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Abstract

We prove some Banach—Stone type theorems for linear isometries of vector-valued continuous function
spaces, by making use of the extreme point method.
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1. Introduction and preliminaries

The present paper deals with surjective linear isometries between subspaces of
vector-valued continuous function spaces and proves some variants of the classical
Banach-Stone theorem. Extensive research has been made in this direction and
relevant references include [2, 19-22, 27, 32-34] for scalar-valued function spaces
and [1, 3, 5-7, 10, 18, 24, 26, 28, 36] for vector-valued function spaces. The survey
in [23] and monographs in [16, 17] are valuable sources of information. For compact
Hausdorft spaces X and Y and a real or complex Banach space E, we consider an
isometry T : A — B defined on a subspace A of C(X, E) onto a subspace B of C(Y, E),
where C(X, E) denotes the Banach space of all E-valued continuous functions on X
with the supremum norm. The Mazur-Ulam theorem [37] implies that T is a real-
linear isometry whenever 7(0) = 0. When A and B have ‘enough functions’ (see
Condition (S1) and Condition (S2) below) and the duals A* and B* have enough
extreme points (see Condition (ext) below), T is often, but not always, a generalized
weighted composition operator in the sense that there exists a homeomorphism ¢ :
Yp — X4 defined on a subset Y of Y onto a subset X4 of X and a collection of linear
operators (Vy)yey, on E such that

T =V (fle()
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for each f € A and for each y € Y. Moreover, the map y — V, is continuous on
Yy to the space of linear operators on E when the latter is endowed with the strong
operator topology. A natural aim is to find a set of conditions on X, ¥, A, B and E which
guarantees that every linear isometry 7 : A — B is a generalized weighted composition
operator.

We give a framework for obtaining such conditions (Theorem 3.1) and, as its
applications, we show the following results (undefined terminologies will be explained
later). If one of following conditions holds, then every surjective linear isometry
T : A — B is a generalized weighted composition operator for which the subspaces
Yp and X4 are the Choquet boundaries of B and A, respectively (Theorems 3.4, 3.5
and 4.6):

(1) E is strictly convex and reflexive, the dual of E is strictly convex, and A and B
satisfy Condition (S1), Condition (S3) and Condition (M); or

(2) E is reflexive, the dual of E is strictly convex, A and B satisfy Condition (S1),
Condition (S2) and Condition (ext) and Chg(A) = X, Chg(B) = Y and further X is
homotopically rigid; or

(3) E is separable and reflexive, dim E > 3, the dual of E is strictly convex, A and B
satisfy Condition (S1), Condition (S2) and Condition (ext), X is metrizable and
its topological dimension is at most one.

The result (1) follows the same line of reasoning as previous results [1, 6, 18, 25,
28]. On the other hand, (2) and (3) seem to exhibit a relatively new variant in that their
assumptions are involved in the topology of underlying spaces X and Y (see [33] and a
paper by K. Kawamura and Miura, ‘Real-linear surjective isometries between function
spaces,” which has been submitted for publication). The whole of the paper is based
on the extreme point method which is described in [1, 14, 17].

This paper is organized as follows. The rest of this section fixes notation and recalls
some basic results. Section 2 collects some results on extreme points of the dual unit
balls and the generalized Choquet boundaries. These are applied in Section 3 to study
homeomorphisms induced by the adjoint operators of the duals and to obtain a general
framework to derive Banach—Stone type theorems. Results (1) and (2) are proved in
Section 3. Also a previous result, given in [27], on complex-valued scalar function
spaces is reviewed from our viewpoint. Section 4 studies the topological dimension of
the underlying space and the result (3) above is proved.

For a Banach space E over a scalar field F = R or C, the closed unit ball and the unit
sphere are denoted by B(E) and S (E), respectively. For an F-subspace M of E, M
denotes the F-dual of M, the space of all F-linear functionals of M with the operator
norm. For two E-linear spaces L; and L,, Lg(L;, L) denotes the F-linear maps of L;
to L. Under this notation, we have My, = Lr(M, F). For a compact Hausdorff space X
and a Banach space E with the norm || ||, C(X, E) denotes the Banach space of all E-
valued continuous maps of X to E with the sup norm || f||ls = sup,cy Il f(2)Il. An extreme
point of a convex set C of a linear space L is a point £ € C with the property that the
equality ¢ =n + /2 with n,{ € C forces n = ¢ = & (see [12]). The set of all extreme
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points of C is denoted by ext(C). In particular, the extreme points of the closed unit
ball B(E) of a Banach space E are simply denoted by ext(E). Under this notation, a
Banach space E is strictly convex if and only if ext(E) = S(E) (see [31]). For an F-
subspace M of C(X, E) and a point x € X, let 6, : M — E be the evaluation map defined
by 0.(f) = f(x), f € M. Notice that 6, € L(M, E).

In most of the present paper, a subspace A of C(X, E) is assumed to satisfy the
following conditions. For a vector u € E, the constant map ¢, : X — E on a compact
Hausdorff space X is defined by c,(x) = u for each x € X.

(S1) For each u € E, the constant map ¢, : X — E belongs to A: ¢, € A.
(S2) For each pair of distinct points x; and x; of X and for each u € E, there exists a
function f € A such that f(x;) = u and f(x;) = 0.

In the study of function algebras, it is common to assume the following, often
referred to ‘the point separation condition.’

(s2) For each pair of distinct points x; and x; of X, there exists a map f € A such that

f(x) # f(x2).

The following condition, or its variants, sometimes replaces Condition (S1) and
Condition (S2) (see [1, 18]).

(N) For each f € C(X,F) and for each u € E, fc, € A.

Condition (N) above implies Condition (S1) and Condition (S2). A related notion
is the one of a function algebra module: a subspace A of C(X, E), where E is a Banach
space over F, is called a function algebra module if, for each f € C(X,F) and for each
g€eA, fge Al [3).

It is readily seen from the definition that (S2) implies (s2). Our first observation is
that (S2) is equivalent to (s2) for scalar-valued function spaces satisfying (S1).

Lemma 1.1. Let X be a compact Hausdorff space and let A be a subspace of C(X,F)
satisfying Condition (S1). Then A satisfies Condition (S2) for the scalar F if and only
if A satisfies Condition (s2).

Proor. Let A be a subspace satisfying Condition (S1) and Condition (s2). Take an
arbitrary 4 € F \ {0} and take distinct points x; and x,. By Condition (s2), there exists
an fy € A such that fy(x1) # fo(x2). Let fi be the function defined by

fi) = fox) = folx2), xe€X.

By Condition (S1), the function f; belongs to A and we see that fi(x;) # 0 = fi(x2).
Let

fx) = [ fikx), xeX,

which is again an element of A. We obtain f(x;) = 2 and f(x;) = 0, as desired. O
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2. Extreme points of the dual unit balls

Throughout this section, a scalar field F = R, or C is fixed and will be omitted in the
notation. Let E be a Banach space over F and let X be a compact Hausdorff space. The
F-dual of E is simply denoted by E*. Observing that £ o d, is an F-linear functional on
C(X, E), we define a set Ex g of C(X, E)* by

SX,E = {f 00, | f € ext(E*), X € X},

where ext(E™) denotes the set of all extreme points of the unit ball of E*. A natural
map Dy g : ext(E*) X X — Ex g is defined by Oy (£, x) = ¢ 0 5,. When ext(E™) and
C(X, E)* are endowed with the weak*-topology, the map @y g is continuous. For an
F-subspace A of C(X, E), it is known from [8, Lemma 3.3] that

ext(A*) C Exk.

Condition (S1) and Condition (S2) imply the injectivity of ®x g, as shown in the
following lemma.

LemmA 2.1. Assume that a subspace A satisfies Condition (S1) and Condition (S2). If
fl © 6x1 |A = 62 o 6X2|Af0r§l’§2 € E* \ {O}a .X], xZ € X) then (é‘:l’-xl) = (527)(:2)'

Proor. The hypothesis means that &(f(x;)) = &(f(xp)) for each f € A. By (S1),
E1(m) = &1(cu(x1)) = &E(cu(x2)) = &(u) for each u € E. Hence &) = &. Suppose that
x1 # x and take u € E such that & (u) # 0. By (S2), we may find an f € A such that
f(x1) = u, f(xp) = 0. This yields a contradiction, as

0# &) =&61(f(x1) =&(f(x) =6(0)=0. mi
For a subspace A of C(X, E), let
Dy = Oy pl(Pxp) ' (ext(A)) : (Pxp) ™' (ext(A")) — ext(A¥)

be the restriction of @y g to the set ((1)“-)‘1 (ext(A¥)). At the presence of the conditions
(S1) and (S2), @, is a bijection, by Lemma 2.1. Also, @4 is continuous when the duals
are endowed with the weak*-topology. Moreover, the compactness of X implies the
following lemma which seems to be well known to the experts. A proof is sketched
below for completeness.

Lemma 2.2. Assume that a subspace A satisfies Condition (S1) and Condition (S2).

Then the map ®4 is a homeomorphism.

SkeTcH oF Proor.  Take a net (&,, x,), and a point (&, x) in (®@x £)~! (ext(A*)) such that
Ox £((€a» X)) = Px £((€, x)). This implies that

Ea(f(x)) = £(f (X))
for each f € A. For each u € E, we see that &,(u) = &,(c,(x,)) — &€(cy (%)) = £(u) and
hence
§a > & .1
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in the weak*-topology. By the compactness of X, the net (x,) contains a convergent
subnet. Let (x,(,)) be an arbitrary such subnet so that x,.,) — xp. This, together with
(2.1), implies that &,y © 0,y — &€ o d,, and hence we obtain the equality

é’fodx():éfoéx.

By Lemma 2.1, x = xo and hence x,(,) — x. Since (x,(,)) is an arbitrary convergent
subnet of (x,), we see that the net (x,) itself converges to x. O

We follow [1] to define the Choquet boundary Chg(A) as the set
Chg(A) ={x € X | £0 6, € ext(A") for some & € ext(E™)}.

Here the target vector space E is designated in order to be distinguished from the
usual Choquet boundary for which E = C. A complexity we encounter when dealing
with vector-valued function settings is that, for some x € Chg(A), there may exist a
& e ext(E*) such that & o ¢, ¢ ext(A™) (see [1, Example 3.2]). This obstacle leads us
to consider the following condition on A.

(ext) For each x € Chg(A), we have € o §, € ext(A*) for each £ € ext(E™).
Under the assumption (ext) on A,
(Dxp) " (ext(A")) = ext(E") X Chg(A)
and Lemma 2.2 is rephrased as follows.

ProrosiTion 2.3. Assume that A satisfies Condition (S1), Condition (S2) and Condition
(ext). Then the map @4 : ext(E*) X Chg(A) — ext(A*) is a homeomorphism.

Condition (ext) plays an important role in the proof of Theorem 3.1. A sufficient
condition for a subspace A to satisfy the condition (ext) above is given by
Proposition 2.4 below. A consequence of [35, Theorem 1.1] and [29] is that for a
real Banach space E, a subspace A of C(X, E) satisfies Condition (ext) if it satisfies the
condition (N).

ProposiTioN 2.4. Let A be a subspace of C(X, E) and x be a point of X satisfying the
following conditions.

(a) A satisfies Condition (S1).

(b) Foreach f € Awith f(x) =0 and for each € > 0, there exist a neighborhood U of
x and f, € A such that ||f — fello < € and f,|U = 0.

(c) Foreach & € S(E™) and for each neighborhood U of x, there exists an f € A such
that ||flle = 1 = &(f(x)) and fIX\ U = 0.

Then & o 8, € ext(A¥) for each & € ext(E*). In particular, if each point of Chg(A)
satisfies the above conditions (a)—(c), then A satisfies Condition (ext).
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Proor. The following proof uses the ideas of [1, 8, 10]. Take an arbitrary & € ext(E™)
and suppose thaté o 9, = %(77 + () for some 7, { € B(A*). First, we show that, for f € A,

fx) =0=n(f) ={(f) =0. (2.2)

Case 1. Assume that ||f]lo <1 and, moreover, assume that f|N =0 for some
neighborhood N of x.

By the assumption (c), there exists a g € A such that ||g]|lc = 1 = &(g(x)) and
glX \ N =0. Then |n(g)| < |Inllligll< = 1 and, similarly, |{(g)| < 1. From these, together
with the equality 1 = £(g(x)) = %(n(g) + £(g)), we conclude that n(g) = {(g) = 1. Let
h=f+geA. We see easily that ||kl < 1 and thus (k)| < 1 and |{(h)] < 1. Also,
from the above,

1= &(h(x)) = & 0 6,(h) = 5(n(h) + L(h)),

and this leads to the equality n(h) = {(h) = 1. Combining this with n(g) = {(g) = 1, we
conclude that n(f) = £(f) = 0.

Case 2. If the function f € A has the norm at most one, then, for each £ > 0, we apply
the assumption (b) to find a function f; such that

”fE_f”OO <ég, fa'UaEO

for some neighborhood U, of x. By what has been proved in Case 1, we see that
n(f:) = 0 from which we derive [n(f)| < & (note ||n|| < 1). Since & is an arbitrary positive
number, we conclude that n(f) = 0.

Case 3. General case: for a function f € A with f(x) = 0, take a sufficiently large
N > 0 such that ||[f/N|lo <1 and apply the conclusion in Case 2. We see that
n(f/N) = 0 and therefore n(f) = 0. This proves (2.2).
By (2.2), we may find 7, € E* such that
77:)_706)(7 {:Zoék
By assumption (1), ¢, € A and thus, foru € E,

7@l = n o 6x(c)l < lImllliculleo = llull.

Hence ||| < 1 and, similarly, [|Z]] < 1. Now

£0b, =5+ =506, +L06y),

and the assumption & € ext(E*) forces & = ij = £ and hence & o §, = y = £, which is to
be shown. O

It should be noticed here that Condition (ext) is satisfied by subspaces of scalar-
valued continuous functions (see, for example, [16, Corollary 2.3.6] for a proof).
This fact is naturally generalized to vector-valued function settings, as follows. For
a Banach space E and a subgroup I of L(E, E), the group I naturally acts on the space
C(X, E) by the action

- Hx) =y(f(x), vel, feCXE), xeX
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We say that a subspace A of C(X, E) is I'-invariant if y - f € A whenever y € I" and
f €A. Let U(E) be the group of linear isometries on E. A U(E)-invariant subspace is
called a unitarily invariant subspace. Our generalization is stated in the Hilbert-space
setting.

Lemma 2.5. Let E be a Hilbert space and let " be a subgroup of U(E) which acts
transitively on S (E). Then every I'-invariant subspace A of C(X, E) satisfies Condition
(ext).

Proor. Let (-, ) be the inner product on E. For an element y € I, define y} : A* — A*
to be the linear isometry by the formula

VAN =€ ). E€A’, feA.
The above y - vy} defines an action of I' on A* by linear isometries. We show that

for each &, € S(E*) and foreach x € X thereexistsay el
such that Y4 (£ 0 6) =no 6. (2.3)

Proor oF (2.3). By the Riesz representation theorem, there exist a, a, € E such that
&) = (u, az) and n(u) = (u, a,) foreach u € E. Since &£, 17 € S(E"), ag, a, € S(E). Take
an element y of I such that y(a¢) = a,,. Then, for each f € A,
YA€ 0 8)(f) = E0 sy /)

= & Hx)

=07 (F@) = (7 (), ag)

= (f(x),¥7(ag))

= (f(x), ap) = n(f(x))

=110 6x(f).
This proves (2.3).

For each x € Chg(A), there exists a & € ext(E™) such that £ o §, € ext(A*). For an

arbitrary 7 € ext(E™), choose an element y € I" such that y} (£ o 6,) = n o J,, by (2.3).

Since vy} is an isometry, v} (ext(A™)) = ext(A™) and thus we see that n o §, € ext(A"), as
desired. O

‘We conclude this section with a well-known lemma.

LeEmMA 2.6. Let E be a Banach space. For each u € E there exists & € ext(E™) such that
Eu) = lull
Proor. Let & be the subset of E* defined by

E={E€ ETTIIEIN < 1, Q) = [lull},

which is nonempty by the Hahn—Banach theorem. It is also a convex and weak*-
compact subset and hence, by the Krein—Milman theorem, it has an extreme point
¢ € ext(E). We show that £ is an extreme point of B(E™).
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Suppose that & = %(af + ) with @, € E* and |||, ||Bll < 1. Then |u|| = &(u) =
%(a/(u) + B(u)) and |a(u)|, |B(u)| < ||ul|. The last equality implies that a(u) = B(u) = ||u]
and hence @, 8 € . Then we obtain the desired conclusion: thatis, @ =8 = &. O

3. Linear isometries of function spaces and induced homeomorphisms of
extreme points

Let T : A — Bbe a surjective isometry between linear subspaces A and B of C(X, E)
and C(Y, E), respectively, where E is a real or complex Banach space. The Mazur—
Ulam theorem [37] states that T is a real-linear isometry whenever 7(0) =0. If E
is a complex Banach space, A and B are complex subspaces and T is a real-linear
isometry, then we regard E, C(X, E) and C(Y, E) as real Banach spaces and consider
the real duals.

Fix a scalar field F = R, C. Let E be a Banach space over F and let A and B be F-
subspaces of C(X, E) and C(Y, E), respectively, that satisfy Condition (S1), Condition
(S2) and Condition (ext). Assume that 7 : A — B is an F-linear surjective isometry
and we consider the F-duals Ay and By and the F-adjoint 7 : B — A, which is a
surjective F-linear isometry and thus satisfies T (ext(By)) = ext(Ag). In what follows
until Example 3.7, we will omit the scalar field F from the notation. Proposition 2.3
implies that

Dy : ext(E) X Chg(A) — ext(AY),
®p : ext(E™) X Chg(B) — ext(B¥)

are both homeomorphisms. They, together with the adjoint 7*, induce a homeomor-
phism
7=®,' o T" 0 O : ext(E*) X Chg(B) — ext(E*) x Chg(A).

Let
(1, y) = (@, y),¢(m,y)), (11,y) € ext(E*) X Chg(B),

where (a(1,y), ¢(17,y)) € ext(E*) X Chg(B). This defines continuous maps
a : ext(E™) X Chg(B) — ext(E™)

and
¢ : ext(E*) X Chg(B) — Chg(A).

It is convenient to use the following notation to rewrite the above as
T*(no 0y) = a(n, Yoy, (1) € ext(E*) x Chg(B). 3.1

For y € Chg(B) and 1 € ext(E™), let ay, : ext(E™) — ext(E™) and ¢, : Chg(B) — Chg(A)
be continuous maps defined by

ay(n) = a(n,y), ne€ext(E"),

e () = ¢(,y), y€Chg(B). (3.2)
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Similarly, the adjoint operator (T~')* = (T*)~! : A* — B* induces two continuous maps
B ext(E*) X Chg(A) — ext(E"),
¥ ext(E*) X Chg(A) — Chg(B),
which are defined by the formula
(T*) (€ 06,) = BE X) 06y, (£,%) € ext(E™) X Chg(A). (3.3)
Asin (3.2), set

Bx(&) =B(&, %), & € ext(E"),
Ye(x) =¢(&, %),  x € Chg(A).

Writing down the equalities 77 0 9, = (T 'T*(y o 0y) and £0 0, = T*(T*) (€0 6,),
according to (3.1) and (3.4), we obtain, for each y € Chg(B), x € Chg(A), and for each
n,& € ext(E™),

(34)

n = plam,y), ¢(1n,y)), (3.5
y =¢(a@,y), e, y), (3.6)
&= a(BE, x), Y&, x)), (3.7)
x = (B, x), Y(&, x)). (3.8)

The following theorem reduces a derivation of a Banach—Stone type theorem to
a problem of verifying a set of conditions on the above maps. This is a common
framework in previous works, for example, [1, 3, 9, 10, 27, 34].

TueorEM 3.1. Let X and Y be compact Hausdor{f spaces and let E be a Banach space
over F (FE=R or C). Assume that A and B are subspaces of C(X, E) and C(Y, E),
respectively, both satisfying Condition (S1), Condition (S2) and Condition (ext). For a
surjective B-linear isometry T : A — B, we have the following.

(a) Foran arbitraryy € Chg(B), let V, : E — E be the linear operator defined by
Vi) =Te,(y), u€ekE, (3.9)
andlet Ay = Vy : E* — E”, the adjoint operator of Vy. Then we have the following.

@) IVl =liA,0 < 1.

(a.2) Ay|ext(E") = ay.

(@.3) The map y +— V,: Chg(B) — L(E, E) is continuous where the space
L(E, E) is endowed with the strong operator topology.

(b) Suppose that ¢, = ¢,, for each n,n; € ext(E™) and let ¢. = ¢, : Chg(B) —
Chg(A). Then we have the following.

(b.1) Foreachy € Chg(B), |[V,]|=1.
(b.2) Foreach f € A and for each y € Chg(B),

Tf(y) = Vy(f (@) (3.10)
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(b.3) The map ¢, : Chg(B) — Chg(A) is a continuous surjection. If the maps
«, and By are injective for each x € Chg(A) and y € Chg(B), then ¢, is a
homeomorphism.

(c) Assume that E* is strictly convex so that S(E*) = ext(E*). Then we have the
Jfollowing.

(c.1) The maps ay: S(E*) = S(E™) and B, : S(E*) — S(E*) are injective for
each x € Chg(A) and for each y € Chg(B).

(c.2) Suppose that ¢, = ¢, for each n1,m € S(E*) and let ¢, = ¢,. Then ay
is a homeomorphism for each y € Chg(B) and Ay =V} is an isometric
isomorphism. 1If, moreover, E is reflexive, then V, is also an isometric
isomorphism.

The injectivity/bijectivity of maps involved in the above theorem are summarized
in the following Lemma.

Lemma 3.2. (a) We have the following implications.

(a.1) Suppose that ¢, = @y, for each 11,1, € ext(E*) and let ¢. = ¢,. Then a, is
injective for each y € Chg(B), By is surjective for each x € Chg(A) and .
is surjective.

(a.2) Suppose that g, = Y, for each £1,& € ext(E™) and let y, = g, Then B, is
injective for each x € Chg(A), ay is surjective for each 'y € Chg(B) and .
is surjective.

(b) Assuming that ay and (3, are injective for each x € Chg(A) and for each y €
Chg(B), consider the following eight conditions.

(1) @y, =@y, for each ni, > € ext(E).
(2) ¢y is bijective for each 1 € ext(E™).
Q) Yg =g, foreach &,& € ext(E™).
(4) g is bijective for each & € ext(E™).
(5)  ay, =a,, foreach y,y; € Chg(B).
(6) «, is bijective for each y € Chg(B).
(7) By, =By, for each x1, x, € Chg(A).
(8) B, is bijective for each x € Chg(A).

We have the following implications and equivalences.

H = 2 © ® < O

g ()
B = @ o O < O

(c) When the above condition (1)(< (3)) holds, the map ¢, := ¢, is a homeo-
morphism with the inverse ¢;' =, 1= Ve

Theorem 3.1 is proved after the proof of Lemma 3.2. In what follows up to
Example 3.7, we will keep the notation above and, also, Condition (S1), Condition (S2)
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and Condition (ext) on subspaces A and B are always assumed, unless stated otherwise.
The assumptions on Banach spaces will be explicitly stated each time. We start with a
proof of Lemma 3.2.

Proor or LEmma 3.2. (a) Suppose that ¢, = ¢,, for each 5,7, € ext(E*) and let
Px = Pn-
First, we show that a, is injective. Assume that a,(17;) = @,(172). Then, by (3.5) and

the assumption,

m = Blay(m), ¢.(n) = Blay(112), () = 2,
and hence ay, is injective. Next, we show the surjectivity of 8. For each n € ext(E"),
let y = (1, x). By the assumption and (3.8),

@(,y) = e(B(n, x),y) = @B, x), Y(1, X)) = x.
Hence, by (3.5),

Bxla(m,y)) = Bla(n,y), x) = Bla(n,y), ¢(n,y)) =7,

as desired. In order to prove that ¢. is surjective, fix an arbitrary n. For each
x € Chg(A), use the surjectivity of 3, to take a & such that 8,(¢) = . Then

@Y€, x)) = p(BE&, x), Y (£, X)) = x,
by (3.8). Hence ¢. is surjective.
This proves (a.1) and a symmetric argument proves (a.2).
(b) Assume that a, and B, are injective for each x € Chg(A) and for each y € Chg(B).
We show that the implications and equivalences given by
=@ =2, (Hh=0), O)=(() and (7)== (8)

hold. The other implications/equivalences are proved by symmetric arguments.
(1) = (8). Assume that ¢, = ¢,, for each n;,7,. By (a.1), we see that g, is
surjective, and is bijective because S, is injective, by our starting assumption. The

inverse map is given by 8;!(n) = a(, ¥ (1, x)).

(8) = (2). We suppose that S, is bijective for each x € Chg(A) and prove that ¢, is
a bijection. For an arbitrarily fixed n € ext(E*), let ¢/ : Chg(B) — Chg(A) be the map
defined by

b)) =y ), %), x € Chg(A).
We verify the equalities ¢ o ¢, = id and ¢, o ¢ = id. For an arbitrary y € Chg(B), let
& = (B, )" (). Then, by (3.5),

Be,»(&) =n=pBa®,y), e, y) = By, (a(@,y)),
and, by the injectivity of B, (), we obtain & = a(n, y). Thus we see that

&(SDU(Y)) = ';[’((ﬁtp,,(y))_l(n)’ ‘;Dn(y)))
= Y&, oy () = Yla(n, y), ¢(1,))
=y (by (3.0)),
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which proves that § o ¢, = id. For the other equality, take x and let & = B () so
that (x) = Y(&, x). Then we obtain

e (W(x) = o(n, Y(x))
= (B, x), Y&, x))
=x (by(3.8)),

as required. This proves that ¢ is the inverse map of ¢,

(2) = (8). Suppose that ¢, is bijective for each 7. In order to prove that 8, is a
bijection for each x € ext(E™), take an arbitrary n € ext(E*) and lety = (go,])_l (x). Then,
by (3.5),

n = plam,y), ¢m,y) = Bxla(n, y)),

and hence S, is surjective and thus is bijective. The inverse map ;! is written as
B () = a(n. ¢, (x)).

(1) = (3). We assume that ¢,, = ¢,, for each 51,7, and let ¢, = ¢,. In order to
show that i, = y,, take an arbitrary x € Chg(A) and apply (3.8) and the assumption
to see that

Qo(ﬁ(é:Za X), lﬁ(fZ» .X')) =X= Qo(ﬂ(fl B .X'), l//(fl > X)) = S"(B(‘fz, .X'), l//(fl > X))

By the implication (1) = (8) < (2) proved above, we know that ¢g¢, ) = ¢ is a
bijection, from which we obtain (&1, x) = (&, x). This proves that ¢z, = ,.

(7) < (5). We suppose that 5, = f,, for each x;, x; € Chg(A) and show that
ay, = ay, for each yi,y, € Chg(B). For each n, let x; = ¢(n,y1) and x, = ¢(17,y2). By
the assumption and (3.5),

B, (@@, 1)) = By, (a(n, y1)) = Bla@, y1), ¢(1,¥1))
=n=B(a(n,y2), ¢(n, y2))
= Isz (CZ(TI, yZ))

The injectivity of §,, implies that a(n,y;) = a(n, y>). Hence ay, = a,,, as required. The
converse implication is proved by an argument that is symmetric to the above.

(7) = (8). Suppose that 8,, = S,, for each x;, x, € Chg(A) and we show that
B+ := By is a bijection. In view of the equivalence (7) & (5), let @, = a, for an arbitrary
y. Take an 7 € ext(E™) and let ¢ = a.(17). Then, by (3.5),

ﬁ* (f) = ﬁtp(n,y)(é‘:)
=B ¢, y) =1.

Hence . is surjective and thus is bijective, and the inverse is given by 87! = a.

https://doi.org/10.1017/51446788715000518 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788715000518

[13] Linear surjective isometries between vector-valued function spaces 361

(c) Assume that the condition (1)(<= (3)) holds in (b) and let ¢. := ¢, and ¢, = .
We see directly from (3.6) and (3.8) that ¢! = y,. The continuity of these maps ¢.

and ¢, are a direct consequence of that of ¢ and ¢ ((3.1) and (3.3)) and hence each of
those maps is a homeomorphism that has the other as its inverse.
This completes the proof of Lemma 3.2.

|
Proor oF THEOREM 3.1.

(a) Let V, be the operator defined by (3.9) and let A, be the adjoint operator of V.
By definition, for each 7 € E* and for each u € E,

Ay(mu) = n(Vy(w)
=n(Tc,(y))=no 6y(cu)
= T*(Tl © 6}')(Cu)~

If n € ext(E™), then the last term of the above is equal to

(1, Y)op(.y) (i) = a(m, y)(u) = ay(m)(u)

(see (3.1) and (3.2)) and hence ay,(n) = A,(7). This proves statement (a.2). The
continuity of the map y — V, : Chg(B) — L(E, E) is a direct consequence of (3.9).
In order to show the inequality ||Vy|| < 1, observe that
Vy@ll = ITc. Wl

< ”TCuHoo = ||Cu||oo

= lul].
Hence we have ||V,|| < 1. This completes the proof of (a).

(b) and (c).

Assume that ¢, = ¢,, for each n,7, € S(E*) and let ¢, = ¢, :
Chg(B) — Chg(A). In order to prove (3.10), we first show that

for each f € A with f(¢.(y)) =0, we have T f(y) = 0.

3.11D)
In fact, for each n € ext(E™),

n(Tf) =T (nod)f

= (1, Y)04.0»(f) = ay(M(f(@:()))
=0.

Applying Lemma 2.6, we obtain the conclusion (3.11). Notice here that, in order
to obtain the above conclusion from Lemma 2.6, we need to have the equality

(T f(y)) = 0 for each n € ext(E™). This is where we rely on Condition (ext).
The above (3.11) implies that

Tfi(y) =Tf(y) whenever fi(¢.(y)) = (@), fi, 2 € A.

In particular, T f(y) = Tcy.(y) for f € A. Then, by definition (3.9), we obtain the
desired formula (3.10).
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For the proof of the equality of (b.1), it suffices to show that ||V,|| > 1. For the
proof, take a u € E such that |[u|| = 1 and let f = T~'c,. Then ||fle = llcullo = 1. Also,
by (3.10),

L= lull = IT DIl = IV (f (@I
< [Vl (Ol
< VI Aleo = VI,

and hence we obtain ||V,|| > 1, as desired.

By Lemma 3.2(a), ¢, is a surjection. If 8, and «, are injective for each x €
Chg(A) and y € Chg(B), then Lemma 3.2(b) and (c) apply to conclude that ¢, is a
homeomorphism. This proves the statements of (b).

Assume, further, that E* is strictly convex so that S (E™) = ext(E*). First, we show
that, for each n € E*,

Ay Il = linll- (3.12)

Foreachn € E* \ {0}, n7/llnll € S (E*) = ext(E™). Hence its image o, (/|[7l]) is in ext(E™)
and, in particular, has norm one. Thus we see that

il
(il

This proves (3.12). Since A, is an extension of a,, it follows from this that @, is
injective. By repeating the above argument for 7~!, we obtain the same conclusion
for 8. This proves (c.1). In order to prove (c.2), assume ¢, = ¢, for each
n,n2 € S(E”) and let ¢, = ¢, : Chg(B) — Chg(A). The implication (1) = (6) of
Lemma 3.2(b) shows that «, : S(E*) — S(E™) is a bijection on the unit sphere of E*.
Then A,, as a linear extension of «,, is a linear isomorphism as well as an isometry
(by (3.12)). If, moreover, E is reflexive, the operator V, : E = E* — E is also an
isometric isomorphism. This completes the proof of (c) and completes the proof of
Theorem 3.1. O

A (Il = [l

= Il

= [Inll.

In [6, Proposition 3.2], Botelho and Jamison proved the condition ‘e, = a,,’,
that is, the condition (5) of Lemma 3.2(b), under the hypothesis that T preserves
the constant functions. Then they appeal to the Ding-Liu extension theorem [30,
Corollary 2, page 963] to obtain an linear extension of «,. Assuming, further, that
E is reflexive, they obtain a linear map V, : E — E to prove that T is a generalized
weighted composition operator. The idea of applying the reflexivity in the proof of
Theorem 3.1(c) was adopted from their argument.

Some of the previous works study sufficient conditions that guarantee the condition
‘op, = ¢y, from which we conclude that T is a generalized weighted composition
operator. These conditions have generally been stated in terms of some separation
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properties of the subspaces A and B. Theorem 3.4 is a result in this direction and its
proof follows arguments given in [1, 10, 18]. For a subspace A of C(X, E), we consider
the following condition.

(S3) For each x € Chg(A), for each neighborhood U of x and for each u € E, there
exists an f € A such that || f||c = |lull, f(x) =uand fIX\ U = 0.

Notice that Condition (S3) implies Condition (S2).

Tueorem 3.3 (Cf. [1, 10, 18]). Assume that E is strictly convex and reflexive, and
assume, further, that A satisfies Condition (S1), Condition (S3) and Condition (ext).
Then, for each 1,12 € ext(E"), @, = ¢@p,.

Proor. Let y € Chg(B). We prove that there exists an x € Chg(A) such that for each
n € ext(E"),
T*(n o dy) = & o 6, for some & € ext(E™).

From this, and Lemma 2.1, we conclude that ¢,(y) = x for each € ext(E™). First, we
show the following.

Cram 1. Suppose that T*(17 0 6,) = £ o 6, for |Inll = €l = 1. If a function f € A satisfies
fIU = 0 for a neighborhood U of x, then (T f)(y) = 0.

Proor or Cram | (Cr. PrOOF OF ProposiTiON 2.4). We may assume at the outset that
llflle = 1. By the reflexivity, there exists a vector u € E with |jul| = 1 such that
&) = |lull = [I€]l = 1. By Condition (S3), there exists a function f; € A such that

Ifille = 1, fi(x) =u and filX\U=0. Let g=f+fi and h = 3(g+ fi) = fi + 3/
Then we see that g(x) = A(x) = u and also ||g||c = ||%||cc = 1. Furthermore, we see that

n(T /i) =T (o 6y) = £(f1(x) = &) = lull = 1,
and we obtain, in the same way, that n(Th(y)) = n(Tg(y)) = 1. It follows that
T i) = IITgWIl = ITh)|| = 1 and in, particular, Th(y) is an extreme point of B(E),
by the strict convexity of E. Now the equation
Th(y) = 3Tfi() + 3T80)
forces that Th(y) = T fi(y) = Tg(y). This implies that %(Tf)(y) =0, as desired.
The proof will be complete once we have shown the following.
Cram 2. If T*(my 0 6y) = &1 © 6y, and T*(172 0 6y) = & © Oy, then x; = xa.

Proor oF Cramv 2. Suppose that x; # x, and take u € E such that &(u) # 0. By
Condition (S3), we may find a neighborhood U of x; and a map f € A such that
[lfllo = lleell, f(x2) = uand f|U = 0. By Claim 1, we see that T f(y) = 0, which leads to
the contradiction

0=m(Tf(y) =T"(m206,)(f) = &E2(f(x2)) = Ex(u) # 0.

Thus x; = x, and the proof is complete. O
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In summary, we obtain the following theorem.

TueOREM 3.4. Let X and Y be compact Hausdorff spaces and let E be a strictly convex,
reflexive Banach space. Assume that A and B are subspaces of C(X, E) and C(Y, E),
respectively, and that both satisfy Condition (S1), Condition (S3) and also:

M) for each f € A with f(x) = 0 and for each &€ > 0, there exist a neighborhood U of
x and f, € A such that ||f — f.|| < € and f,|U = 0.

Let T : A — B be a surjective linear isometry.

(a) There exists a continuous surjection . : Chg(B) — Chg(A) and a collection
(Vy 1 E — E) of linear operators with ||V,|| = 1 and

(T H) = Vy(f(e«() foreach f € A and for each'y € Chg(B).

The map y — V, is continuous with respect to the strong operator topology on
L(E,E).

(b) If, furthermore, the dual E* is strictly convex, then the above map ¢. is a
homeomorphism and V, is an isometric isomorphism for each y € Chg(B).

In particular, if A and B are function-algebra modules in the sense of Section 2, then
the above conclusions hold.

The last assertion has been known in the literature under weaker assumptions on
the Banach space E. See, for example, [18] and [17, Theorem 7.5.9], while the subset
on which the homeomorphism ¢, is defined does not necessarily coincide with the
Choquet boundary. See also [1, Theorem 4.3].

Proor. Condition (M) is exactly the hypothesis (b) of Proposition 2.4. We show that A
and B satisfy the hypothesis (c) of Proposition 2.4;

e foreach £ € S(E™) and for each neighborhood U of x, there exists an f € A such
that || flle = 1 = £(f(x)) and fIX\ U = 0.

Indeed. there exists a u € E such that £(u) = 1 = ||u||, by the reflexivity of E. Take an
feAsuchthat | fllo =1, f(x) =uand fIX \ U =0, by (S3). Then &£(f(x)) =1 and f
is the required function. The above, with Condition (S1) via Proposition 2.4, implies
that A satisfies Condition (ext). The same is true for B.

Applying Theorem 3.3, we see that ¢, = ¢,, for each 1y, 7, € ext(£™). Let ¢, = ¢,,.
By Theorem 3.1(b), (c) and the reflexivity of E, there exists a continuous surjection
¢, : Chg(E) — Chg(A) and a collection (V),ecn,(p) of linear operators with the desired
properties. This completes the proof. O

By the use of Lemma 2.5, we may replace the assumptions on E, A and B in the
above theorem by

E is a Hilbert space and A and B are unitarily invariant
subspaces satisfying Condition (S1) and Condition (S3),

to obtain the same conclusion.
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As mentioned in Section 1, the above theorem follows the same lines as that of
previous results, for example [1, 6, 18, 25, 28]. In these previous works, deriving the
existence of well-defined maps ¢. and V) from (3.1), and verifying their continuity,
requires involved arguments. In our set-up, these verifications are built into the
statements of Propositions 2.3 and 2.4 and Theorem 3.1.

Homotopical rigidity is another condition on a compact Hausdorff space X which
forces every linear isometry between function spaces over X to be a generalized
weighted composition opearator. We say that a topological space M is homotopically
rigid if each continuous map # : [0, 1] — M is a constant map. If M is homotopically
rigid, then every homotopy H : Z X [0, 1] — M of a space Z to M must be trivial in
the sense that H(z,t) = H(z,0) for each (z, ) € Z X [0, 1]. Besides totally disconnected
spaces, connected examples include hereditarily indecomposable continua (see, for
example, [11, 13]). There even exists a planar hereritarily indecomposable, and hence
homotopically rigid, compact connected space [4]. Let X and Y be compact Hausdorff
spaces and let A and B be subspaces of C(X, E) and C(Y, E), respectively. Assume
that X is homotopically rigid, E is reflexive and that E* is strictly convex so that
S(E*) = ext(E™). A surjective isometry 7' : A — Binduces amap ¢ : S(E*) X Chg(B) =
ext(E*) X Chg(B) — Chg(A) C X, as in (3.1). For each ny,n; € S(E*), there exists
a path (7,)o<<1 from ng to i in S(E*). Then (¢, )o<i<i is a homotopy and, by the
homotopical rigidity, ¢,, = ¢;,,. Therefore Theorem 3.1 yields the following theorem.

TueOrREM 3.5. Let X and Y be compact Hausdorff spaces and let A and B be subspaces
of C(X,E) and C(Y, E), respectively. Assume that A and B satisfy Condition (SI),
Condition (S2) and Condition (ext) and assume, further, that E is reflexive and E*
is strictly convex. If X is homotopically rigid, then every surjective linear isometry
T : A — B is a generalized weighted composition operator

Ty =V (fle.(0), [fe€A yeY,

where ¢, 1 Y — X is a homeomorphism and (Vy : E — E)yechyp) I a continuous
collection of isometric linear isomorphisms.

ReMark 3.6. In view of the comment after Theorem 3.4, we see that assumptions on E,
A and B are replaced by ‘E is a Hilbert space, A and B are unitarily invariant subspaces
satisfying (S1) and (S2)’ to obtain the same conclusion.

ExampLE 3.7. As an illustration of previous results, we review a Banach—Stone type
theorem for C-valued continuous function spaces.

Let A and B be C-subspaces of C(X,C) and C(Y,C) where X and Y are compact
Hausdorft spaces. We assume that A and B satisfy Condition (S1), and also that they
separate the points of X and Y, respectively, in the sense of (s2). Let T : A — B be
a surjective isometry such that 7(0) = 0. The Mazur—Ulam theorem [37] implies that
T is a real-linear isometry. We show that T is a generalized weighted composition
operator under some additional hypotheses on A and B.
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First, let us make some preliminary considerations. Let R : C — R? be the map
defined by
R(a +ib) = “(a,b), a,beR.

The map R is an R-linear isometry and induces an R-linear isometry Ry : C(X,C) —
C(X,R?), defined by Rx(f) =Ro f for f € C(X,C). Let Ar = Rx(A). Since the
space A satisfies Condition (S1) and Condition (S2), by Lemma 1.1, so does Ag. By
Lemma 2.5, A, and hence also Ag, satisfy Condition (ext). Via the standard isometry
between R? and (R?)*, the unit sphere S ((R?)*) is isometric to the unit circle S = R(T),
where T ={z € C | [z] = 1}. Let A be the C-dual of A and let Ay = Lr(Ag, R), the
R-dual of Ag.
It is known that there exists an R-isometry r4 : A7 — Lr(A, R) defined by

ra@)(f) = RE(f), £€AL, feA,

. -1 .
whose inverse s4 = r," is given by

sa(p)(8) = R(p()) — iR(p(ig)), pe Lr(AR), g€A

(see, for example, [27]). The maps Ry and r4 naturally induce an R-linear isometry
PA AZ: - A]E = LR(AR’ R) defined by

pAE)((u,v)) = R + iv)

for & € A7 and '(u, v) € Ag. In particular,
pa(ext(Ap)) = ext(Ag).

In view of the above isometry, we can prove the equality Chg2(A) = Ch(A), the standard
Choquet boundary of A. As we have already seen above, A}, satisfies Condition (S1),
Condition (S2) and Condition (ext). Combining these with Proposition 2.3, we have a
homeomorphism

@, : S x Ch(A) = ext((R?)*) x Ch(A) — ext(A%). (3.13)

The same holds for the subspace B. The R-adjoint of the R-linear map 7 = Ry o T o
R)‘(1 : Ap = Bg, denoted by Ty, : By — Ay, is an R-linear isometry and preserves the
extreme points: that is,

Tr(ext(Bg)) = ext(Ag).

These preliminary considerations enable us to apply Theorem 3.1. The homeomor-
phisms T, @4, and Op, of (3.13) induce a homeomorphism S X Ch(B) — § x Ch(A)
which comprises two maps ¢ : § X Ch(B) - Ch(A) and @ : S X Ch(B) - S. By
Theorem 3.1(a), for each y € Ch(B), there exists an isometric R-linear isomorphism
Ay (R?)* — (R?)*, which is an extension of a,:§ —8S.

Assume that ¢y, = ¢,, for each pair yi, y, of points of Ch(B): for example, assume
that A and B satisfy Condition (S3), or A and B are strongly separating and strongly
zero-separating in the sense of [27]. Then we see that Ax and Br have the same
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property. The map ¢. := ¢, and the adjoint V, : R? — R? of A, provide us with an
expression of T as a generalized weighted composition operator, by Theorem 3.1(c):
that is,

Trfe(y) = Vy(fe(e:(3), fe €Ar, y € Chg(B)=Ch(B).

The linear map V), is an isometry and, with respect to the standard basis of R2, it is
represented as a two-by-two matrix of the form

Vy = p(6y) or Jp(6y).

depending on whether det V,, = 1 or det V,, = —1, where

(3.14)

o(0) = (cos 0 —sinH)

sind@ cosé

- 0)

Let K, = {y € Ch(B) | detV, = 1} and K_ = {y € Ch(B) | det V,, = —1}. They are closed
and open in Ch(B), mutually disjoint, and cover Ch(B).

Let W, =R ' oV, 0R: C — C. Noticing that the action of the rotation matrix p(6)
of (3.14) on R? transfers, via the map R, to the multiplication of ¢ € T on C, we see
that there exists a map w : Ch(B) — T such that

and

w(y) -1 ifyek,,

w(y) -1 ifyek.. (3.15)

Wy(A) = {
Therefore, for each f € A, and with fr = Rx(f) =Ro f,

Tf() = (Ry' © Tr o Rx) /)
= RN (Tefa())
= R (Vy(fale.(")))
= R o Vy o YR (frle.(»))))
= Wy(f (@)

Applying (3.15) to the last term of the above, gives

w) - fle.(y) ifyek,,

Tr»n = {w(y) Fe.o) ifyek..

If T is complex-linear, it is easy to see that K_ = (. This is the Banach—Stone type
theorem for complex-valued continuous functions that was proved in [27].
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4. Topological dimensions of underlying spaces and generalized weighted
composition operators

For an F-linear surjective isometry 7 : A — B between function spaces A ¢ C(X, E)
and B c C(Y, E) satisfying Condition (S1), Condition (S2) and Condition (ext), we
continue to examine the induced map ¢ : ext(E*) X Chg(B) — Chg(A) (see (3.1))
in connection with the topological dimension dim Chg(A) of Chg(A). For each
y € Chg(B), let ¢ : Chg(B) — Chg(A) be the map defined by

¢y(m) = ¢(n,y), 1 €ext(E").

Assume that the dual E* is strictly convex so that ext(E*) = S(E*). The next lemma
states that each fiber of ¢, forms a spherically convex subset of S (E*). For#y,...,n, €
ext(E*) C S(E™), let H(npy, . ..,1n,) = spang(n, . . ., i), which is the linear subspace of
E* spanned by {71, ...,n,}. Moreover, let S (11, ...,1,) = H®y,...,n,) NS (E*), which
is the spherical convex hull spanned by 7y, ..., 7,.

Lemma 4.1. Assume that E* is strictly convex. For an arbitrary point x € ¢y(S(E™))
and for each finite subset {ny,...,n,} C ¢;1(x),

SOns- .1 C ¢ ().
In particular, {n,—n} C ¢y‘1(x) foreachn e ¢y‘1(x).

Proor. For each F-linear combination n = }.;_, t;17;, we see that

(17, Y)0,a = (1, Y)0¢(ny) = T" (1 0 6y)
= > 4T (i o6,
i=1

- Z 1(1i, )0, (n)
i=1

1

= (; tia(m,y))éx-

By Condition (S2) and Lemma 2.1, we obtain that x = ¢,(17), which completes the
proof. O

Let L be a subspace of E* and notice that S(L) = LN S(E*). Also, let ¢y =
dyIS(L) : S(L) — Chg(A). For x € Chg(A), let H,; be the subspace of E* spanned
by the set ¢;1L(x). When L = E*, H,; is simply denoted by H,. The above lemma
implies the following proposition.

ProposiTion 4.2. For each x € ¢, 1(S (L)),
¢,1.(x) = He N S(L).
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Take an F-linear isometry 7 : A — B which is not a generalized weighted
composition operator. By Theorem 3.1(b), the map n — ¢, is not a constant map
and thus ¢, : S(E*) — Chg(A) is not a constant map for some y € Chg(B). Fix such y
arbitrarily and take a finite dimensional subspace L such that ¢, ; is not constant. The
map ¢, is examined in the next lemma.

Lemma 4.3. Assume that E* is strictly convex and let L be a finite dimensional subspace
of E* such that ¢, 1 is not a constant map. Letn; = dimg L. Then we have the following.

(a) The inequality
1< dim]pHX,L <np-— 1

holds for each x € ¢, 1 (S (L)).
(b) Assume that n; > 2. Then, either:

(b.1) dimH, 1 < ng — 1 for each x € Chg(A); or
(b.2) there exists a unique xo € Chg(A) such that dimg Hy; =n; — 1 and
dimg H, 1, = 1 for each x € Chg(A) \ {xo}.

Proor. (a) Note that dim H,; cannot be zero for each x € ¢, ; (S (L)) because {n, -1} C
¢;IL(x). Also, H,; cannot be the whole L because ¢, is not a constant map. The
conclusion (a) follows from these.

(b) The set {qb;’}d(x) | x € ¢,,1(S 1)} is a mutually disjoint collection. This implies that
H, 1 N H,, ;= {0} for each pair of distinct points x; and x,. Thus

dimg Hxl,L + dimg sz,L = dimF(Hxl,L + sz,L) <ng “.1)

for each pair of points x; # x of ¢, (S(L)). This, together with (a), yields that
dim]pHx,L <n;-— 1.

Suppose that dimg H,, ;, = n;, — 1 for some xo € Chg(A). Then, for each x other than
Xp, we see from (4.1) and (a) that dimg H,; = 1. This proves (b). O

In order to apply the following theorem from topological dimension theory, we
assume that the underlying space X is metrizable and the Banach space E is separable
in Theorems 4.5 and 4.6 below. For a separable metrizable space M, dim M denotes
the topological dimension of M. See [15] for a thorough treatment of topological
dimension theory.

TraeOREM 4.4 [15, Theorem 1.12.2]. Let f : M — N be a closed map between separable
metrizable spaces M and N. Then
dim M < dim N + sup dim £~ !(g).
qeN

TueoreMm 4.5. Let X and Y be compact metrizable spaces and let E be a separable
Banach space over F = C or R with the strictly convex dual. Let A and B be subspaces
of C(X,E) and C(Y, E), respectively, satisfying Condition (S1), Condition (S2) and
Condition (ext). Let T : A — B be an F-linear isometry such that ¢, : S (E*) — Chg(A)
is not a constant map for some y € Chg(B).
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(a) Assume that dimg E > 3. Then dim Chg(A) > 2.
(b) Assume that dimg E < 2.

(b.1) IfF =R, then dimg E = 2 and dim Chz(A) > 1.
(b.2) IfF =C, then
1 if dimcE =1,

dim Chz(4) = {2 if dimc E = 2.

Proor. (a) First we assume that F = R. Take a subspace L of E* such that 3 < dimg L
< oo and ¢, : S(L) — Chg(A) is not a constant map. Let n = dimg L and observe,
from Lemma 4.3, that either:

(i) dimg H,; <n -1 foreach x € ¢, (S(L)); or
(i1) there exists a unique xo € Chg(A) such that dimg Hy,; =n — 1 and dimg H,; = 1
for each x € ¢, 1 (S (L)), other than xo.

In Case (i), the dimension of ¢} I(x) satisfies
dim ¢y_1(x) =dimp(H,, NSL)<n-2-1=dimS(L) - 2.

Since L is finite dimensional, the sphere S (L) is compact and the map ¢, : S(L) —
Chg(A) is closed. Applying Theorem 4.4 to the map ¢, we obtain

dim S (L) < dimChg(A) + sup dim¢;'(x)
x€Chg(A)
< dim Chg(A) + dim S (L) - 2,

from which we conclude that dim Chg(A) > 2.
In Case (ii), we see that the restriction ¢, ;|S (L) \ (¢y,L)‘1(xo) of ¢, to the subset
S (L) \ (¢y,1)""(x0) satisfies the condition

éy(m) = ¢y(112) = 12 = £11. 4.2)

Let PS (L) be the projective space PS (L) = S(L)/(n ~ —n) with the standard quotient
map

[[]:S(L)— PS(L)=SL)/(n~-n).
The above (4.2) yields that ¢, : S(L) — Chg(A) induces a map [¢, ;] : PS(L) —

Chg(A) such that the restriction [¢y (]|PS (L) \ [¢y Y(x)]: PS(L) \ 2% 1(x)] = Chg(A)
is a topological embedding. Hence

dim Chg(A) > dimp S(L)=n—-12>2.

This proves the desired conclusion for the case F = R.

When F =C, the inequality dim¢c H,;, <n—1 of Lemma 4.3 implies that
dimg H,; <2n —2 and hence dim ¢;1L(x) <2n-3=dimS(L)—2 for each x €
¢y.1(S(L)). Therefore, the same proof as that of Case(i) above can be used to prove
that dim Chg(A) > 2.
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(b.1) If dimg E = 1, then S (E*) consists of two antipodal points and hence ¢, (S (E*))
consists of a singleton, by Lemma 4.1, which contradicts the assumption that ¢, is not
a constant map. Assume that dimg £ = 2. We show that

the induced map [¢,] : PS(E*) — Chg(A) is an embedding.

Suppose that there exist 77y, 17, € S (E*) with 7, # +n; such that ¢,(171) = ¢,(172) := x. By
Proposition 4.2 and the two-dimensionality of E*, we see that qb;l x)=H,NS(E*) =
E*NS(E") = S(E"). Hence ¢, is a constant map, which is a contradiction. Then we
see that Chg(A) contains a homeomorphic copy of PS (E*) and thus has dimension at
least one.

(b.2) The real dimension of E, dimg (E™), is equal to two or four. When dimy E* = 2,
we may repeat the proof of (b.1) to show that [¢,] is an embedding of the projective
space PS (L) into Chg(A) and dim Chg(A) > 1. When dim S (E*) = 3, the proof of (a)
can be repeated to conclude that dim Chg(A) > 2. O

In summary, we obtain the following theorem.

THEOREM 4.6. Let X and Y be compact metrizable spaces and let E be a separable,
reflexive Banach space with E* being strictly convex. Let A and B be subspaces
of C(X, E) and C(Y, E), respectively, satisfying Condition (S1), Condition (S2) and
Condition (ext). If one of the conditions:

(@) dimg E =1, or
(b) dimg E > 2 and dim X = 0; or
(¢c) dimg E>3anddimX <1

holds, then every surjective linear isometry T : A — B between A and B is a
generalized weighted composition operator

Ty =Vy(fe-(), [feA, yeChe(B),

where ¢, : Chg(B) — Chg(A) is a homeomorphism and (Vy)yech, () is a continuous
collection of isometric linear isomorphisms E — E such that Chg(B)>y -V, €
L(E, E) is continuous with respect to the strong operator topology on L(E, E).

Suppose, further, that E is a Hilbert space, and A and B are unitarily invariant
subspaces satisfying Condition (S1) and Condition (S2). Then, under each one of the
assumptions (a)—(c), the same conclusion holds.

Proor. Let T : A — B be a surjective linear isometry. Theorem 4.5 implies that,
for each y € Chg(B), the map ¢, : S(E*) — S(E*) must be a constant map. Let
{0.(0)} = ¢,(S(E™)). It readily follows from this that ¢, = ¢, and Theorem 3.1 can
be applied to obtain the conclusion.

The statement on a Hilbert space and unitarily invariant subspaces follows from
Lemma 2.5, in the same way as in Theorem 3.5. O
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