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SET MAPPINGS OF UNRESTRICTED ORDER

GREG G. GIBBON

A set mapping on a set S is a function / mapping S into the

powerset of S such that x {: fix) for each x in 5 . The

set map / has order 6 if 0 is the least cardinal such that

| / (x) | < 6 for each x in S . A subset H of S is free for

f if x {: f(y) for all x, y in H . In this paper we use

classical results about set mappings of large order to

investigate conditions which ensure a large free set for set

mappings of unrestricted order.

A set mapping on a set S is a function / mapping S into the

powerset PS of S such that x fc /(x) for each x € S . The set map is

said to be of order 6 if 9 is the least cardinal such that | / (x) | < 0

for each x € S . A subset H of S is said to be free for f if

x \ f(y) for a l l x, y € H .

A classical result of Hajnal [3] guarantees that a set mapping on a

set of size K and having order less than K has a free set of size K .

Set mappings of order at least equal to < may have no non-trivial free

sets. Consider the set mapping f : K ->• PK defined by

/(a) = {f3 € K; 3 < a} . Clearly / has order K , and yet there is no

free set of size 2 .

Clearly extra conditions need to be imposed on a set mapping which has
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order at least K , and certain intersection conditions were introduced by

Erdos and Fodor [7]. Erdos, Hajnal and Rado [2] contains an exhaustive

examination of the free set question with respect to set mappings of order

equal to K and satisfying these intersection conditions. They remark, in

conclusion, that the question for set maps of order K (that is,

unrestricted) appears to be equivalent to problems involving partition

relations. In this paper we use methods that do not involve partition

relations, and in one case our results are stronger than would seem to

follow from partition relations.

Our notation will be conventional. We use K for infinite cardinal

numbers and A, n,, 6 for cardinal numbers, finite or infinite. Other

lower case Greek letters will denote ordinal numbers. The cardinal numbers

are identified with the initial ordinals in the usual way. We denote the

cardinal successor of K by K , the cofinality of K by K ' and < is

said to be regular if K' = K , otherwise singular. Let [A] denote the

set {B c A; \B\ = n) and f[X] = {/(x); x € X] . Set mappings will

always be defined on the set K .

DEFINITIONS. / is said to satisfy the intersection condition

C(n, 6) if

x € [K]n * | n / m | < e .

The relation (K, T\, 9) -*• A means that whenever f is a set mapping on K

of order at most K and satisfying C(n, 6) , there is a A sized subset

F of K which is free for / .

The relation [K, r), 6] "•" A means that whenever / is a set mapping

on K satisfying C(n, 6) , there is a X sized subset F of K free

for / .

The relation [c, n, 6] ••• A means that whenever / is a set mapping

on K satisfying C(n, 0) and the condition (Va < K)(/(CX) n a = 0) ,

there is a A sized subset F of K free for f .

A set mapping f on K of order at most ic and satisfying C(n, 9)

i s said to satisfy (K, n,, 6) , and similarly for [K, n, 6] and

[K, n , &f .
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The following is easily seen to hold from the definitions.

LEMMA 1 . L e t ^ 5 1 , n x ^ n a n d &x S 9 . I f ( K , n , 6 ) * X

holds, then (K , n. » 8-,) "* A holds, and the corresponding result holds

for [K, n , 6] and [<, n , 8 ] * • •

We summarize the well known results about the relation (K, n,, 6) -*• A

(see, for example, Hajnal and Mate [4] or Williams [5]).

THEOREM 1. Let x\, A, 6+ < K . Then we have

(a) (K, r\, X) -*• K when K is singular;

(b) (K , K , 9) -»• K when K is regular;

(c) (K , K , K ) -»• K ' ;

(d) ( K , K , 1) —f+ ( K ' ) uTierc K i s singular;

(e) (K , 2, K) —1-»- K when K is regular. D

The main result is Theorem 2.

THEOREM 2. i e t K be an infinite cardinal. Then (K, n, 8) •* A

holds if and only if [K, 8, r|] -*- A holds.

Proof. Suppose f irs t that (K, n, 8) •*• A holds. Let f be a set

mapping on < which satisfies [<, 8, r\] . We will show that / has a
free set of size A .

Define a set mapping f : K ->• PK by

7(a) = (3 € K; a € /(B)} for a < K .

Hence, for a l l x, y (. K , we have a: € /(j/) <==> J/ € /(x) , and so F is
free for / i f and only if F is free for / .

Further, / satisfies C(8, n) *=* f satisfies C(n, 8) . For,

suppose / satisfies C(8, n) and le t X (. [<]n ; put Y = ViJ[X] . Then
X c n/[y] , since if a; € ^ then j / € J(x) for a l l !/ € Y and so

x € f(z/) for a l l y i. Y . Hence, i f |JT| > 8 , then |n / [7] | < n , since
f satisfies C(8, n) . This contradicts the fact that | / | = n. , so
|y| < 9 and hence / satisfies C{x\, 8) . The converse follows
similarly. Also, since, for a, g < K , a € /(g) «• 6 € /(a) , we have
that
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(Va < K) (/(a) « a = 0) <=» (Va < K) (/(a) c a ) .

Hence / s a t i s f i e s (Voc < K) (f(a) c a) g ^ s o n a s o r a e r l e ss than or

equal t o K .

Hence we see tha t / s a t i s f i e s (K , r\, 6) and so by the hypothesis,

/ has a free se t F of s ize A , which is free for f , so the r e su l t

ho lds .

Now suppose K i s r egu la r , and suppose tha t [K, 6, TI] -»• X holds.

Suppose t ha t f i s a se t mapping on K which s a t i s f i e s (K , r\, 6) . We

s h a l l show that / has a free set of size X . Define f : K -*• Pic and

f' : K •*• PK b y

fQ(c0 = /(a) n a for al l a < K

and

/ , (a) = /(a) - a for a l l a < K .

Since / - (a) n a = 0 for a l l a < K and / has order less than or equal

to K , then since K is regular i t is easy to construct a set G of size
ic that is free for f. • Simply choose inductively ordinals 3y for al l

y < K such that

3 > L){U/ (3 ) ; a < y) u L){3 ; a < y) .

Then G = {& ; y < K} is free for / , since for a < Y < < > & < 3

and 3 f / (3 ) by construction, and 3 f / (3 ) - 3 from above. Define

a set mapping h : G -*• PG by h(a) = /„(<*) n G for a l l a € G . Clearly

h sa t isf ies C(n, 8) , since f does, and if a € h(&) , then a < 3 ,
as for f0 . Since G has order type equal to K , G can be identified

with K while preserving i t s natural ordering, and so h can be regarded
as a set mapping h : K -»• PK satisfying (Va < K) [h(a) c a) and
satisfying C(r|, 8) . Hence i t follows that the induced set mapping

h : K ->• PK satisfies [K, 8, n] . By the hypothesis, there is a set of
size X free for h , and hence free for h . By identifying K with
G , i t follows that there is a subset H of G of size X free for h ,
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and hence free for / since x, y € H =» x fc 7z(j/) and

y If h(x) =» a; { /Q(j/) and y t /Q(x) (since ffcff)»j;| f(j/) and

y fc / (x) . Thus ( K , n , 6) ->• X holds.

Suppose X is singular, and that [<, 8, r|] -»• X holds. We shall

prove that (K, r|, 9) "* X holds by examining three cases.

Case (a). 0 = K . Trivial, as the hypothesis is false. (For

example, put /(a) = {& < K ; a < 3) for all a < K .)

Case (b) . 6 < K and r\ < K . Trivial, since by the results of

Theorem 1 (a), the result is true for all cardinals X with X 5 K .

Case (c). 6 < K and n = K . For X 5 K' , the result is true as in

Case (b). For X > (K1) , the result is false (see Theorem 1 (d)), and so

it remains to show that the hypothesis is false. We shall use the

following standard construction. Take an increasing sequence of cardinals

{K
a; o < K'} such that each <a is a successor cardinal and

K = Z(K0; a < K') . For o < K' , put Sa = <a - U{Kg; 6 < a} , so the

union K = U{s; a < <'} is pairwise disjoint and each 5 is of size

K0 . Define f : K -»• Be by /(a) = Sa r> a where a € Sa . If X is a

set in [K] , then X must meet more than one of the sets S , and so

n/U] = 0 . Also, if S" is a subset of K free for / , then for each

a < K' clearly \S' n S \ S I and hence \S'\ < K' . So f has no free

set of size (<') , and this example satisfies (K, K, 1) . Noting that

f also satisfies (Va < K)[/(a) c a) , we see that / satisfies

p +
[K, 1, K] and has no free set of size (<') . This shows

[K, 1, K]R —h ( K ' ) + , and so [K, 6, K] -/-»• X for 6 < K and

( K ' ) + S X . D

The following symmetry lemma wi l l simplify the analysis of the symbol

[K, n , 6] + X. .

LEMMA 2. For all cardinals K, n , 6, \ , [K, n , 6] + X holds if

and only if [K, 8, n] •* X holds.

Proof. Suppose [K, T\ , Q] •*• X holds , and l e t / be a set mapping

sat isfying [K, 6, r\] . We wi l l show that / has a free se t of size X .
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As in the proof of Theorem 2, / satisfies [K , r|, 9] and so by hypothesis

has a free set of size X which is then free for f , and the result

follows. The proof of the converse is identical. •

In view of Lemma 2 the analysis of the relation [K, n, 8] •*• X for a

limit' cardinal K is completed by the following.

THEOREM 3. Let < be a limit cardinal and r\, 6 < K . Then

(a) [K, K, ±] -h- 2 ,

(b) [K, n, 6] •* K .

Proof. (a) Define f : K •+ PK by f(ct) = K - (a+l) . Clearly /

satisfies [K, K, l ] , but has no free set of size 2 .

(b) Suppose that / is set mapping satisfying [K, n, 8] . Define

set mappings fQ, fx by

/0(a) = /(a) n a ,

f^a) = /(a) - a .

Clearly / sa t i s f i es C(f), 0) and (Vet < K)[ | / Q (a) | < K) and so

sa t i s f i e s (K, r|, 6) . Using Theorem 1 (a) or 1 (b) , (K, n, 9) "*" < holds

and so there i s a set F in [K] free for / . .

Clearly / sa t i s f i es C(n, 9) and (Vet < <) [f (a) " ct = 0) and

hence sa t i s f ies [K , n, 9] . Defining h : f •*• PF by h(a) = f. (a) n F

and noting that the order type of F equals < , i t is easy to see tha t ,

as in the proof of Theorem 2, h sat isf ies [K, r\, 6] . Again applying

Theorem 1, (K, 8, n) "*" < holds and so [K, n, 8] "*" K follows from

Theorem 2. Hence h has a free set G in [F] . Clearly G i s free

for / and hence for / . •

For successor cardinals K we have the following resul t s .

THEOREM 4 . For 8 < X and < = X+ ,

(a) [K , 6, 9] •* K ,

(b) [K, K, 1] -h- 2 ,
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(c) [K, X, l] •*• K ,

(d) [K, X, 2] —h < when X is regular,

(e) [K, X, 6] •+ X' .

Proof. (a) Similar to the proof of Theorem 3 (b), using the result

(K, K , 6) -»• K from Theorem 1 (b) .

(b) As in Theorem 3 (a.) .

(o) Using symmetry, it suffices to show [K, 1, X] •* K , and this

follows trivially since C(l, X) implies that the order of / is less

than K .

(d) Follows from symmetry and the result (K, 2, X) —/-»• K from

Theorem 1 (e).

(e) Similar to the proof of Theorem 3 (b), using the result

(K, K , 9) •+ K to ensure a free set F of size K for / , and using the

result (K, K, X) •*• X' from Theorem 1 to ensure a free set of size X' in

F for f± . •

Theorem h leaves unsettled the question as to what size free set is

guaranteed for a set map satisfying [K, X, X] when X is regular.

Clearly from Theorem 1* (d) we have [K , X, X] -/-* K , but this theorem does

not answer the question of the truth of the relation [K, X, X] •+ X .

For singular X , Theorem k leaves open a number of questions. When

a set mapping satisfies [K, X, 9] , Theorem h guarantees a free set of

size X' but does not answer whether [K, X, 6] •* n, is true for

(X') 5 n S K . Further, the truth of the relation [K, X, X] •*• n is left

open for all non-trivial n, .
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