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ABSTRACT

Given a free unitary quantum group G = A,(F'), with F' not a unitary 2 X 2 matrix,
we show that the Martin boundary of the dual of G with respect to any G-G-invariant,
irreducible, finite-range quantum random walk coincides with the topological boundary
defined by Vaes and Vander Vennet. This can be thought of as a quantum analogue of
the fact that the Martin boundary of a free group coincides with the space of ends of
its Cayley tree.

Introduction

The study of harmonic functions on trees has a long history. In the early 1960s Dynkin and
Malyutov [DM61] considered nearest-neighbor random walks on free groups and obtained an
analogue of the Poisson formula for them by identifying the Martin boundary of such a group
with the space of ends of its Cayley graph. This result was then generalized by a number of
authors, among others by Cartier [Car72], who considered nearest-neighbor, but not necessarily
homogeneous, random walks on trees. Finite-range random walks were subsequently studied by
Derriennic [Der75] in the homogeneous case and by Picardello and Woess [PW87] in general. In
both cases the result was the same as before: the Martin boundary of a tree coincides with
its space of ends. This was later generalized to hyperbolic graphs by Ancona [Anc88] who
considered finite-range random walks on such graphs and showed that (under mild assumptions)
the corresponding Martin boundaries coincide with the Gromov boundaries. A related result
was also obtained by Kaimanovich [Kai00] who studied only bounded harmonic functions on
hyperbolic groups but went beyond finite-range random walks.

The natural quantum analogues of free groups are the duals of free quantum groups of Van
Daele and Wang [VDWO96]. An interpretation of these duals as vertices of some quantum trees
was proposed by Vergnioux [Ver05], and an analogue of the end compactification was defined
by Vaes and Vergnioux [VV07] in the free orthogonal case and by Vaes and Vander Vennet in
the free unitary case [VVV10]. The duals of free orthogonal quantum groups behave in many
respects like the group Z, so the corresponding tree has valency 2, but the quantum boundary
is less trivial than this analogy might suggest; for example, for the dual of SU4(2) (¢ # +£1) it is
the Podle$ quantum sphere Sg. An identification of the quantum Poisson and Martin boundaries
with the quantum spaces of ends was obtained in [Izu02, NT04, VVO07]; see also the earlier paper
by Biane [Bia94] on the dual of SU(2), which to a great extent motivated the development of
the quantum theory.
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The duals of free unitary quantum groups behave more like the free group with two
generators. In this case Vaes and Vander Vennet showed [VVV10] that the Poisson boundary
is isomorphic to the quantum boundary they defined, or more precisely, that the von Neumann
algebra of bounded harmonic functions is isomorphic to the von Neumann algebra generated by
the C*-algebra of continuous functions on the boundary in the GNS-representation defined by a
particular state. Classically this would mean a computation of the Martin boundary as a measure
space rather than as a topological space, where the measure is defined as the hitting distribution
of the random walk. The goal of the present paper is to show that the Martin boundary of
the dual of a free unitary quantum group does coincide with the boundary defined in [VVV10]
topologically, that is, we have an equality of C*-algebras.

It should be added that a precise relation between quantum Poisson and Martin boundaries
has not been established. It was shown in [NT04] that for the dual of SU4(2) the computation of
the Martin boundary allows one to easily identify the Poisson boundary as well. This was also
recently confirmed in [Jorl7] by a different argument, and the same is true for the duals of free
orthogonal quantum groups. But a general result of this sort is not available yet, so we cannot
claim that our result automatically covers the computation of the Poisson boundary in [VVV10].

If one wants to compute the Martin boundary of the dual a free unitary quantum group
G = A, (F), it is natural to try to follow the strategy used in [VVO07] in the free orthogonal case.
However, this requires more precise information on the Green functions of particular classical
random walks on trees than seems to be available. We propose a different approach, which also
reduces the computation to a classical problem (and works equally well in the free orthogonal
case). The idea is that by considering the spectral subspaces of KOO(G) with respect to the adjoint
action of G, we see that a quantum random walk is determined by a collection of operators on
the £?-spaces of branches of the classical tree Irr(G). It turns out that the matrix coefficients
of any two such operators corresponding to the common branch of definition are exponentially
small perturbations of each other (with respect to the distance to the root of Irr(G)). Our
main technical result roughly says that the corresponding classical Green functions all have the
same asymptotics at infinity. While this is probably not surprising, we point out that the tree
Irr(G) has exponential growth, so it is not immediately obvious that even an exponentially small
perturbation is enough to compensate for this growth.

1. Preliminaries

1.1 Compact and discrete quantum groups
In this section we recall the basic notions related to compact and discrete quantum groups; see,
for example, [NT13] for more details.

A compact quantum group G is given by a unital C*-algebra C(G) and a unital
*x-homomorphism

A: C(G) = C(G) & C(G)

such that (A ®¢)A = (¢ ® A)A and the spaces (C(G) ® 1)A(C(G)) and (1® C(G))A(C(G)) are
dense in C(G) ® C(G).

A finite-dimensional unitary representation of G is a pair (U, Hy) consisting of a finite-
dimensional Hilbert space Hy and a unitary element U € B(Hy) ® C(G) such that A(U) =
U12U13. The tensor product of two representations U and V is defined by

U®V =U3Ves € B(Hy) ® B(Hy) ® C(G).
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With this tensor product, the finite-dimensional unitary representations of G form a C*-tensor
category Rep G.

The space C[G] of matrix coefficients of all finite-dimensional unitary representations of G
is a Hopf *-algebra with comultiplication A and antipode S such that (: ® S)(U) = U* for all
U € Rep G. The dual space U(G) = C[G]* is a *-algebra with multiplication dual to A, so that
wn = (w®n)A, and involution w* = @S, where @(a) = w(a*). This is by definition the algebra
of all (unbounded) functions on the dual discrete quantum group T' = G.

More concretely, U(G) can be described as follows. For every U € RepG we have a
s-representation wy: U(G) — B(Hy) defined by 7y(w) = (¢ ® w)(U). Consider the set I =
Irr(G) of isomorphism classes of irreducible unitary representations of G. For every s € [
choose a representative Us;. We write m,, H,, etc., instead of my,, Hy,. Then the collection
of representations (7s)scr defines a #-isomorphism U(G) = [[,c; B(Hs). The subalgebra
(>°(T") € U(G) corresponding to £*°- P, ; B(Hs) under this isomorphism is, by definition, the
algebra of bounded functions on I'. We will not distinguish between the algebras ¢>°(I") and
(- P, c; B(Hs). We will also consider the subalgebras

I)=c-@PB(H,) and c.(T) =P B(H,

sel sel

of functions vanishing at infinity and of finitely supported functions, respectively.
By duality the product on C[G] defines a comultiplication

A UG) > UG x G) = (C[Gl o C[G)* = [] B(H,) ® B(Hy).
s,tel

By restriction it gives a map A: £°(I') — ((T") ® £>(T").

The antipode S on C[G] defines an antipode S on U(G) by S(w) = wS. There exists a unique
element p € U(G), called the Woronowicz character, such that p is positive, invertible, 52 = Ad )
and Tr(my(p)) = Tr(my(p~")) for all U € Rep G. It also has the property A(p) = p® p justifying
the name ‘character’. The number Tr(7my(p)) is called the quantum dimension of U and denoted
by dim,(U). We will write dimg(s) instead of dim,(Us).

The element p allows one to define a canonical duality functor on Rep G. Namely, given a
finite-dimensional unitary representation U of G, the conjugate representation is defined by

U = (j(mu(p'?) @ D © )(U*)(j(mu(p"/?) @ 1) € B(Hy) © C(Q),

where Hy is the complex conjugate Hilbert space to Hyy and j is the canonical x-anti-isomorphism
B(Hy) — B(Hy), j(T)é = T*¢. Note that the element U¢ = (j ® ¢)(U*) already satisfies
(1 @ A)(U®) = U{US,, and the additional conjugation by j(mp(p/?)) ® 1 is needed only to
make this element unitary.

The object U is conjugate to U in Rep G, meaning that there exist morphisms Ry: 1 — U®U
and Ry: 1 — U ® U, where 1 is the trivial representation of G' on the one-dimensional space C,
solving the conjugate equations: the compositions

L®U

U—— U®U®U—>U and U U®U®U—>U

are the identity morphisms. Using the Woronowicz character p, we can define such morphisms

by
=Y &Gomnp s, Ru() =) m(p/*&eg,
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where {¢;}; is an orthonormal basis in Hy. The pair (Ry, Ry) is standard, meaning that ||Ry|| =
| Ryl and the product [|Ryl|[|Ryll is minimal among all possible solutions of the conjugate
equations for U and U. Note that ||Ry|| = || Ry| = dim,(U)"/2.

1.2 Quantum random walks
We now recall the main concepts of the boundary theory of quantum random walks; see [Izu02,
NTO4].

For every s € I = Irr(G), consider the state ¢s on B(H,) defined by

_ Tl (o)

¢ dimg(s)

This is a unique state invariant under the left action of G on B(Hj) given by
B(Hs) - C(G)® B(Hs), T~ (Us)5(1@T)(Us)21.

Taken together, these actions define the left adjoint action of G on ¢>°(T").
Consider now a probability measure p on I and define a normal state ¢, on ¢>*°(I") by

G =Y 11(s)ds.
sel

Consider the corresponding convolution Markov operator P, on ¢>°(I"):
Py = (u® A,

This operator commutes with the left adjoint action of G and the right action by translations
of T on ¢°°(T"), which is defined by A. We therefore say that P, defines a G-I'-invariant quantum
random walk on T'.

By the G-equivariance, the operator P, preserves the center £°°(I) of £°°(I"), hence it defines
a classical random walk on the set I with transition probabilities p,(s,t) such that

P/L(It)ls :pu(svt)l& (1)
where I denotes the unit of B(H,) C £°°(T"). Explicitly, the transition probabilities are given by
dim, ()
pu(s,t) = Y pu(r)me,— . : (2)
. Z " dimg () dimg(s)

rel

where m! is the multiplicity of Uy in U, ® Us. We will only be interested in the case where this
classical random walk is irreducible and transient. The irreducibility assumption means that,
given s, t, there exist so = s, s1,...,s, = t such that p,(so, s1) - pu(sn—1, 5n) > 0. Equivalently,
every representation U; is a subrepresentation of U,, ® --- ® U,,, for some ry,...,7, € supp p.
In this case we also say that the measure p and the state ¢, are generating. The assumption of
transience means that the sum of all such products p,(so,s1) - Pu(Sn—1,5,) (With s9 = s and
sp = t) is finite for all s,t € I. In this case we also say that ¢, and p are transient. Similarly
to [DGT73], it can be shown that, assuming irreducibility, the random walk is transient if the
quantum dimension function is non-amenable; in particular, when I' is either non-amenable or
non-Kac (recall that the latter means that p # 1). We will prove a related result more useful for
our purposes in Lemma 4.1 below.
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Assuming irreducibility and transience, the Green kernel is defined as the completely positive
map

Gu:ce(T) = (), Gpula) = ZPﬁ(a),
n=0

and then the Martin kernel is defined as the map
Kyt (D) = (), Ky(a) = Gu(I.) " Gula),

where e € I is the point corresponding to the trivial representation 1. We remark that the element
G,(I.) is a strictly positive scalar in every matrix block B(Hj), so G,(I.)~" is a well-defined,
but possibly unbounded, function on I. The elements K,(a) = G,(I.) " G,(a) are, however,
bounded. Furthermore, if a € ¢.(I') is positive and non-zero, then K, (a) is a positive invertible
element of ¢>°(T").

We have an involution s +— 5 on I defined by U, = Us. For every probability measure p
on I, we define a new probability measure fi on I by fi(s) = u(5). The corresponding transition
probabilities satisfy ,

im
pa(s.t) = Gt Sl ®)
It follows that [ is generating and transient if and only if p has the same properties.

Finally, given a generating transient probability measure u, the Martin compactification
of I is defined as the C*-subalgebra C(I'y,,) of £°(T') generated by Kj(c.(I')) and c.(I'). This
C*-algebra is invariant under the left adjoint action of G and the right action of I' by translations.
The Martin boundary is defined by C(0T pr,,) = C(Tar)/co(T).

1.3 Module categories and categorical random walks
To every C*-algebra A equipped with a left action of G one can associate the category of
equivariant finitely generated Hilbert modules. We will need this only for unital C*-subalgebras
A C 0>°(T"), equipped with the action given by the restriction of the adjoint action, in which case
this category has the following concrete description [NY14, §4].

For U,V € Rep G, consider the subspace

Dr(U,V) = (- @ Homg(H, ® Hy, Hy © Hy)
sel
C (> @ B(Hs ® Hy, H, ® Hy) = (*(I') ® B(Hy, Hy),

sel
and define D4 (U, V) as the intersection of this space with A ® B(Hy, Hy). We can then define
a new category D4 with the same objects as in Rep G, but with the morphism spaces D4 (U, V).
(To be more precise, we also need to complete D4 with respect to subobjects, but whether we
do this or not is not going to play any role in this paper.) The category Rep G can be considered
as a (non-full) subcategory of Dy, if we identify a morphism T: Hy — Hy in Rep G with the
collection of morphisms ts @ T: Hy @ Hy — Hs ® Hy . Furthermore, the functors of tensoring on
the right by objects of Rep G define on D4 the structure of a right (Rep G)-module category.

The morphism spaces Dy (U, V) are completely determined by the spaces of the form

D4(1,U) thanks to the Frobenius reciprocity isomorphisms

DA(U,V)2DA(1,V@U), T~ (T®i5)Ry. (4)

By decomposing V ® U into irreducibles we see that D4 is completely determined already by
the spaces D4(1,Us), s € I.
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The G-C*-algebra A can be easily reconstructed from the morphism spaces D4 (U, V): the
elements of the form (:®w)(T"), where T' € D4 (U, V) C £*°(I')® B(Hy, Hy) and w € B(Hy, Hy )*,
span a dense x-subalgebra of A. By the previous paragraph it is clear that it suffices to take
T € Da(1,Us), s € I. For each s € I, the linear span of elements of the form (: ® w)(T"), with
T €Da(1,Us) and w € B(H, H. ® Hg)* = H}, is nothing other than the spectral subspace of A
corresponding to Us.

Assume now that we are given a probability measure p on I and consider the corresponding
Markov operator P, on £*°(I'). Since P, commutes with left adjoint action of G, the operator
P, ® ¢ is well defined on Dr(U,V) C (') ® B(Hy, Hy). We will denote this operator by P,
again. This operator can be described in purely categorical terms as follows.

The space Dr(U, V') can be identified with the space Naty(¢ ® U,. ® V') of bounded natural
transformations between the functors ¢+ ® U and + ® V on Rep GG, that is, uniformly bounded
collections (nw )w of morphisms ny: W @ U — W ® V that are natural in W, since any such
collection is completely determined by the morphisms 7y = ny,. For every s € I, we have a
contraction Ps on Naty(: ® U, ¢ ® V') defined by

Ps(mw = (trs ® 1) (nu,ew)-

where trs ® ¢ denotes the normalized categorical partial trace Mor(Us @ X, Us®Y) — Mor(X,Y)
defined by
(trs®)(T) = dimq(s)_l(R: Ry)(ts @T)(Rs ® Lx),

and where (Rs, R;) is a standard solution of the conjugate equations for Us and Us. Then

P, = Z w(s)Ps.

sel

This leads to the following categorical description of the Martin compactification C(I'pr,,,)
in [Jor17]; see also [NY17] for the initial motivation and [DRVV10] for a precursor of this picture.

Consider the subspace Nat (¢ ® U, ® V) C Naty(t ® U,. ® V) consisting of all natural
transformations 1 such that ns; = 0 for all but finitely many s. In other words, we consider the
subspace

Dro(U,V) := @ Homa(H, ® Hy, Hy @ Hy) C (- Homg (H, ® Hy, Hy ® Hy).
sel sel

We have well-defined maps
K,: Dro(U, V) — Dr(U, V), Ku(n) =G.(l) " G.(n),

where G, (n) = >~y P} (n). Then D¢ty is the smallest C*-subcategory of Dp containing
Rep G, Dr . and all morphisms of the form K;(n), where 7 is a morphism in Dr .. Again using (4),
we see that it suffices to take n € Dr(1,Us), s € I.

Note that the previous paragraph does not really add any new information on C(I's7,,,). What
we are basically saying is that in computing K;: c.(I') — £°°(I") it suffices to consider elements a
lying in spectral subspaces of ¢.(I') (with respect to the left adjoint action of G) corresponding
to Us, and then K;(a) is again an element of the spectral subspace of £>°(I") corresponding to Us.
But this is clear, since c.(I") is the direct sum of its spectral subspaces and the operator P, is
G-equivariant. Nevertheless, working with the spaces Dr (1, Us) is more convenient than with the
spectral subspaces, and the interpretation of elements of Dr(1,Uy) as natural transformations
between certain functors makes some computations more transparent.
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1.4 Free unitary quantum groups
In this section we recall some properties of free unitary quantum groups introduced in [VDW96]
and studied in detail in [Ban97].

Fix a natural number n > 2 and a matrix F € GL,(C) such that Tr(F*F) = Tr((F*F)~1).
The compact free unitary quantum group A, (F') is defined as the universal unital C*-algebra
with generators u;j, 1 < 4,j < n, such that the matrices U = (u5);; and FUCF~! are unitary,
where U = (u;;); j, equipped with the comultiplication

n
A(ugy) = Zuzk & U
k=1

Therefore U defines a unitary representation of the quantum group A, (F’) on the n-dimensional
Hilbert space, called the fundamental representation.

The set I of isomorphism classes of irreducible representations of A, (F) is the free monoid
on letters o and (3, with « corresponding to U. The involution s — § is the anti-automorphism
of the monoid defined by @ =  and 8 = a.

From now on we will use the conventions of [VVV10] in that we write z instead of U, for
x € I whenever convenient. The fusion rules for the representations of A, (F') are given by

TRY= @ ZoYo-

zel:x=x02,y=2Yy0

Therefore if the last letter of = is the same as the first letter of y, then U, ® U, is irreducible
and isomorphic to Uy,. In this case we write 2y = v ® y.
The Woronowicz character p of A, (F') is determined by the property

n(p) = (F*F)"  (the transpose of F*F).

Clearly, dim, (o) = Tr(F*F') > n, and the equality holds if and only if F' is unitary. Let ¢ € (0, 1]
be such that
Te(F*F) = q+q L. (5)

Then ¢ = 1 if and only if F' is a unitary 2 x 2 matrix.

An element x € [ is said to be indecomposable if there are only trivial decompositions
T =y ® z, that is, we must have y = e or z = e. Equivalently, x is an alternating product of «
and S. Every word x € I can be written as 1 ® - - - ® x,,, where z1, ..., x, are indecomposable.
Then

n

dimg(2) = [ Jllil + 1], (6)

=1

where |z;| denotes the length of z; and [n], = (¢" — ¢~ ™)/(¢ — ¢ ).

2. Topological boundary of the dual of A, (F)

Consider a free unitary quantum group G = A, (F'), with F' not a unitary 2 x 2 matrix. Recall
that this assumption means that the number ¢ € (0, 1] defined by (5) is strictly less than 1.
Denote by I' the dual discrete quantum group.

As we discussed in § 1.4, the set I of isomorphism classes of irreducible representations of G
is a free monoid on letters  and . The empty word is denoted by e. Consider the tree with
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vertex set I such that different elements x and y of I are connected by an edge if and only if
one of them is obtained from the other by adding (or removing) one letter on the left. Denote
by I the corresponding end compactification of I. The elements of I are words in « and 3 that
are either finite or infinite on the left, and the boundary I = I \ I is the set of infinite words.
The algebra C(I) of continuous functions on I can be identified with the algebra of functions
f € £>°(I) such that

|f(yx) — f(x)] = 0 as x — oo, uniformly in y € 1.

In [VVV10], Vaes and Vander Vennet extended this construction to £>°(T") as follows. (More
precisely, they consider words infinite on the right, while in order to be consistent with our
conventions, we consider words infinite on the left.)

For all z,y € I, fix an isometry V(zy,x ® y) € Mor(zy, x ® y). Define ucp maps

They do not depend on any choices. Define
B={act®Q):|ays — Yyaz(az)|| = 0 as x — oo, uniformly in y € I'}. (7)

By [VVV10, Theorem 3.2], this is a unital C*-subalgebra of ¢°°(I") containing cy(I"). It can
therefore be considered as the algebra of continuous functions on a compactification of I'. The
(non-commutative) algebra of continuous functions on the corresponding boundary is defined by
Boo = B/co(T"). The left adjoint action of G and the right action by translations of I' on ¢>°(T")
define actions of G and I' on B and Ba.

If we view B only as a G-C*-algebra, then from our discussion in § 1.3 we immediately get
the following result.

ProprosITION 2.1. Consider the module category Dp associated with the left action of G on B.
Then, for all U,V € Rep G, the morphism space Dp(U, V') consists of all elements

T € (*-@5Homg(H, ® Hy, Hy @ Hy)
zel

such that | Ty, — (V(yz,y @ x)* @ 1v)(ty @ Tp)(V(yz,y ® ) @ 1py) || = 0 as & — oo, uniformly in
y el

In order to get a better understanding of the morphism spaces Dg(U, V') we will now make a
particular choice of representations U, and isometries V(z,z®y) € Mor(z,z®y) for all z < z®y;
cf. [VV07, Appendix].

Fix representatives U, and Ug of a and . All other representatives U, we construct as follows.
Ifex=x-- 2, €I, with z; € {a, f} for all i, then, since Mor(x,z1®---®x,) is one-dimensional,
H, ®---® H,, contains a unique invariant subspace on which U,, ® --- ® Uy, is irreducible of
class x. We take this subspace as H, and define U, as the restriction of Uy, ® --- @ U, to H;.
Denote by p, the projection in B(H,, ® --- ® H,, ) with image H,.

Note that the fusion rules and our choice of representatives imply that H, is a subspace of
H, ® H,. We take the embedding map H,y, — H, ® Hy as V(zy,2 ® y). Then V(zy,z ® y)*
coincides with the projection pggy ‘= Day|H,0H, -

Next, viewing Ug as the dual of U,, fix a standard solution (R, R,) of the conjugate
equations for U,. Put Rg = R, and R/} = R,. Assume now that x = x1--- 2, and y = y1 - - - Ym,
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with z;,y; € {«a,B} for all i and j, and assume that z is a subrepresentation of z ® y, so
Z=T1 Tk Ykt+1 " Ym for some k and z,_; = y;4+1 for ¢ = 0,...,k — 1. We then define an
operator V(2,2 ®y): H, - H, ® H, by

Viz,e©y) = (0 @ p)(E V@ Ry, ., @D L (B0R) @ R, @ B0mR)),

This can also be described as follows. Our fixed standard solutions (R, Rs) and (Rg, Rg) =
(Ra, Ry) of the conjugate equations allow us to construct standard solutions of the conjugate
equations for tensor products of U, and Ug. By restriction we then get standard solutions
(R., R;) of the conjugate equations for all z € I. By construction, we have (Rz, Rz) = (Rz, Rz)
and

Ryy = (pggj ®pﬁ§y)(@ ® Ry @ 1y) Ry, ny = (Pif?y ® pg%@j)(% ® Ry ® Lf)Rx (8)

Then the morphism V(z, x®y) for x = sv, y = vt and z = st is given by

V(st,sv @0t) = (p52V @ p2P") (1s @ Ry @ 1)V (st,5 @ 1). 9)

Since V(st,sv ® ot) is an element of Mor(st, sv ® ©t), it must be isometric up to a scalar
factor.

LEMMA 2.2. There is a constant ¢ > 0 depending only on q such that
dimyg (v)Y/2 > ||V (st, sv @ ot)|| > edim,(v)'/?
for all v, s,t € I.

Proof. The first inequality is an immediate consequence of (9), since ||R,|| = dim,(v)'/2.

The second inequality can be deduced from an analogous result for SU_,(2) using arguments
similar to those in [VVV10, Van08]. Namely, we proceed as follows.

We first reduce the proof to a particular case. If v = v1 ® vg, then, using that R, = (Ly, ®
Ry, @ t5,) Ry, by (8) and that p35¥ = p5i © vy, Py, = to, @ Py, we see that

|V (st, 50 @ 0t)|| = dimg(v2) 2|V (st, sv1 @ B1t)]|.

We may therefore assume that v is indecomposable. We also assume that v # e, since V(st,
s®t) = V(st,s®t) is isometric by definition.
Next, write sv as s1 ® sv, with syv indecomposable. Assume first that so = e. Then

V(st, 50 ®@0t) = (1s @ 1y @ i) (15 @ Ry ® 1)V (st, s @ 1),
hence
V(st,sv @ t)*V (st,sv @ 0t) = V(st,5 @) (1s @ (Try @) (p2E))V (st, s @ 1),
where Tr; denotes the categorical trace. The morphism (Try ®¢)(pi") is a scalar multiple of ¢,
and, applying Tr;, we see that this scalar is dim,(0t)/dim,(¢). It follows that

~ L dim, (vt)'/?
HV(St, SV ® 'Ut)” = W

From (6) it is easy to see that this quantity is not smaller than cdim,(v)'/? for a constant c
depending only on g¢; cf. [VV07, (5)].
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Assume now that sy # e. Then st = s1 ® sot and f/(st, SVRUt) = tg ® V(szt, s9v ® vt). We
see that in this case the computation reduces to the case where s; = e, that is, we may assume
that sv is indecomposable. In a similar way we reduce the computation to the case where vt is
indecomposable as well, so we assume that all three elements sv, v and vt are indecomposable
(and v # e). In other words, svvt equals afa--- or Saf---. But in this case the computation
of the norm of V(st,sv ® t) is equivalent to a similar computation for SU_,(2) (see [Van08,
Lemma 8.7.2]), which gives

|| + [¢] + [v] + 1}”2 [rs\ + rw]‘”? Pt! + rvq—m

|V (st, sv @ Tt)|| = [
|v] [v] |v]

q q q

(see [VVO07, (7.3)]), where [Z“]q denote the g-binomial coefficients. Using that

n o k=ly q2(nfi)

we easily deduce that ||V (st, su@7t)]| > c[|v]+1]é/2 = cdim,(v)"/? for a constant ¢ > 0 depending
only on g; cf. [VV07, Lemma 8.5]. O

In particular, the morphisms V(z,x ® y) are non-zero, so we can define isometries

V(z,z®y) = M
’ IV(z,z @)

The following result will play a crucial role in our computations. Note that it does not depend
on the particular choice of isometries V(2,2 ® y).

PROPOSITION 2.3 ([VVV10, Lemma A.1], [Van08, Lemma 8.7.3]). There is a constant C' depending
only on q such that

Cqll#lHlel=luD/2,

[t @V (2,2 @ Y))pas” — (Prs” @ 1y)(tu @ V(z,2 @ y))||
I (Iz[+lyl— Izl)/27

<C
I(V(z 2 ®y) @ t)pZ" = (1 @ Py (V(z, 2 @y) @ )| < C

q

for all u,x,y,z € I such that z < z ® y.

For our particular choice of V(z,2 ® y) this implies the following estimates. (In fact, it is
not difficult to see that these estimates are equivalent to the ones above, but with different
constants.)

COROLLARY 2.4. There is a constant C' depending only on q such that

IV (uz, uz @ y)pt® — (pL87 @ 1) (ta @ V(2,2 @ y))|| < CqllFHIzI=lD/2,
IV (zu, 2 @ yu)pZe® — (ta @ ™) (V(z,2 @ y) @ 1)]| < CqllHIWI= |x|)/2

for all u,x,y,z € I such that z <z ® y.

Proof. By construction we have

V(uz, uz @ y)pis® = (phs” @ 1y) (tu ® V(2,2 @ ) )P,
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hence
IV (z,2@y)|| 7'V (uz, uz @ y)pas® = (Pas™ @ 1y) (tu @ V(2,2 @ y))phs?,

so in particular
IV (2,2 @ y)|7HIV (uz,uz @ )| = (05" © 1) (e © V(2,2 @ )P

Therefore in order to prove the first inequality in the formulation it suffices to show that the last
norm is close to 1 up to C’q(#+21=1¥D/2 for some constant C’, and that

(PU2* @ 1) (L0 @ V(2,2 ® y) ) Pis?

is close to (pUS* @ 1) (14 ® V(2,2 @7y)) up to C'ql*+21=¥D/2 But this is indeed the case by the

previous proposition, since (1, @ V(2,2 ® y))pt9? is an isometry on H,.. The second inequality

is proved in a similar way. O

We can now get a description of the morphism spaces Dp(e,y). If y is not of the form zz,
z € I, then Mor(z,z ® y) = 0 for all z, so Dg(e,y) = 0. If y = Zz, then = < x ® y precisely for z
of the form uz, u € I. Denote by €2, the set of all such . It forms a branch of the tree I and its
closure Qy in I is a clopen subset.

COROLLARY 2.5. Fixy € I of the form Zz. Define an element T' = (1T};), € {*°- @, ; Mor(z, z®y)
by
_— {V(m,x@y) if zeQ,,

’ 0 otherwise.

Then Dg(e,y) = C(Q,)T.
Proof. By Proposition 2.1, in order to show that 7' € Dg(e, y) we have to prove that
Tz — (05" © 1) (1w @ Tp)V (uz,u @ 2) || — 0

as ¢ — oo, uniformly in u € I. But this is true by the previous corollary. Next, if S € Dg(e, y),
then S = fT for a function f € £>°(Q,) such that |f(ux)— f(z)| — 0 as x — oo in €, uniformly
in u € I. But this means precisely that f € C(£,). a

Later we will also need the following estimate.

COROLLARY 2.6. There is a constant C' depending only on q such that
1(V (uz, wv @ 02) @ 1))V (uz, uz @ y) — (tuy @ V (02, 52 @ y))V (uz, wv @ vz)|| < Cgl*I=1v1/2
for all u,v,z,y € I such that t <z ® y.
Proof. Using Corollary 2.4, we see that up to an operator of norm < Cql*I=1#//2 the morphism
(V (uz, uv @ 0z) ® 1))V (uz, uxr @ y)pis®
equals (V(uz,uv ® 0x) @ 1y) (PLS" @ 1) (1, @ V(x, 2 @ y))pS*. By (9), the latter operator equals

IV (uz, wo @ 02) |71 (P © poe® @ 1) (tu @ Ry @ ta @ 1) (0 © 1) (tu @ V(2,2 @ ) D"
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By Proposition 2.3, this, in turn, equals

|V (uz, uv @ o) ||~ (pU®° @ pi%® ® L)ty @ Ry @ 1y @ 1)) (1 @ V(2,7 @ y) )™
= IV (uz, uwv @ v)[| 7 (P’ @ L™ @ 1)) (1w © Ry @ V(2,2 @ y) )™ (10)

up to an operator of norm not greater than

= . 1/2
&l g2 = o dimg (v)"/ g7 l/2,
|V (ux, uwv @ vz)|| |V (uz, uv @ vz)||

The last quantity is not greater than Cc™¢!*I=1l/2 where ¢ is the constant from Lemma 2.2.
In a similar way one checks that the right-hand side of (10) equals

(tup @ V (02, 52 ® )V (uz, uv @ 0x)ptS*

up to an operator of norm mnot greater than Cgl*l=lWl/2 4 Ce=1gl*l=1vl/2 where C is from
Proposition 2.3 and ¢ is from Lemma 2.2. a

3. Identification of the Martin boundary

The following theorem is our main result.

THEOREM 3.1. Consider a free unitary quantum group G' = A, (F), with F' not a unitary 2 x 2
matrix, and a generating finitely supported probability measure pon I =Trr(G). Then the Martin
compactification C(FM ) of the discrete quantum group I' = G with respect to the quantum
random walk defined by p coincides with the compactification B defined in (7). It follows that
the Martin boundary C(0I'y,,) coincides with B

In order to simplify the notation, let us denote the Martin compactification C'(T'ps,,,) by M.
Since both M and B are G-C*-subalgebras of ¢*°(I"), with the actions of G coming from the left
adjoint action of G on ¢*°(I"), by the discussion in §1.3 in order to show that they coincide it
suffices to check that Dyy(e,y) = Dg(e,y) for all y € I.

Consider first y = e. Then, by definition, Dg(e,e) coincides with C(I) considered as a
subalgebra of the center ¢°°(I) of ¢°°(T'). On the other hand, Da (e, e) contains the algebra
of continuous functions on the Martin compactification of I defined by the Markov operator
with transition probabilities p,(s,t) defined by (1). More precisely, denoting by P this Markov
operator and by Gp the corresponding classical Green kernel,

Zp") (s,t) —5t+z > puls0:51) + pulsn—1,sn),

n=1s=s0,51,...,Sn=t%

in view of (3) we have

dim,(s)?
dimy (¢)?
Therefore, denoting by Kp the classical Martin kernel, Kp(s,t) = Gp(s,t)/Gp(e,t), we see that
the function Kp(s,-) € £>°(1) differs from K (Is) only by a scalar factor:

Gﬂ(Is)It = GP(S,t).

K(Is) = dimy(s)*Kp(s, ).
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Hence the C*-algebra generated by c.(I) C c.(I") and the elements Kj(Is), s € I, coincides with
the algebra of continuous functions on the Martin compactification of I. (Note that this does not
yet exclude the possibility that Day(e, e) = MNL¥(1) is a strictly larger algebra.) By a result of
Picardello and Woess [PW8T] (see also [Woe00, Corollary 26.14] or [Woe00, Theorem 27.1]), the
Martin compactification of I coincides with the end compactification I. It is checked in [VVV10,
§2] that this result can indeed be applied in our case, since the transition probabilities p, (s, t)
satisfy the following properties.
— The spectral radius lim, p&")(s, )/ of the random walk is strictly less than 1 (see also
Remark 4.2 below).
— The random walk has bounded range: there is S € N such that p,(s,t) = 0 whenever
d(s,t) > S,
— The random walk is uniformly irreducible (in the sense used in [Woe00]): there are g9 > 0
and K € N such that for any s,t € I with d(s,t) =1 we have p,(f)(s, t) > o for some k < K.

We thus have

Dile.e) = C(I) = C*(colD), KnlcelD))) € Dyle, ). (11)
Assume next y = zz for some z # e. Then, by Corollary 2.5, we have Dg(e,y) = C(Q,)T,
where T, = V(z,2 ®y) for x € Q,,. For every t € Q, define n® e Drc(e,y) = Nate(t,t ®y) by
Vit,toy) ifs=t
) — ’ ’ 12
e {0 otherwise. (12)

Define numbers ¢, (s,t) for s,t € Q, by
Pﬁ(n(t))s = qu(s,t)V(S, §& y)'
Motivated by (3), we then put

im, (t)?
0u(5:0) = Gt 0.

LEMMA 3.2. The numbers g, (s,t) are real and |q,(s,t)| < pu(s,t) for all s,t € €.
Proof. Equivalently, we have to show that the numbers ¢, (s,t) are real and |G,(s,t)| < pu(s,t).
Since fi is a convex combination of point masses, it suffices to consider ji = d,. Fix s,t € Q,.
We may assume that ¢t < u® s, as otherwise ¢,(s,t) = pu(s,t) = 0. Then, with n® given by (12),
Ba(n®)s = (tru @ )(1i2,) = (tru @ )(V(L,u® 8) @ )V (Lt @ )V (L u® 5)7),
and hence
Gu(s,t) = trugs((Lua @ V(5,5 @) ) (V(t,u® ) ® 1y )V(t,t @ y)V (L, u® s)*). (13)
Somewhat informally, the statement that g, (s, t) is real follows now from the fact that in order
to compute the above trace we need only to use that R, and R, solve the conjugate equations
and satisfy RX R, = q+q ' = R%R,, and all these relations involve only real numbers. This can
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be formalized, for example, as follows. We can choose orthonormal bases (e;); of H, and (f;);
of Hg such that

Ry(1) =) Afi®e; and Ro(1)=> A'e;® f;

for some )\; > 0 (with 3, A2 = 32 A2 = ¢+ ¢~'). Then the real linear spans of these bases
define real forms of H, and Hg. Taking tensor products of these forms, we get a real form of
H, ®---®H,, for every word v = x1 -- -z, in a and . Since H, is the orthogonal complement
of the images of operators of the form 1 ® -+ @ L@ Ry ®1®---®@tand 1@ LR Ry @1 R -+,
which respect the real forms of the tensor products, we then also get a real form of H,. Now,
in computing the right-hand side of (13) we may work only with the real forms of all the spaces
involved, hence the result must be real.

In order to prove the second statement of the lemma, note that we also have |g,(s,t)| =
| P:(n®)s]|. Consider the map Py on Naty(t ® (e ® y),t ® (e @ y)) = ¢°- @, End(z @ (e ® y)).
Then, by restricting it to the block corresponding to ¢ and by projecting the image onto the block
corresponding to s, we get a completely positive map Py : End(t®(e®y)) - End(s® (e®y)). By
definition, this map, being divided by p;(s,t), becomes unital. Hence || Py|| = pu(s,t). Viewing
V(t,t ® y) as the element

0 0
(V(t,t 2y) 0) cEnd(t® (e ®y)),
we conclude that || Py(n®)s|| < ||Pst| = pu(s, t). O
Denote by @ the matrix (g, (s,t))scq,. We can define the ‘Green kernel’

Go(s,t) =6u+ Y D> qu(50,51) qu(Sn-1,5n)-

n=1 s=s0,51,...,Sn=t
Then ity (s)?
ey, dimg(s
Gu(n'™)y dimg (1) Go(s,t)V(t,t®y).
Therefore if we let Kg(s,t) = Gg(s,t)/Gp(e,t), then
Ku(n®™) = dimg(s)* Ko(s, )T, (14)

with T" as in Corollary 2.5. We thus need to understand the behavior of the functions Kq(s,-)
at infinity. As we will see, this behavior is not that different from that of Kp(s,-). The starting
point is the following estimate.

LEMMA 3.3. There is a constant C' (depending on q, |y| and the support of u) such that
|qu(s,t) — pu(s, )] < Cq|8|
for all s,t € §2,.

Proof. Recall that p,(s,t) =0 if d(s,t) > S, and then g,(s,t) = 0 as well, so we could equally
well use ¢l instead of ¢/*l in the formulation. Using (6), it is also easy to see that the ratios
dimg(s)/dimy(t) are bounded when d(s,t) < S. It follows that the statement of the lemma is
equivalent to the existence of C’ such that |g,(s,t) — pu(s, )| < C'ql*l.
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Similarly to the proof of the previous lemma, we may assume that f = J, and consider
s,t € Q, such that ¢t < u®s. We may also assume that |s| — |u| > |y|/2, as there are only finitely
many pairs (s,t) as above not satisfying this condition. Then u = ugv, s = vsg and t = ugsg for
some sg, ug, v € I. Since |so| = |s| — |v| = |s| — |u] = |y|/2, we have sy < sp @ y. By (13) we have

Gu(8,1) = trugs((tuge ® V (050, 080 @ y)*)(V (ugso, uov @ 059) @ ty)V (unso, uoso @ y)V (¢, u @ s)*).

By Corollary 2.6 the last expression is close to

_ . . dimg (¢
trues(V (upso, ugv @ vs0)V (t,u ® 5)*) = trygs(V(t,u @ s)V(t,u ® s)*) = dimq(u)il(irlq(s)
up to Cglsol=lWl/2 < Cglsl=lul=Iv1/2 By (2), the quantity on the right is exactly Pu(s,t). O

From this we will deduce in the next section the following result.

PROPOSITION 3.4. For every s € Q,, the function Kq(s,-) = Gg(s,-)/Gp(e,-) on Q, extends to
a continuous function on Q, C I.

By (14), this already shows that
K(Dre(e,y)) € C(Q)T = Ds(e, y). (15)

As opposed to the functions Kp(s,-), it may happen that the functions Kq(s,-) vanish at
some points of the boundary of €,. Nevertheless we have the following result, whose proof we
also postpone till the next section.

PROPOSITION 3.5. For every point to € QN I, we have Kq(s,to) > 0 for all s sufficiently
close to to.

It is now easy to complete the proof of the equality M = B.

Proof of Theorem 3.1. By (11), (15) and our discussion at the end of §1.3, we can already
conclude that K (c.(I')) C B. Hence M C B, since we also have ¢y(I") C B.
Furthermore, Dpy(e,y) is a bimodule over Day(e, e) and by (11) we know that Dpy(e,e) D

C(I). Using Proposition 3.5, for every function f € C(€,) we can find s1,...,s, € Q, and
Gis-- -y 9n € C(Qy) such that f(ts) =, 9i(tes) KQ(si, too) for all tog € Q, NAI. In view of (14)
this shows that, with 7" as in Corollary 2.5, we have

Dp(e,y) = C(Q)T € C(I)Ku(Dr.(e,y)) + co(I)T. (16)
Hence Dgp(e,y) C Da(e,y) and therefore B C M. O

Remark 3.6. The equality M = B and (16) imply that the space C(I)Kj(cc(I')) +co(T) is dense
in B=C(T )

1185

https://doi.org/10.1112/50010437X19007322 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X19007322

S. MALACARNE AND S. NESHVEYEV

4. Estimates of the Green kernels

In this section we will prove Propositions 3.4 and 3.5. We thus fix a generating probability
measure ft, a point y € I of the form zz, z # e, and consider the set Q, C I of words of the
form uz. In order to simplify the notation we denote the transition probabilities p,(s,t) by p(s, ).

In the previous section we introduced the numbers g,(s,t), s,t € €, which we now denote
simply by ¢(s,t). The only information we will need about them is that, by Lemmas 3.2 and 3.3,
they are real and

lq(s,t)| <p(s,t) and |q(s,t) — p(s,t)] < Cql* for all 5,1 € Q. (17)

Denote by P and @ the matrices (p(s,t))scr and (q(s,t))steq, -

The space c.(I) can be completed to two different Hilbert spaces, depending on the inner
product we choose. Denote by ¢2(I) the completion of c.(I) with respect to the inner product
(,-) corresponding to the counting measure: (f,g) = >.,; f(2)g(z). Denote by ¢*(I,m) the
completion of ¢.(I) with respect to the inner product corresponding to the ‘Haar measure’ m
given by m(z) = dimg()% (f, )m = >.,c; m(z) f(z)g(z). For any f € c.(I) and s € I, we have

(f,05) = m(s)"' (£, 8s)m- (18)

LEMMA 4.1. The operator P on c.(I) extends to a bounded operator on ¢*(I,m) of norm \ < 1.

The operator @ on c.(y,) extends to a bounded operator on ¢?(§,,m) of norm not greater
than \.

Proof. Denote by dimy,;, the dimension function on the finite-dimensional representations of our
quantum group G = A, (F) obtained by letting ¢ = 1 in formula (6).

As can be easily seen from (2), the unitary operator ¢2(I,m) — ¢*(I), &5 — dimg(s)ds,
transforms the operator P into the operator

pu(r)
rze; dimg(r) Ars

where A, is the operator of multiplication by 7 on the fusion algebra C[I] of G (which we identify
with c.(I) as a space). By [NT13, Lemma 2.7.3], the operator A, on £2(I) is bounded, of norm
not greater than dimp;,(r). Therefore

A< Z dlmml,(1 r) <1,

rel dlmq )

since dimpyin () < dimg(r) for all r # e.
The second statement of the lemma follows from (17), since we get

(QF 9)m| < (PIf], 9])m
for all f,g € c.(9y). O
Remark 4.2. Note that by (18) we have
™ (s,t) = (P"0y,8,) = m(s) " (P"6¢, 0s)m. (19)

From this we see that the spectral radius of the random walk defined by P is not greater than A.
This (already mentioned) fact that the spectral radius of the random walk is strictly less than
one is actually enough for the results below, but since the inequality || P|| < 1 slightly simplifies
the arguments, we will use it.
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For x € I, let us introduce the following subset of I:
Ay ={ux:uel}.

We will have to consider the substochastic matrices Pa, = (p(s,t))stca, and the corresponding
Green kernels, which we denote by Gpa,. For x € €, we similarly define Qa, and G a, -
The Green kernels G pa, satisfy the following uniform version of Harnack’s inequality.

LEMMA 4.3. There exists 0 € (0,1) such that
Gpa,(s,t) <57MVGpA, (v,1) and Gpa,(s,t) <6 MIGpa, (s,0)
for all z € I and v,s,t € A,.

Proof. As we already mentioned in the previous section, the random walk defined by P is
uniformly irreducible. In fact, the following slightly stronger property (also called uniform
irreducibility in [PW8T]) is shown in [VVV10, §2]. There exist K € N and §p > 0 such that:

— p(s,t) = dp whenever p(s,t) > 0;
— for any s,t € I with d(s,t) =1 we have p(*)(s,t) > 0 for some k < K.

In particular, given s,t € I with d(s,t) = 1, there are points xg = s,z1,...,2; = t, k < K, such
that p(x;, x;y1) = 0p for all ¢ = 0,...,k — 1. But then we also have p(x;x, z;11x) = do for any
x € I. That is, the same constants K and J§p work for Pa,. This implies the lemma; specifically,
we can take § = 55(. a

The most important property of the Green kernels of random walks on trees (shared also
by random walks on hyperbolic graphs, where it is much more difficult to prove [Anc88]) is
their almost multiplicativity along geodesics. We will need the following uniform version of this
property, cf. [[INOO8, Proposition 2.1].

For s,t € I, we denote by [s,t] the unique geodesic segment between s and .

LEMMA 4.4. There exists a constant C7 > 0 such that

1
o Gpa,(s,v)Gpa,(v,t) < Gpa,(s,t) < C1Gpa,(s,v)Gpa, (v,t)

for allz € I, s,t € Ay and v € [s,1].

Proof. The first inequality is true, with C; = (1 — p)~!, for any irreducible random walk with
spectral radius p < 1. Namely, we have

Gpa,(s,v)

<
GP,AI (1), ’U) GP,AI. (7}7 t) X GP,AI (37 t)7

since the expression on the left is the sum of p(sg,s1) - p(sp—1,sn) over all paths (s = sg, s1,
...y8p, = 1) in A, that pass through v. As Gpa,(v,v) < Gp(v,v) < (1 —A)~! by Remark 4.2,
we can take C; = (1 — \)~L.

For the second inequality, take = € I, s,t € A, and v € [s,t]. Then any path from s to ¢
in A, contributing to Gpa, (s,t) must pass through the set A = A, N Bg(v), where Bg(v) is
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the open ball of radius S with center v. (Recall that S € N is such that p(u,w) = 0 whenever
d(u,w) > S.) It follows that

GPA ZGPA SU)GPA (u,t).

u€A

By Lemma 4.3, for every u € A, we have
GPvAT (8’ U)prAT (U, t) < 5_2(S_I)GPaAT (8’ ,U)prAz (U7 t)

Since the number of vertices in Bg(v) is not greater than 3 -25~! — 2, we thus see that for the
second inequality in the formulation of the lemma we can take C; = 3(2/6%)°~L. O

We are now ready to prove the following key estimate.
LEMMA 4.5. There is a constant Cy such that
Go.a.(5,1) = Gpa, (5,1)] < C2g"lGpa, (s,1)
for all z € ) and s,t € A,.
Proof. By (19) we have Gp(s,t) = m(s)"1((1 — P)~16;,s)m. Similarly,
Gpa,(s,t) =m(s) (1 = Pa,) 104, 0s)m and Ggn,(s,t) =m(s) (1 —Qa,) "0, 0s)m-
Define functions 8, = 8, /+/m(u) for u € I. Then we can write

m(t

m(s

S~—
3
—
o~
S~—
i

GP7Am(S7t) = ((1 - PAw)_15t7 gs)m and GQvAac (87t) =

S—
3

—~
»

SN—

From this we get

Since {0y }uea, is an orthonormal basis in £2(A,, m), the scalar product in the expression above
equals

Z ((1 - PAz)ilgt; SU)’VTL((QAE - PAZ)STM gu)m((l - QAz)iléw Ss)m

u,WEAL
It follows that

GQ.a. (s, ) GPA (s,1)]

W 2 0= Pa)™00n((@a, = Pac)b,Su)nl(1 = Qo) ™00 80

Y. Gra,(v.t)]a(u,v) = plu,0)| |G, (s, u)].

U VEA,

By (17) we have |Gg.a,(s,u)| < Gpa,(s,u) and |q(u,v) — p(u,v)| < Cql"!. Since we also have
q(u,v) = p(u,v) = 0 if d(u,v) > S, we conclude that

IGQ.a,(5t) — Gpa,( <C Z |u‘GpA (s,u)Gpa,(v,t).

U, VEA,
d(u,v)SS
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S u

FIGURE 1. Possible positions of the closest point on the geodesic.

Applying Lemma 4.3, we then get
2\ S
Goa.(5:0) = Gra (0] <3(3 ) € X "G (s,00Gna, (0.0
UEA,

where we used again that every closed ball of radius S contains not more than 3- 2% — 2 vertices.
In order to estimate the above expression, for every u € A, denote by ' the point on the
geodesic [s, t] closest to u. Then v’ € [u, s] N [u,t], so by Lemma 4.4 we have

Gpa,(5,u)Gpa,(u,t) < C:Gpa, (5,4 )Gpa, (W, u)Gpa, (u,u)Gpa, (W, t)
< C]:_))GP7AI (87 t)GP,Am (ul7 U)GP,Az (U, u/)7 (20)

and hence
2 S
|IGo.a,(s,t) —Gpa,(s,t)] < 3<5> CC% Gpa,(s,t) Z q‘u‘GP’Az (ulvu)Gp,Az (u,u').  (21)
uEAy

It remains to estimate the sum in the above expression on the right. Observe that if «’ # 2’
(where z’ € [s,t] is the vertex closest to z), then

jul = '] = 2| + d(u/,2") > |a| + d(u/, 2).

If o' = 2/, then the inequality |u| > |z| + d(u/, 2") is obvious. See Figure 1 illustrating these two

cases.
It follows that

Z "G pa, (W, u)Gpa, (u,u') < g7 Z ¢ Gpa, (W w)Gpa, (u, ')
uEA, uEA,

<d" S ¢ Gpa, (w,u)Gpa, (uyw).  (22)

uEAg we(s,t]
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Next, for every w € [s,t], we have

Z Gpa,(w,u)Gpa, (u,w) = Z (1- PAm)_lgua Sw)m((l - PAm)_lng Su)m

UEA, UEAy
— (1= Pa) 20 b < (1= N2 (23)
We also have
S " <214 q+ P+ ) =20—q) " (24)
wE|s,t]

Combining (22)—(24), we get from (21) that
2\°  Cc}
G t) -G H<6(=) ——L—g-la t
Goa.(5:) = Gra(s.0] <6(3 ) (o yju g 171Gmas (o0
and we are done. O
Proof of Proposition 3.4. Fix s € )y and to € Qy N 0I. We have to show that as t — t,, the

numbers Kq(s,t) = Gg(s,t)/Gp(e,t) converge to a finite limit. B
Fix ¢ > 0. By Lemma 4.5 there exists x € €, such that s ¢ A;, tc € Az NII and

|Go.a, (u,t) — Gpa, (u,t)| <eGpa,(u,t) forall u,t € A,.

Take t € A,. Then z € [s,t], so, similarly to the proof of Lemma 4.4, every path from s
to t in I contributing to Gp(s,t) must pass through the set A = A, N Bg(x) and there is a
well-defined moment when it leaves I \ A, and enters A for the last time. It follows that if for

u € A we put
o0
u) = Z Z p(s0,51) - P(Sn—1,5n),
n=15=50,81,--,Sn="U"
Sn—1¢Ag
then
Gp(s,t) =Y Mp(s,u)Gpa,(ut). (25)
uceA

We can similarly define Mg(s,u) and get a decomposition of Gg(s,t). Then, for any ¢,t' € A,,
we have

[Kq(s,t) — Ko(s, )| = | > Mo (s, u)Goa,(u.t) 3 Mq(s, u)Go.a, (u,t')

ueA Gplet) ueA Gplet)
Z|MQSU|Gprut Z|Mqu|GpA L(u,th)

ueA Gplet) ueA Gple,t)

Gpa,(u,t)  Gpa,(u,t)
M ) T _ ) x
: 1;4 NGl T Grent)
Gpa (u t) Gpa (u t/)

K Kp(s, ' M, Ae U b) TP A
2(Kp(s, )+ Kp(s. )+ 3 IMols.u)l| =5 252 = =5 =0

u€A

where we used that [Mg(s,u)| < Mp(s,u) by (17). If we could prove that the sum above converges
to zero as t,t’ — t, then we would get

limsup |Kq(s,t) — Kg(s,t')] < 2e Kp(s,too),

£t —>too
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and since € could be taken arbitrarily small, we would be able to conclude that the numbers
Kq(s,t) converge to a finite limit as t — too
Therefore it remains to show that for every u € A we have
G t G t/
lim PAg (uv ) _ Y PA, (ua ) ’ _

tt —too

Gp(e,t) Gp(e,t/)

Again using (25), but now applied to Gp(e,t), we can rewrite this as
Gpa,(v,t)\ Gpa, (v, )\
Mp( L Mp( = <
(Z ) G () <u,t>> (Z PO G ()

In order to prove this, it suffices to show that for all u,v € A the function Gpa,(v,-)/Gpa,(u, ")
on A, extends to a non-vanishing continuous function on A, C I. But this is indeed true, since
this function is nothing else than the Martin kernel of the random walk on the tree A, defined
by the matrix Pa,. Although this matrix is only substochastic, it still satisfies the assumptions
of [Woe00, Corollary 26.14] or [Woe00, Theorem 27.1], as we essentially discussed in the proof
of Lemma 4.3. So the same arguments as in [Woe00] show that the Martin compactification of
A, with respect to Pa, coincides with the end compactification, which is A,. O

lim
tt —too

=0.

Proof of Proposition 3.5. Fixty € Qyﬂﬁl. By Lemma 4.5 we can find = € €}, such that ¢, € A,
and

Go.n,(s,t) > 1Gpa,(s,t) forall s,t € A,.
Suppose next that we can find u € A, such that to € A, and
Gp(s,t) — Gpa,(s,t) < 2Gp(s,t) forall s,t € A,. (26)
Then, by (17),
Gols,t) — Go.a,(s,1)| < Gp(s,t) — Gpa,(s,t) < 1Gp(s,t) < 3Gpa,(s,1) < 5GQ.a,(s,1),

whence
Go(s,t) > $Goa,(s,t) = §Gpa,(s,t) = §Gp(s,t),
and therefore
Ko(s,teo) = 2Kp(s,tag) >0 for all s € A,

Therefore it remains to find u such that (26) is satisfied.

For s,t € A,, similarly to the proof of Lemma 4.4, the paths from s to t contributing to
Gp(s,t) — Gpa,(s,t) must pass through the set A = Bg(x) N A, of cardinality 2 — 1. It follows
that

Gp(s,t) — GPA ZGP (s,v)Gp(v,t),

vEA
and, using Lemma 4.3, we get

S
Gp(s,t) — Gpa, (s.1) < (;) Gp(s,2)Cp(x,b).

Now take any u € A, and assume that s,t € A,. Let v be the point on [s, t] closest to u, or
equivalently, to z. Then v € [s, 2] N [¢, x], so, similarly to (20), we have

GP(S¢ l’)GP(LL‘, t) < C?GP(& t)Gp(l', U)GP(Ua SL’)
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Hence

2 S
Gp(s,t) —Gpa,(s,t) < <52> Cpr(s,t)Gp(x,v)Gp(U,x).

Therefore for (26) to be satisfied it suffices to have

2\ S
Gp(@,0)Gp(v,2) < 4é§ (‘;) (27)

for all v € A,,. But, similarly to (23),

> Gp(z,v)Gpv,2) < (1- A1) 2 < o,
vel

so (27) is true for all but finitely many v in I. O

Remark 4.6. Essentially the same proof shows that actually Kg(s,te)/Kp(s,tec) — 1 as
S — too-
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