ESTIMATES FOR GENERAL COERCIVE BOUNDARY
PROBLEMS ON A HALF-SPACE FOR A CLASS OF
ELLIPTIC PARTIAL DIFFERENTIAL OPERATORS

PETER C. GREINER

Introduction. In recent years elliptic boundary value problems have been
studied in great detail; see, for example, Agmon (1), Agmon, Douglis, and
Nirenberg (2), Browder (4), Hérmander (7), Schechter (10; 11; 12), Agrano-
vich and Dynin (3). In all these cases the boundary problems considered were
local or semilocal, i.e. the boundary operators involved are differential
operators possibly having singular integral operators for coefficients {(cf. (3)).
The basic tool in these investigations is the following coercive inequality

lulln < C(|Aullo + 22, (B, u)s; + |fullo)

for u € Co®(Q), where (. . .);; denotes the boundary Hilbert space norms and
Q is the basic domain.

In 1964 Browder (6) defined a non-local elliptic boundary problem on a
bounded domain. His boundary operators are general continuous operators
defined on the boundary Hilbert spaces and the problem is supposed to satisfy
a coercive inequality.

Earlier, M. I. Visik (15) gave a complete treatment of general boundary
value problems for second-order elliptic partial differential operators on
bounded domains. In fact, Visik's work includes non-coercive boundary prob-
lems as well.

In this paper we study general, local as well as non-local coercive boundary
problems on a half-space R,*. The following definition is Browder’s, adapted
for the unbounded domain R,*.

Definition 1. Under a general coercive boundary problem on a half-space
R,* we understand the triple (4, B, T), where 4 is an elliptic partial differen-
tial operator on R,* and B is a continuous operator from W™2(R,*) into some
Hilbert space T, such that B: Wy™2(R,*) — 0 and

€ {lallm < C{]Aullo + [|Bulir + [[ullo)
for u € Co™(R,¥).
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We study a subclass of elliptic partial differential operators which we call
simple; for precise definitions see §1. Without any a priori assumptions on the
form of B and T we obtain a sufficient condition, Condition K, for (4, B, T')
to be coercive on R,* if 4 is simple. Our method is an adaption of a recent
proof Schechter gave of the usual local coercive estimates (see (12)). We also
show that the usual local elliptic boundary problems are included in our
result. Finally we study an inequality of the form

|l < C([|Aullo + [1Buf[r).

This is satisfied by differential elliptic boundary value problems. We show that
Condition K is actually necessary if we want (4, B, T) to satisfy such an
inequality.

1. Notation and terminology. Let R,, # > 2, denote the Euclidean
n-space, R,* the open half-space

Rn+ = {(3’1» . .. 1yn)l Yn > 0}’
and R,* its closure. For the sake of convenience, points of R, will be written
as (x, 1), where

x = (ylv"~yyn—1>a t:yn-
R,—1® {or some K > 0 will denote the domain {¢| £ € Ry, |£] > K}.

We need partial Fourier transforms with respect to the variables x and ¢
given by

filg £) = (2m) 70 fle, e ™ dx = F, f(5, 1),

Ra-1

f/\(x, T) = (271')_1/2 J‘_OO fx, t)e_i" dt = F,f(x, 7).

The Fourier transform with respect to both x and ¢ is denoted by f1"(§, 1)
The inverse Fourier transform is defined in the usual fashion. Let

k= (I“ly--',ﬂn)
be a multi-index of non-negative integers with length |u| = uy + ... + u,. Let
D; = 98/jox;, 1 <j < n, and set
.DI - (Dl,...,Dn_l), .D; =Dn.

A partial differential operator of order m is denoted by

AW, D) = 2 au(x, )D ... Dy DM

lui<m

where the variable coeflicients a,(x, 1) are defined in R,*. For each fixed
(x, ) € R,* we associate a polynomial 4.,/ (¢, 7) with A (y, D) given by

Ae, V(6 7) = lZ au(e, )& . L A

Kl=m
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For our purposes it is sufficient to assume that a,(x, ¢), |4| = m are constants,
that is
Az, t(p) (E? 7) =A® (5: T)-

A vpartial differential operator 4 (y, D) whose principal part has constant
coefficients is said to be elliptic if

lA(p) (5’ 1)[ > C(ff]z -+ [le)m/z

for some C > 0 and all (¢, 7) € R,. An elliptic partial differential operator is
always of even order m = 27 for » > 2, and for # = 2 we assume that 4 has
even order. We shall always assume that an elliptic partial differential operator
satisfies the root condition, i.e. for each £ 0, A®(§ 7) = 0 has exactly
r = m/2 roots with positive imaginary part as a function of 7. This condition
is only necessary for # = 2 since for # > 2 it is automatically satisfied
(cf. (10)).

We shall call a homogeneous elliptic partial differential operator of order
m = 2r with constant coefficients simple if for each |§] = 1, 4(§, 7) = 0 has
simple roots. For example, D:?" + ...+ D,* is simple for every positive
r. Similarly, we call an elliptic differential operator with variable coefficients
simple if its principal part is simple.

To define a boundary problem we need some Hilbert spaces of distributions;
for details the reader should consult the comprehensive treatise of Hérmander
(8). Denote by W=2(R,) the Hilbert space of distributions # in R, whose
Fourier transform # is a function which satisfies

fgn A+ [P la@)d < .

The norm is given by
@ = f o+ EEor e

If « is a positive integer k, then W#*2(R,) consists of all functions # whose
distribution derivatives D*u for || < k belong to L2(R,). Using this notion
one defines the Hilbert space of functions W#2(R,¥) for & a positive integer.
In this case the norm is defined by

lellt = 3 Dl = X
ulf = X 0wl
It is well known that the mapping
d: u(x, t) = (u(x,0), ..., D™ u(x, 0)),

where # € Co®(R,*) can be extended to a continuous map

———— m_l :
& WHRT) = 2 @W TR, )
=
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which is onto with kernel Wy™2(R,*), i.e. functions of W™2(R,*) whose
0,1,...,m — lderivatives vanish at ¢ = 0. This allows us to treat W™2(R,*)
as the space

— m—1 .
Wi RS @ ZO @W™ (R, ).
-

On the domain R,* a general boundary operator B associated with an mth
order elliptic partial differential operator 4 is a continuous mapping

B:W™R,T) > T
into some Hilbert space I' such that BW,™2(R,*) = 0, that is

m—1
B:Y, @W" VP (R,oy) > T

7=0
defines B. To be more precise, let # € Cy°(R,+) and set
dy: u — D fu(x, 0).

Extend it to all of W™2(R,*). Then we set

m—1

B = Z()Bkdln

k=

where By is a continuous mapping
By: Wret=1/22(R, 1) — T.
Assuming A (D,, D,) has constant coefficients,
AP (& 1) = Ay (§ 1)A(E 1),

where A® (¢, 7) is considered as a polynomial in 7 for each fixed ¢ and where
A, (& 1) contains the product of all zeros of A® (¢, r) with positive imaginary
part.

Finally, C will denote a general constant which might be different for
different formulas.

2. Let 4(D) be a homogeneous simple elliptic partial differential operator
of order m = 2r. The main result of this section (Theorem 1) is the derivation
of some sufficient condition (see Definition 2) for the boundary problem
(4, B, T') to be coercive. As a corollary we give a routine extension of this
result to simple elliptic partial differential operators with variable coefficients,
i.e. to operators of the form A(y, D) = A(D) + P(y, D), where A(D) is
simple and P(y, D) is a partial differential operator of order at most m — 1
with continuous coefficients uniformly bounded on R,*. Finally in Theorem 2
we show that the usual local elliptic boundary conditions are included in our
result.
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The proof of Theorem 1 will be given in the partially Fourier transformed
space F, W™2(R,*). For this we need a certain amount of preparation. By
definition, for each [¢| = 1, A(§, 7) has m simple roots, 7:1(£),..., Tu(f),
r = m/2 having positive and the rest negative imaginary parts. We might

as well assume that Im 7,(¢§) > Ofork =1,...,7r Set
_AG )
(2) Ak(E) T) - 7 - Tk(E)

for £ 5% 0. Using this notation, define

Wiu = 1(2r)7124,(E D us(t, 0)

fork=1,...,mand u € Co°(R,*). It isclear that r,(¢), k = 1, ..., m, are
homogeneous of degree one. Hence 4, (¢, 7) is homogeneous of degree m — 1
fork = 1, ..., m. Therefore the mapping

u— (Wiu,..., Wru) = Wu
defined for # € Co®(R,*) can be extended to a continuous map

®3) W™ R, =, ®@F, WH(R, )
where the summation is 7 times. Let

m—1
B =2 B,d,
7=0

be the boundary operator associated with 4 (D). For u € C,™(R,T) set

_JAWD, Dulx,t), t>0,
g 1) = { 0, t < 0.

Now B,d; can be written as (B, Fy1)(F,d,). Since for u € C°(R,*),
F,d;u = d; F, u for such %, we have

B;d;u = (B; FeY)(v; Fo)u = (B; FeY)v;uy,

where v, = d; applied to u;{¢, £). Define the operator v,- by

Vi u1(§) = J‘_ mgxl\(é, ) dr
foru(x, t) € Co°(R,*) and set

@ _ v ua(®), €] > K,
Yi— ul(é) = { 0, lEl < K.

Now
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@) (Fv-Pu) e iap

© )
_ 2\m—j—1/2 i T A .
o R R Al v YA

«© m—j—1/2 j 9
<¢ l£l>Kd£‘ JV_ —Léllzl(g—q—)"-gl/\(f, T)dr

< ds( f:o %d’ f_i " &, T)l2dr>

< Cllglls < Cllullr

2

(3

since A4 (¢, 7) is elliptic and homogeneous of order m as a consequence of which

© gt )
f_m AG P T<C<

for some C > 0 independent of £ This shows that Fyty,; . F, is a continuous
operator on Co”(R,*) in the W’“(Rnl norm. Therefore Fily, ®)F, can be
extended by continuity to all of W™-2(R,*). Thus

m—1 m—1
K K K
BA( ) — § U: le,yj‘( )Fa: — § 0: .Bj—< )
I= =

is a continuous operator on W™2(R,*) where we set

B, & = B/y, ®F, and B/ = B; Fg.
Furthermore, (4) gives the estimate
®) 1B-®ulle < Cllgllo,  u € C@RT).

For u € Co®(R,™) set
v Euy () = {’Yj u1(£), lt| > K,

0, lg] <K,
ul(K) (E’ [f) _ {ul(éy t)r gg]l iéfy

and set
m—1
B®u = 3, By, Fus
=
Finally, define B, by
B+(K)1/t —_ B(K)u _ B_(K)u, u € COOO(E?)

Definition 2. Let A4 = A(D) be a homogeneous simple elliptic partial
differential operator of order m = 2. We say the boundary problem (4, B, T')
satisfies Condition K for some K > 0 if

T

> fm el W, ul’dg < ClIBL®ullf,  u € C@@®).

k=1
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THEOREM 1. Let A(D) be a homogeneous simple elliptic partial differential
operator of order m = 2r defined on R,*. Let B be a boundary operator such that
(4, B, T) satisfies Condition K for some K > 0. Then for all u € W™2(R,¥)
we have the coercive estimate

[[#llm < C([iAuifo + [[Bullr + {[ullo).

CoroLLARY. Let A = A(y,D) = A(D) + P(y, D) where A® = A(D) 1s
homogeneous and simple of order m = 2r and P(y, D) is of order at most m — 1
with uniformly bounded continuous coefficients in R,*. If (A®, B, T) satisfies
Condition K for some K > 0, then (A, B, T') is a coercive boundary problem on
R.*.

Proof. The inequality
(6) [ull; < ellulln + K(e)]lullo

is well known to hold forall e > 0,7 =0,1,...,m — 1 and u € W™2(R,*)
(cf. (5, p. 39)). Employing (6), we obtain

|APullo < [|Aullo + ||Pullo
< [JAuflo + Calellulln + K{e)||ullo).
By the hypothesis, Theorem 1 can be applied if A = A®. Hence
ol < Co([lA@ullo + [|Bul[r + |[ullo)

< Ceo(l|Aullo + [[Pullo + [1Buf[r + [|ul]o)

< G(e) ([[Auilo + [|Bullr + llullo) + C1 Cs el [u][m.
Choose € > 0 such that C; Cy ¢ = 1/2. Then

ullm < 2Cs(e) ([[Aullo + [[Bullr + {lulo).

This proves the corollary.

In the rest of §2 we shall assume that 4 (D,, D,) is a homogeneous simple
elliptic partial differential operator of order m = 2r,i.e. 4 = A® . To simplify
the proof of Theorem 1 we present some simple lemmas.

LeEMMA 1. To prove Theorem 1 it suffices to show that for u € Co™(R,™)
(M) [[Rulle < C(||Aullo + ||Bul|r + [|ullo),

where R(D,, D,) is any homogeneous partial differential operator with constant
coefficients of order m = 2r.

Proof. Same as the proof of the corollary of Theorem 1.

LeMMa 2. It is sufficient to prove (7) if R(D,, D,) is of order at most m — 1
in D,

Proof. Suppose that we proved (7) if R is of degree <m — 1 in D,. Since
A(D,, D,) is elliptic,
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D/ = aA(D,, D,)u + R(D,, D)u,
where R(D,, D;) is of order <m — 1 with respect to D,. Therefore
1D " ullo < CllAullo + [[Rullo
< C(ll4ullo + [|Bul[r + [|u]o)
foru ¢ Cy®(R,*). This proves Lemma 2.

From now on R(§, 7) denotes a homogeneous polynomial of order m = 2r
in (¢, ) which is of order at most m — 1 in 7. Inequality (7) can be written as

® f a4 [ IRG Dow nla < claullo + [Bulle + [1ullo)
Bn-1 0
for u € Co(R,*). The following inequality can be proved easily (cf. (9; 11))
IR Dowste 0P < G [ 146 Dowste 0+ [hate 0

for all |¢| < K where Cg depends only on the coefficientsof D7, 7 = 0, 1, ...,
m —1in R( D)) and A(¢ D,) for |¢§] < K. K denotes the fixed number
occurring in Condition K. From this we have

- , . 2
9) Ldesfo [R(& D Yus(t t)|"dt < Ce([[Aullo® + [Jullo?).

LemMMA 3. To prove Theorem 1 it suffices to prove the following inequality:

| ST 1RE Dowste 0 < Clllelle + 11Bulle + [ulls),
1§I>K 0

where g(x,t) = A(D, D)u(x, t) for t > 0 and otherwise g = 0.
LeEMMA 4. Let u € Co®(Ry¥). Then for 0 <j < m — 1,

fR A+ | ID (r — ™) (5, 0)|* dg < Ce(||Au]|§ + [Ju]]3).

Proof. It is easily seen thatforj = 0,1,...,m — 1

1D (ur — ) (& O < Cu D f D — w®) (&, OPde;
=0
see, for example, Agmon (1, p. 198). Therefore
f A+ [ D wn — ™) (5, 0)|* dk
Rn

= | @+ YD 0 e
1El<k
<GS, 1D/t 0)a

, m © ‘1 2
<y fqu‘ffo D us(e, )] d.
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Now we have the well-known inequality

2:) J;mlD," ui(E, )2 dt < Cx” J;mlA & DYua(t, 8)|* dt + £w|u1(g, O dt,

where Cg'’ depends only on the coefficients of D/* in 4(¢, D,) for || < K;
see, for example, Schechter (12, p. 265). Now integrating this over the domain
l¢] < K proves Lemma 4.

Proof of Theorem 1. Let u(x, ) be a fixed function in Cy®(R,"). Using the
property of the Fourier transform

[Diur(g, DI = rua” (¢ 7) + 1@2m) "1 2ua (8, 0),
one easily derives the identity
(10) @ (&0 = (0~ w4 DYua(g 1™ + i(2m) 124, D Jua(g, 0)
(r = ) Ax& DDua(t, )] + Wi

fork=1,2,...,m. Since R(¢, 7) is of order <m — 1 in 7, we can expand it
in partial fractions with respect to 4 (¢, 7):

R, 1) i ex (k)

I

) 0,
Agn “&Er-n@® 7
where
34 (¢,
o) = R e/ | 80|
T="1F
Clearly ¢,(£), 2 = 1,...,m, is homogeneous of degree one. Similarly =,(¢),
kE=1,...,m,is homogeneous of degree one and nowhere real. Thus
lex(8)] < ClE],
CYg < [Im 7 (8)| < Clg

fork=1,...,m. Now

R(E 1) = ek(f)Ak(E),

B4 Do n1"
— Z ek(E) gl (E, T)

e
= f}ﬁ%g&(& - iz r()) s

R, Dus(s, 0)]"

TFMs TT[V]s

Therefore

[[R(& D)ui(, )] l {Igl & 0|+ lgiz [TL——;,CA(I‘E)(} .
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Squaring this inequality and integrating with respect to 7 gives
IR Dy o1

< c{f_i 0 (6 ) %dr + 1e|2,§ml Wul* | —Fdf;k—@—lf}

< C{ fm 2" @ D)l'ar + g 2 |Wku|2](.
—c k=1 J

Now we employ identity (10):

© A ©
ay T EED o [T e D o1 e
FiCO A6 DI 0) |

= (7/2)""* A4(£, D ur(t, 0)
+ i 2m) 7 (4, D Yual (¢, 0) (i sgn Im 1)

_{—27riWku, E=r+1,...,m,
- 0, E=1,...,r,

where we used the well-known formula (cf. (14, p. 25))
ui(§,0) = (2/1r)1/2P.V.J uy" (&, 7)dr.
Therefore fork =7»+1,...,m

*® dr it A 9
< Clg P f_m lgi” (& )| dr

2

< cf_ le1" (&, )| dr.
Hence {or [¢§] > K ”
fo IR(E Dyt 1) "t < C<f 0" & ) dr + 12 X IWkuP) .
—w k=
Recall Condition X,

T

J o eimlia < ciBul
1 1>k

k=
which implies that

Ja [IRE Dy
|¢I>K 0

< C< flm dt f_m 6 & )% + 1B, @l |>
< C(lglls + [1B+®ulld).
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Now recall (5), that is
1B-®ullz < Cllel[s.

Finally, using (9), we obtain
[[Rulls < Cllgl[ + [1B+®ullt + ||| [5)
= C(llells + 1B — B-"ullt + [ul]5)
< C(llglls + 11B®ullr + [l]3)
< C(llelle + [[Bullr + [ull),

where the last inequality follows from Lemma 4, since

m—1
HB(K)uHI‘ — Z le,yj(K)u1
=0 T
m—1
< [|Bullr + 2:0 B/ (v; — v/ .
=
and
m—1 m—1
Z‘B B/ (v; — ’Yj(K))ul r < ZO HB/('YI - 'YJ'(K))uIHP
J= =
m—1
< C Z{) <Fg_1Dtj(u1 - ul(K)),=0),,,_j_1,2
=

< Ce([lAullo + [lullo).
This proves Theorem 1.

To show that this result is meaningful, we prove that the usual differential
elliptic boundary-value problems are included in Theorem 1. For this we need
the definition of covering.

Definition 3 (Schechter (11)). Let A(D,, D,) be a homogeneous elliptic
partial differential operator of order m = 2r with constant coefficients. Suppose

thatforallg, |g] = 1, 4(¢, 7) = Ohasrroots 7y, ..., 7, with positive imaginary
parts. Let By, ..., B, be a set of homogeneous differential operators of orders
m; <m, j=1,...,r, with constant coefficients. Consider (4, B) on R,*.
The system B = (By, ..., B,) issaid to cover 4 if forall £ 52 0, By(¢, 7), ...,

B, (¢, 7) are independent modulo 4,.(¢, 7).

THEOREM 2. Let A(D,, D) be @ homogeneous simple elliptic pariial differential
operator of order m = 2r. Let By, ..., B, be homogeneous partial differential
operators with constant coefficients of orders my, . . ., m, < m suchthat By, ..., B,
cover A on R,*. Set

I =3 @W" (R, ).
=

Then (4, B, T) satisfies Condition K for all K > 0.
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Proof. Clearly
B® = (By®, ..., B,®).

Let v(x, £) be an extension of #(x, t) to all of R, such that »(x, t) is m times
continuously differentiable with compact support. Set

By (& 1) = [g[*miBy(E, 1),

j=1,...,r Itiseasy tosee that theset of polynomials B,/ (¢, 7),7 = 1,...,7,
is also linearly independent modulo 4 (¢, ) for all £ > 0.
Set

B/ 1) _ A _qu®
AEn Hr—n®

Then

3 —2rigOWin(® = 2 ax® | 46’ @ e

=S 0@ A8 e

— " B e

= (27!‘) 1/2Bj”(£v Dt)vl(gy 0)
= (2‘”)1/237"(57 Dt)ul(ga 0)‘
If |¢} > K forsome K > 0, using (11), we obtain

s B 14 T
B,-_"ul(é) = _ _441(2(—2}))g1/\(5’ T)dT

g:k ® f fl_ (f' (;_))

- ZH —2igw(OW, (®)-

Hence
i(zf)—lﬂBﬂ"(E’ Dus(§) = :L:,l g (E) Wi u(£).

Using Schechter's (12) argument, now it is easy to prove Theorem 2. For

any 7-tuple of numbers (wy, ..., w,),
gl%k‘wk=0, I<j<r=wm=...=w,=0.
Otherwise there exist numbers (Ay, ..., A,) such that
iMij=0, k=1,...,r
k=1
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Then
_1 r m
N B =
Z =1 k=1T — Tk
i Z A Qo
k=r41 j=1 T — Tg ’
which implies that
2 N\ By
=1

isa multiple of 4. (¢, 7). This contradicts the assumption that B,,j = 1,...,7,
covers A. Therefore

T

;_:4 Z gn@Ewe] > C>0
forall |¢f = 1and
3 hal* =
Hence, using the homogeneity, we obtain
Sl < G, | 3 an@m|

J=1

for all J§ > K >0 and (wi,...,w,). Setting w = W,(£) = W, u(f),
k=1,...,r,

Z We(®)|” < Z #(EW;

IRCILAGIE
k=1 Y [¢I>K
<X

KZ IEHBH"(E, D )u(t, 0)|” dt

=1 1E1>

II

Il

CKZ: £ *™~1 | By (8, Dyua(s, 0))” di

j=1 |EI>K
CK]z=:1 ‘I‘[£|>K (1 —|— [512)1”—””—1/2 |.Bj+(£, Dt)ul(g, O)l?(iS

Cl|B+@ullf,

where B,(% = (B, ..., B,."), This proves Theorem 2.

N

3. All through this section we assume that 4 is a homogeneous simple
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elliptic partial differential operator. In proving Theorem 1 we showed that for
all functions u(x, t) € Co"(R,*)

[P < Cll(Aullo 4 ||B+®ul[r).
It is easy to see that u1® (¢, £) = 0 for |§] < K implies
[Pl < Clu®ln,  u € CR),
that is
(12) [u® |l < C([[Aullo + |[B+®ul|r)

forall u € Co®(R,™).

In this section we discuss Condition K. We show (Theorem 6) that
Condition K is actually necessary if we want (4, B, T') tosatisfy(12) for some
K > 0. The idea involved is simple and follows from the formal correspondence

FJA(D, DYul = AGE DYua(t,t), u € WM(R,).
First we note that the mapping
Tx: G (Ry7) = W™ (R,)
given by
Trulx,t) = Fil(u,) (x, t) = u®(x, t)

is continuous in W™2(R,*) norm. Therefore T'x can be extended by continuity
to all of W™2(R,*). Since A and B, are continuous maps defined on
Wm2(R,*), we see that (12) holds forall w ¢ W™2(R,¥). Denote by Wx™2(R,*)
the closure of the subspace {u® (x, £)] u € Co>(R, )} in W™2(R,¥). We can
write (12) as

(13) 1Tk ulln < C(1Aullo + [|B+®ullr),
where T'x is the projection map onto Wx™2(R,*). Set
v(§, 8) = Vi(®explitre(§)},
where V,(§) € Co®(R,_1®),k=1,...,r, and
wl ) = @0V [ expmn Vi) explitm(©)las

n—1

Itis clear that us (¢, ¢) € Wm2(R,*). Therefore there is a sequence of functions
ou(x, 1) € Co”(R,T) such that

lux — dulln —0, E=1,...,7r,

as n — «. By taking partial Fourier transforms with respect to x we easily
see that
Huk_d’n(K)Hm< l’uk_¢nllmy U = 1y21"'-

Hence u,(x, ) € Wx™2(R,*) and we have
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(14) [laxlln < CUlAurllo + ||B+Eullp),

= 1,...,r Naturally we can replace %, by

r
U = Z Uy
=1

in (14). Furthermore

Thus
r | r
(15) Sul| <C iB+(K)( uk) .
k=1 m k=1 T
We also have the estimate
(16) HVk(E)eXP{’”"'k(f)}Hm < C{Vidme2-

Let us take (16) for granted for now; we shall return to it at the end of this
section. Now (16) implies that we can extend (15) by continuity to all functions

T
U = Z uk,
k=1

where
a7 ug (%, 8) = Fe[Vi()explitre (£)}],
where V, € Wn-122(R,_ &) k =1,...,r Thus we have proved

THEOREM 3. Let (4, B, T) be a coercive boundary problem for which (12) holds
forallu € Co™(R,*). Then
[w]lm < C||B+®ullr
for all

U = Z Upg,y
k=1
where u,(x, t) is defined by (17).
Letu € Co°(R,*). Consider

o (K)
18) w1 = L et

Clearly

expiitr, (£)}.

W, 1™ (&)

W’m—1/2,2 Rn— (K)
Ak(Tk) € ( ! )

and we have
Wi 0P (8) = Wi u™ (§).

Furthermore (16) implies that
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_ W u(K)
F 1 (X)) m C k >
H £ U ” < Ak(Tk) 12

< Cflsbx e |Ap o) |77 (W ul® dt

2
<C£wgmMMd£

< Cllullm,
where we used (3). Now the above estimates imply
THaEOREM 4. The space My spanned by
Wu'® = (W, u®, L W u'®), % € W""2(Z—€n_+),
for any K > 014s also spanned by

(Wl Uty « v oy W, u,),
where
ui(x, 1) = Fel[Vi(@explitri(§)}]

with V, € Wm1/2:2(R, ) and the correspondence is given by (18). Therefore
we have

My = T @WH22(R, 1)
where the sum has r terms.

Now by the continuity of the mapping W we have
Wi =2, (Wew)in < Cllulln, v € W™ RS).
k=

THEOREM 5. The mapping W is an isomorphism of the subspace of W™2(R,*)
contatming oll functions

p
U = Z Uy
k=1

onto My, where uy, k = 1, ..., 7, ts defined in Theorem 4.

Proof. Theorem 5 follows from formal properties of the partial Fourier
transform F,. On the other hand, since our maps are defined by extension by
continuity from a dense subspace, we have to be more careful. Theorem 5 will
follow from

LemmA 5. Let
=3 w,
uy defined in Theorem 4. Then =
(19) o]l < C(Wu)1ye.
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Proof of Lemma 5. It suffices to prove (19) for
u(x, 1) = up(x, £) = Fe' [Vi(E)expfatri(§)}]
where Vi (¢) € Co°(Rp1®), B =1,...,r. Now
Wi (Vi(§)explitri(§)}) = 1(2m) 72V (§) Ax (€, Do) [explitri(§)} o

= 5(2r)~ 12V (§) 4: (&, 71).
Similarly

gD [V (€)explitre (§)}] = £V (§) [re ()" 1elexp{itr, (£)},
J;m[exp{itrk(i)} [%dt = 2[Im (&)

Therefore
S lep i@ exptim 1

= 20"V (®) *lra (&) Im 7, ()]

< ClENA ) P Vi (®)|* < ClE|| Wil Vi (§) explitri(£)}]]%,

for0 < |af < m.
Thus integrating with respect to ¢ for || > K and summing over all
0 < la] < m, we obtain

Since V,(¢) = Ofor |¢| < K, we have
el [ < Clata .
This proves Lemma 5.
Remark. Theorem 5 implies Theorem 4 with the exception of relation (18),
which is quite interesting by itself.
Theorems 3 and 5 show that Condition K is actually necessary if we require

that the boundary problem (4, B, T') satisfy (12). To be more precise we
have

THEOREM 6. Let (A_, B, T) be a coercive boundary problem for which (12)
holds for all u € Co™ (R, V). Then

(20) Wudip < Cl|B®ul[r
forall

r
U = Z Uy
=1

where up k = 1,...,7, is defined by u,(x,t) = FilV,(&)expltir,(§)} with
Vi(g) € Wre-tiz(R () k = 1,...,r. Hence, by Theorem 5. (20) holds for all
U E Cooo<Rn+).
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We still have to prove (16), i.e.
| Vi(@explitru(O)} || < C(Vidm-1s2
for V, € Co™(R,_1®). Consider

DD, 1) = (2m)~ "V DD f exp (ix-£) Vi () explitri (6)}di

n~1

= @O [ (D) @R OO explim O}t

"—

Therefore
fwdtf |DD " (x, £)|* dx
] Rn—1
< cf lsl2‘“‘lrk(s)l2’"‘2'“'|Vk(s)|2dsf exp{—2t Im 7,,(§) }dt
Rn—1 0

<cf @i O T d

< { Vidm1/2

where we used Parseval’s formula and interchanged the order of integration.
Thus we have

Iuk|m < C< Vk)m—1/2

and using ||Jugl|ln < Clug|lm, which is true since Vi(¢) € Co™(R,—1‘®), we
immediately obtain (16).

Remark. When A (¢, 7) = 0 has multiple roots 7,(¢), the situation becomes
slightly more complicated. We hope to return to that problem elsewhere.

REFERENCES

1. S. Agmon, The coerciveness problem for inmtegro-differential forms, J. Analyse Math., 6
(1958), 183-223.

2. S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of
elliptic partial differential equations satisfying gemeral boundary conditions. 1, Comm.
Pure Appl. Math., 12 (1959), 623-727.

3. M. S. Agranovich and A. S. Dynin, General boundary-value problems for elliptic systems in
an n-dimensional domain, Dokl. Akad. Nauk SSSR, 146 (1962), 511-514 (Soviet Math.
Dokl., Vol. 3, no. 5, 1323-1327).

4. F. Browder, A priort estimates for solutions of elliptic boundary-value problems. 1, 11, 111,
Nederl. Akad. Wetensch. Proc. Ser. A, 22 (1960), 145~159, 160-169; 23 (1961), 404-410.

5. On the spectral theory of elliptic differential operators, Math. Ann., 142 (1961),
22-130.

6. Non-local elliptic boundary value problems, Amer. J. Math., 86 (1964), 735-750.

7. L. Hormander, On the regularity of the solutions of boundary problems, Acta. Math., 99

(1958), 225-264.

https://doi.org/10.4153/CJM-1968-066-0 Published online by Cambridge University Press


file:///Mk/m
https://doi.org/10.4153/CJM-1968-066-0

DIFFERENTIAL OPERATORS 697

8. Linear partial differential operators (Springer, Berlin, 1963).

9. J. Peetre, On estimating the solutions of hypo-elliptic differential equations near the plane
boundary, Math. Scand., 9 (1961), 337-351.

10. M. Schechter, On estimating elliptic partial differential operators in the Ly norm, Amer. J.
Math., 79 (1957), 431-443.

11. Integral inequalities for partial differential operators and functions satisfying general
boundary conditions, Comm. Pure Appl. Math., 12 (1959), 37-66.

12. On the dominance of partial differential operators. 1I, Ann. Scuola Norm. Sup.
Pisa, Ser. 3, 18 (1964), 255-282.

13. Remarks on elliptic boundary value problems, Comm. Pure Appl. Math., 12 (1959),
561-578.

14. E. C. Titchmarsh, Introduction to the theory of Fourier integrals (Clarendon Press, Oxford,
1959).

15. M. 1. Visik, On general boundary-value problems for elliptic partial differential equations,
Trudy Moskov. Mat. Obs¢., 1 (1952), 187-246 (AMS Transl. (2), 24 (1963), 107-172).

University of Toronto,
Toronto, Ontario

https://doi.org/10.4153/CJM-1968-066-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-066-0

