2 1 2 ( 5 ) 

= z ' + z 2» + 2 k ( d / 2 r m ) p = 180° + y. 

Y i s t h e a n g l e b e t w e e n t h e v e r t i c a l s i n P , a n d P ^ , n e g l e c t i n g 
t h e s m a l l i n f l u e n c e t h a t b o t h v e r t i c a l s a r e n o t e x a c t l y i n 
t h e same p l a n e . F r o m ( 5 ) we c a n c o m p u t e t h e m e a n v a l u e s 

6 = ( 6 1 + 6 2 )/2 = (1 8 0 ° + Y - C z 1 ' + z 2 ' ] ) / 2 , ( 6 ) 

k = (k + k^)/2 = (6/p)C2r / d ) . ( 7 ) 1 2 m x ' 

I f we s e t 

6 1 - 6 2 - 6 r e s p . k 1 - k 2 - k ( 8 ) 

t h e n we g e t a c c o r d i n g t o ( 4 ) t h e e r r o r s 

e = z, - Cz ' + 6] = + A6 = + Ak[d/2r : 1 1 1 m 
e 0 = z n - Cz^' + 6) = - A6 = - Ak(d/2r 2 2 2 m 

(9) 

I f we m e a s u r e b o t h z e n i t h a n g l e s s i m u l t a n e o u s l y , we c a n h o p e 
t h a t t h e i n f l u e n c e o f r e f r a c t i o n t o b o t h a n g l e s i s a p p r o x i ­
m a t e l y t h e s a m e . I n t h i s c a s e we c a n e x p e c t t h a t A6 r e s p , 

1 Ak a n d h e n c e a n d e 0 a r e s m a l l . 

2 . THE T E S T - N E T 

F o r t h e i n v e s t i g a t i o n o f t h e e r r o r s z a n d Ak t h e n e t w o r k 
s h o w n i n F i g . 2 was o b s e r v e d . F o r e a c h l i n e b o t h z e n i t h 
a n g l e s w e r e m e a s u r e d s i m u l t a n e o u s l y , e a c h by 6 s e t s w i t h a 
s t a n d a r d d e v i a t i o n o f ± 0 . 6 " . T h e s e m e a s u r e m e n t s w e r e r e ­
p e a t e d e a c h h o u r , p a r t l y d u r i n g t h e w h o l e d a y a n d a t d i f f e ­
r e n t d a y s . T h e n u m b e r o f r e p e t i t i o n s c h a n g e s f r o m 12 ( l i n e 1) 
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2 0 6 K. RAMSAYI:; 

a n d 60 ( l i n e 7 ) . T h e m e a n v a l u e p e r l i n e i s 4 0 . B e s i d e s t h e 
z e n i t h a n g l e s t h e l e n g t h s o f t h e l i n e s w e r e m e a s u r e d w i t h 
T e l l u r o m e t e r CA 1 0 0 0 . F u r t h e r o n i n a l l p o i n t s o f t h e n e t w o r k 
a s t r o n o m i c a l l a t i t u d e a n d l o n g i t u d e w e r e d e t e r m i n e d w i t h 
Z e i s s N i 2 - A s t r o l a b b y o n e s e t w i t h 20 s t a r s i n a n a v e r a g e . 
T h e o r i e n t a t i o n i n a z i m u t h w a s t a k e n f r o m a n o t h e r t h r e e 
d i m e n s i o n a l n e t w o r k . 

T h e n e t w o r k was a d j u s t e d r i g o r o u s l y t h r e e d i m e n s i o n a l i n an 
e l l i p s o i d a l r e f e r e n c e s y s t e m . T h e c o o r d i n a t e s o f p o i n t 
w e r e g i v e n a n d k e p t f i x . F o r e a c h l i n e a s p e c i a l r e f r a c t i o n 
c o e f f i c i e n t was d e t e r m i n e d f r o m a l l z e n i t h a n g l e s m e a s u r e d 
a t b o t h e n d s o f t h e l i n e . T h e s t a n d a r d d e v i a t i o n s o f t h e a d ­
j u s t e d z e n i t h a n g l e s r e f e r r e d t o t h e a d j u s t e d d i r e c t i o n s o f 
t h e v e r t i c a l s c h a n g e f r o m + 0 . 7 M ( l i n e 1) t o + 1 . 4 " ( l i n e 7 ) . 
T h e r o o t mean s q u a r e i s + T " . T h e s e e r r o r s a r e r e l a t i v e l y 
l a r g e , i f we c o n s i d e r t h e g r e a t n u m b e r o f z e n i t h a n g l e 
m e a s u r e m e n t s . T h e y a r e m a i n l y c a u s e d by t h e m o d e r a t e a c c u r a c y 
o f t h e a s t r o n o m i c a l o b s e r v a t i o n s a n d t h e s m a l l r e d u n d a n c y o f 
t h e n e t w o r k . I n t h e f o l l o w i n g t h e a d j u s t e d v a l u e s o f t h e 
z e n i t h a n g l e s w e r e t a k e n a s a s u b s t i t u t e o f t h e t r u e v a l u e s . 

3 . R E S U L T S 

I n F i g . 3 t o F i g . 6 some r e s u l t s o f t h e i n v e s t i g a t i o n s a r e 
d e m o n s t r a t e d . F i g . 3 s h o w s t h e i n f l u e n c e o f r e f r a c t i o n f o r 

0.00 

-0.05 

Fig. 3 : Line 5 ( P5 P 2) , d= 11.641 km , Aug. 2 5 / 2 6 
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l i n e 5 f r o m p o i n t P r t o p o i n t P~ b e t w e e n 12 h a t 2 5 . A u g u s t 
a n d 12 h a t 2 6 . A u g u s t . The mean r e f r a c t i o n c o e f f i c i e n t k i s 
c h a n g i n g f r o m t h e s t a n d a r d v a l u e 0 . 1 3 a t m i d - d a y a n d 0 . 2 5 
a t m i d - n i g h t . T h e d i f f e r e n c e Ak = kj- - k b e t w e e n t h e t r u e 
r e f r a c t i o n c o e f f i c i e n t k^ i n p o i n t P ^ a n d t h e mean v a l u e k 
v a r i e s b e t w e e n + 0 . 0 1 5 a n d - 0 . 0 1 9 . The q u a d r a t i c mean o f 
Ak i s + 0 . 0 0 9 . T h e e r r o r e r e s u l t i n g f r o m t h e r e f r a c t i o n 
e r r o r Ak c h a n g e s b e t w e e n + 2 . 8 " a n d - 3 . 7 " . F i g . 4 s h o w s 
some r e s u l t s o f l i n e 6 f r o m P ? t o P ? . We s e e a g a i n t h a t k 

Fig. U : Line 6 (f̂ P3) ( d = 16.908 km , Oct. 3IU 

h a s i t s m i n i m u m a t m i d - d a y a n d i t s m a x i m u m a t m i d - n i g h t a n d 
i n t h e e a r l y m o r n i n g . Ak v a r i e s b e t w e e n - 0 . 0 0 4 a n d + 0 . 0 0 3 
a n d e c h a n g e s b e t w e e n - 1 . 2 " a n d + 2 . 3 " . F i g . 5 s h o w s t h e 
i n f l u e n c e o f r e f r a c t i o n f o r t h e l o n g e s t l i n e f r o m 10 h i n 
t h e m o r n i n g t o 10 h a t t h e f o l l o w i n g d a y . H e r e t h e c h a n g e 
o f k a n d t h e e r r o r s Ak a r e r e l a t i v e l y s m a l l . T h e e r r o r s e 
a r e s m a l l t o o , a l t h o u g h t h e l e n g t h o f t h e l i n e i s m o r e t h a n 
20 km. F r o m F i g . 6 f o l l o w s a g a i n t h a t k i s c h a n g i n g v e r y 
m u c h a n d v e r y r a p i d l y d u r i n g n i g h t . N e v e r t h e l e s s Ak d o e s n o t 
e x c e e d 0 . 0 ^ 2 , b u t b y t h e l a r g e d i s t a n c e o f t h e two o b s e r v a ­
t i o n s t a t i o n s t h e r e s u l t i n g e r r o r s e a r e e n l a r g e d up t o 8 . 2 " . 

T a b l e 1 s h o w s t h e m i n i m u m a n d m a x i m u m o f Ak a n d e f o r a l l 
l i n e s s e p e r a t e d f o r d a y a n d n i g h t . F u r t h e r t h e q u a d r a t i c 
m e a n s m^ a n d m o f Ak a n d e a n d t h e n u m b e r n o f r e c i p r o c a l 
z e n i t h a n g l e m e a s u r e m e n t s a r e t a b u l a t e d . We s e e t h a t f o r 
o b s e r v a t i o n s a t d a y m. i s d e c r e a s i n g w i t h d i s t a n c e d f r o m 
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2 1 0 K. RAMSAYER 

+ 0 . 0 1 8 t o + 0 . 0 0 2 , w h i l s t m d i f f e r s o n l y s l i g h t l y f r o m t h e 
m e a n v a l u e o f + 1 " . A t n i g h t e m . a n d m a r e s o m e w h a t l a r g e r 
t h a n a t d a y w i t h e x c e p t i o n o f T i n e 2 . e T h e d e c r e a s e o f m^ 
w i t h d i s t a n c e i s n o t s o m a r k e d a s a t d a y t i m e a n d m i s i n ­
c r e a s i n g w i t h d i s t a n c e . e 

F i g . 7 s h o w s m^ a n d m^ f o r d a y o b s e r v a t i o n s d e p e n d i n g on 

d i s t a n c e d . I n a r o u g h a p p r o x i m a t i o n m h a s t h e c o n s t a n t 
v a l u e e 

rn . = ± 0 . 9 " . ( 1 0 ) 

T h e c o r r e s p o n d i n g e r r o r o f t h e d e t e r m i n a t i o n o f t h e r e f r a c ­
t i o n c o e f f i c i e n t i s 

n K = ± (m /p) C 2 r m / d ) = ± 0.05 5 [Km]/d [km] . ( 1 1 ) 

T h e o b v i o u s d e c r e a s e o f m. w i t h d i s t a n c e may be e x p l a i n e d 
by t h e f a c t , t h a t i n t h e t e s t - f i e l d t h e l i g h t p a t h r u n s t h e 
m o r e t h r o u g h t h e f r e e a t m o s p h e r e t h e l o n g e r t h e l i n e . 

F i g . 8 s h o w s m. a n d m f o r n i g h t - o b s e r v a t i o n s . H e r e m 
i n c r e a s e s w i t h d i s t a n c e f r o m + 0 . 8 " u p + 2 . 7 " , w h i l s t e t h e 
d e c r e a s e o f m^ w i t h d i s t a n c e T s s o m e w h a t s m a l l e r a s f o r 
d a y - o b s e r v a t i o n s . 
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THE ACCURACY OF THE DETERMINATION OF TERRESTRIAL RI FRACTION 211 

4. SUMMARY AND CONCLUSIONS 

1. The influence of refraction to zenith angles changes 
very strongly with day time es pec i a 1 1 y. du r i ng the night. 
The standard value 0.13 for the refraction coefficient 
is a rough approximation from 10 h to 15 h. At night k 
was increasing up to 0.34. 

2. The mean refraction coefficient can be determined with 
good accuracy by measuring the reciprocal zenith angles 
and the astronomical latitudes and longitudes at both 
ends of a line. 

3. The measurements of the reciprocal zenith angles should 
be made simultaneously. In this case the differences 
between the true refraction coefficients at the obser­
vation stations and the mean refraction coefficient are 
small. Observations with day light are better than ob­
servations in the night. 

4. For observations with day light the standard deviation 
of a single set of a zenith angle which is reduced for 
mean refraction was approximately + 1" independent of 
the length of the line. 

5. For observations with day light the mean deviation of the 
true effective refraction coefficient in the observation 
station and the mean refraction coefficient of the ob­
served line was inverse proportional to the distance. 

All together we can say that the determination of refraction 
by reciprocal zenith angle measurements and astronomical 
latitude and longitude observations is a surprisingly 
accurate method. 
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DISCUSSION 

K. Poder: Thank you professor Ramsayer. I must say that apart from 
professor Hradilek and you a lot of the geodetic community should 
actually be very ashamed because we have known how to determine zenith 
distances for more than one hundred years, but obviously nobody has 
really considered it as seriously as you and professor Hradilek have 
done. And I think it is of very much interest. We have professionally 
in Greenland practically only heights by zenith distances, but we have 
never looked so carefully into the matter, I'm afraid to say. So, I 
think this is a very interesting paper. 

J.A. Hughes: There seems to be an inverse proportion between error and 
distance. The further you look the better it is. Could you explain that 
effect to me, a non-geodesist? 

K. Ramsayer: You wonder why the deviation of the true refraction co­
efficient from the mean refraction coefficient of the observed line is 
inverse proportional to the distance. I think that the reason is, that 
the longer the distance is the more we come into the free atmosphere. 
I explain it so. I was also surprised. It is however not always the 
case. If the lightpath goes very near to the earth Ts surface you have 
very uncertain relations. 

K. Poder: I can add that this is really going to change the weightning 
function, which we use for trigonometric levelling. I have assumed that 
it was independent of the distance. It seems that most observation 
equations are rather friendly. And the first equation I had was a very 
unfriendly one, but using your law I think I will get a friendly equa­
tion . 
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