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GENERIC RESULTS FOR COCYCLES WITH VALUES
IN A SEMIDIRECT PRODUCT

KARMA DAJANI

ABSTRACT Let A o B be the semidirect product of two local compact Haus-
dorff topological groups We prove that for a nonsingular ergodic automorphism 7 of a
Lebesgue probability space, a generic cocycle taking values in A o B 1s nontrivial and
recurrent

0. Introduction. Let A and B be two second countable locally compact (necessar-
1ly countably generated) Hausdorff topological groups, each with a translation invariant
metric. We denote both metrics on A and B by d to be understood from the context which
metric is under consideration. The group operation on A is denoted by multiplication, the
identity by 1 and the inverse of @ € A by a~!. The group B is assumed to be abelian and
noncompact; the group operation is denoted by addition, the identity by 0, and the in-
verse of b € B by —b. The group A acts on B by group automorphisms; for simplicity we
shall denote the action by multiplication: b -~ ab. Furthermore, the map (a,b) — ab is
assumed to be uniformly jointly continuous, that is for every e > O there exist 61,62 > 0
such that d(ab,a’b’) < ¢ whenever d(a,a’) < §; and d(b,b’) < 6,. Let A o B be the
semidirect product of B by A relative to the given action. That is, the elements have the
form (a,b) € A X B, and group operation o defined as follows:

(a,b)o (a',b") = (ad',b+ab’).

The identity element is (1,0), and (a,b) ™' = (a~!, —a"'b).

Let (X, B, 1) be a Lebesgue probability space, and G a countable group (with identity
e) that acts nonsingularly, ergodically, and freely on X. We denote this action by multipli-
cation: x - gx. We shall consider cocycles on X taking values in the semidirect product
A o B. That is, we shall consider measurable functions F: G X X — A oc B with the
property that

(1) F(g'g,x) = F(g,x) o F(g', gx).

The above identity is called the cocycle identity and 1t implies that F(e,x) = (1,0). We
let ¢: G X X — A and f: G X X — B denote the projections of F onto the first and second
coordinates respectively. Then F(g,x) = (w(g,x), f(g,x)) = (¥,f)(g,x) and together
with (1) imply
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(i) ¥(g'g,x) = (g, x)(g’, gx) and Y(e,x) = 1i.e., 1 is a multiplicative A valued
cocycle,

(i) f(g'g,x) = f(g,x) + ¥(g, x)f(g’,gx) and f(e,x) = 05 i.e., f is a Y-cocycle (or

twisted) B valued cocycle.
Throughout this paper (1, f) will always mean that v is an A valued cocycle and f a B
valued -cocycle. All equalities are understood to hold a.e.

We study generic properties of nontrivial and recurrent cocycles (1, f) in terms of their
coordinate functions; this work is a generalization of the results in [D]. In Section 1, we
define the notion of 1-cohomology for ¥-cocycles, and investigate its connection with
the recurrence properties and cohomology of cocycles taking values in the semidirect
product A o< B. In Section 2 we define the essential range, E,(f), of a ¥-cocycle f to
be a certain closed subgroup of B, the one point compactification of B. We give suffi-
cient conditions for triviality (being a coboundary) and recurrence of (1, f) in terms of
Ed,(f ). Let E(1, f) and E(v, f) denote the essential range and finite essential range of the
cocycle (¢,f) (see [K], [S1], and [S3]). We show that E(¢,f) is always an extension of
the abelian group E(f) by Ef(v), where E, (f) = E.(f)N B and E¢(¥) consists of all
elements in the finite essential range of 1 that appear as a first coordinate of some el-
ement in E(v,f). We give sufficient conditions under which this extension is split, that
is, E(1,f) is a semidirect product. We topologize the set of i-cocycles by extending
appropriately the topology of convergence in measure. In Section 3 we prove that orbit
equivalence induces a topological group isomorphism between the corresponding sets of
twisted cocycles which preserve triviality, the notions of recurrence, full essential range,
and infinity in the essential range. In Section 4 we prove that if 7' is a nonsingular ergodic
automorphism, then for a certain class of A valued cocycles 1) which simultaneously recur
with the cocycle of the Radon-Nikodym derivative, there is a dense Gj set of ¥)-cocycles
f whose essential range contains infinity and for which the cocycle (¢, f) is recurrent.
Using techniques similar to those in [PS] (see also [D]) this is first done for cocycles of
a particular countable group action I on {0, 1 }" (see §4 for a definition) which is orbit
equivalent to the action of Z by powers of T ([S1] §8), then orbit equivalence (see §3)
allows us to transfer the results back to 7.

1. ¢»-Cohomology.

DEFINITION 1.1.  Two cocycles F and H on X taking values in A oc B are said to be
cohomologous if there exists a measurable function K: X — A oc B such that F(g, x) =
K(x) o H(g,x) o K(gx)‘1 for g € G and a.e. x € X. The function K is called a transfer
function. If F(g,x) = K(x) o K(gx)™' (i.e., F is cohomologous to the constant function
(1,0)), then F is called a coboundary. Similar definitions hold for two A valued cocycles
vy and ¢ on X.

DEFINITION 1.2.  Two y-cocycles f and k on X are said to be y-cohomologous if there
exists a measurable function 3: X — B such that f(g,x) = 3(x) + h(g,x) — Y¥(g, x)3(gx).
The function (3 is called a y-transfer function. If f is 1-cohomologous to the constant
function O, then f is called ¥-coboundary.

https://doi.org/10.4153/CJM-1993-026-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-026-1

COCYCLES WITH VALUES IN A SEMIDIRECT PRODUCT 499

PROPOSITION 1.3. A cocycle (U,f) is a coboundary with transfer function (o, 3) if
and only if 1V is a coboundary with transfer function « and f is a V-coboundary with
Y-transfer function 3.

REMARK 1.4. Let ¥ and ¢ be two A valued cohomologous cocycles with transfer
function «, i.e., ¥(g,x) = a(x)¢(g,x)a(gx)". Let & be a ¢-cocycle, then the function
ah: G X X — B defined by ah(g, x) = a(x)h(g,x) is a Y-cocycle.

PROPOSITION 1.5. Two cocycles (,f) and (¢, h) are cohomologous with transfer
function (c, B) if and only if 1 and ¢ are cohomologous with transfer function o, and f
and ah are \-cohomologous with -transfer function (.

PROOF.  Let (1,)(g,%) = (a(x),3(x)) o (¢,h)(g,x) o (al(gx)', —al(gn) ' B(gx)).
Then

U(g, %) = a(x)p(g, )algx) ",

and
£(g,%) = Bx) + a(x)h(g, x) — a(x)$(g, )a(gx) "' Blgx)
= B(x) + a(x)h(g, x) — Y(g, x)B(gx).

That is, ¢ and ¢ are cohomologous with transfer function «, and f and ah are
1-cohomologous with 1-transfer function 3. The converse is proved by reversing the
above steps. ]

COROLLARY 1.6. If the group A is abelian, then (¢,f) and (v, h) are cohomolo-
gous with transfer function («, 8) if and only if o equals a constant oy and f is -
cohomologous to oph with -transfer function (.

PROOF.  Suppose (¥, f) and (3, h) are cohomologous with transfer function («, (3),
from the above proposition we only need to show that « is a constant. Since A is abelian
it follows that a(x) = oa(gx) and hence by ergodicity of the G action, « is equal to
some constant g. Conversely, suppose a(x) = a9 and f(g,x) = [(x) + a(x)h(g,x) —
(g, x)B(gx). Since A is abelian, it follows that (g, x) = a(x)V(g,x)a(gx)~! so that

W.P)g0) = (). B00) 0 (W h)(g.x) o (), B0)) . .

DEFINITION 1.7. A cocycle (,f) is said to be recurrent if for every C € B of
positive measure, and for each neighborhood U C A of 1 and V C B of 0, there exists
g € G different from the identity such that

,u,(Cﬂg_]Cﬁ {x:Y(g,x) eU}N{x: f(g.x) € V}) > 0.
Similar definitions hold for the coordinate functions v and f.

REMARK 1.8. (v, 0) is recurrent if and only if 1 is recurrent.
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PROPOSITION 1.9.  If (v,f) and (¢, h) are cohomologous cocycles, then (1,f) is re-
current if and only if (¢, h) is recurrent.

PROOE. Assume (¢,h) is recurrent and let 9(g,x) = a(x)é(g, x)a(gx)"', and
F(g,%) = B(x) + a(x)h(g, x) — (g, x)B(gx). Let € > O there exist 0 < §;,6, < § such that
d(ab,a',b") < 5 whenever d(a,a’) < é; and d(b,b") < 6,. Choose sequences {a,} in A
and {b,} in B such that the sequences of neighborhoods U, = {a € A:da,a,) < %L}
and V, = {b € B :db,b,) < %-} cover A and B respectively. Now, let C € B with
w(C) > 0.Forn,m € N,let Chy = {x € C : a(x) € U, and B(x) € V,}. Since
C = Upm Cnm there exist n,m € N such that p(C,») > 0. By recurrence of (¢, h) there
exist g € G, g # e such that

p<c,,,,,, Ng 'ComN {x - d(p(g,0,1) < %} N {x: d(h(g,),0) < 52}> > 0.

Since,

Com Mg~ Cam 2 (608,20, 1) < ‘—521} O {x: d(h(g,2),0) <6} C
CNg'cn{x:d(v(g.x.1) <e}N{x:d(f(g.x.0) <e}

we have that 1(C N g™ N {x 1 d(w(g.0,1) < ¢} N {x : d(f(g.2,0) < ¢}) > 0.
Therefore, (1, f) is recurrent. The converse is proved similarly. =

PROPOSITION 1.10.  If) is recurrent and f is a \-coboundary, then the cocycle ({,f)
is recurrent.

PROOF. From Proposition 1.5, we have that (v, f) and (¢, 0) are cohomologous with
transfer function (1, 3), where (3 is the ¢-transfer function of f. Remark 1.8 implies that
(1, 0) is recurrent, and hence by Proposition 1.9 (1, f) is recurrent. =

2. Essential range. Let (¢,f):G x X — A oc B be a cocycle, and consider its
essential range E(1),f) which is a subgroup of (A oc B)™, the one point compactification
of A o B. Let E(y,f) = E(¥,f) N (A o B), the finite essential range which is a subgroup
of A oc B. Similarly the essential range and the finite essential range of ¢ are denoted
by E(v) and E(1) respectively (see [S1] and [S3]). Let B = B U {00} be the one point
compactification of B. For A € Blet B.(\) = {b € B : d(b,\) < ¢}, and B.(c0) = {b €
B : d(b,0) > 1/€}. We define the essential range of f to be the set E,,(f) consisting of all
A\ € B such that for every ¢ > 0 and for every subset C of X of positive measure, there
exists g € G such that

u(Cﬂg"Cﬂ {x : d(t/)(g,x), 1) < e} N {x 1 f(g,x) € Bf(/\)}> > 0.
That is, A € E,(f) if and only if (1, \) belongs to the essential range of the cocycle (1), f)

in the usual sense. Let E,(f) = E,(f) N B. Since 0 is trivially an element of E.(f), it
follows that E(f) # 0.
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PROPOSITION 2.1.  E\(f) is a closed subgroup of B.

PROOF.  Assume that A\, \ € E,(f), we want to show that A + X" € E,(f). Assume
with no loss of generality that A, \’ # 0. Let ¢ > 0 and C C X with u(C) > 0. By joint
continuity of the action of A on B there exist 41,6, < 5 such that d(ab, M) < $ whenever
d(a,1) <6y and d(b, \') < 6;. Since X' € E,(f) there exists g’ € G such that

u(Cﬂg’_lCﬂ {rod(vg,n.1) <8 fN{x:d(fg"x,\) < 52) > 0.

LetD = CNg'CN{x:d(v(g0.1) <&} N{x:d(f(g'x),N) < &}. Then
w(D) > 0 and there exists a g € G such that u(Dﬁg"Dﬂ {x : d(@b(g,x), 1) < 61} N

{x : d(f(g,x),)\) < 5}) > 0. Since,

cngg~ten {x : d(t[)(g’g,x), 1) < e} N {x : d(f(g’g,x),/\ + )\’) < e},

it follows that

DAg DN {x:d(ign.1) <&} {r:d(fe0.)) <3| C

u(Cﬁ (ge)'cn {x : d(¢(g'g,x), l) < e} N {x : d(f(g'g,x), A+ )\') < e}) > 0.

Therefore, A + A" € Ey(f). Now, let A € E,(f). Note that ¥(g™', gx) = ¥(g,x)"!, and
flg7'ex) = —Y(g.x 'f(g.x) for all g € G. So that d((g~',gx).1) =
d(y(g.) ', 1) = d(1,¢(g,x)), and
d(f(g".gx), =) = d(—v(g.0) " 'f(g.x). =)
<d(—y(g,0 ' f(g.0), —P(g, 0 ' A) +d(—v(g,x) ' A, —A)
= d(Y(g,0) f(g,0,9(gx) ' \) +d(P(g, 07 '\ N).
Choose 61,6, < 5 such that d(ab, \) < 5 whenever d(a, 1) < é; and d(b, \) < é,. For
any set C in X of positive measure and for all g € G, we have
g(CﬂgilCﬂ{x : d(w(g,x), 1) <6 } N {x : d(f(g,x),)\) < 52}) -
cNgCn{x:d(yvg " x.1) <& JN{x:d(f(g™".x),-\) <}
Since A € E(f) and the G action is nonsingular, there exists g € G such that
,u(CﬁgCﬂ {x : d(w(g",x), 1) < o) } N {x : d(f(g_],x), —)\) < e}) > 0.
Therefore, —\ € Ey(f). The fact that E;(f) is closed is clear. [

PROPOSITION 2.2.  Iff and h are )-cohomologous y-cocycles, then E,(f) = Ey(h).

PROOF. Suppose f(g,x) = B(x) + h(g,x) — (g, x)3(gx), where 3: X — B is a mea-
surable function. Let ¢ > 0 be given, and choose 0 < § < € such that d(b,ab) < %
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whenever d(1,a) < é. Since B is a Lindelof space, there exist a sequence {b,} in Band a
countable cover {U, } of X with U, = {b € B : d(b,b,) < £}.Let C C X with u(C) > 0.
Foreachn € N, let C, = {x € X : B(x) € Uy,}. Since C = |, Cy, it follows that there
exists n € N such that 4(C,) > 0. For any A € B and g € G we have
d(f (8.0, ) = d(B(x) + h(g.x) — V(8. 1)B(gx), \)

< d(h(g,x),\) +d(B(x), B(gx) +d(B(gx), V(8. )3(gx))
Now, let A € E,;(h). There exists g € G such that

()

M(Cn Ng~'Cun{x:d((g.x).1) <8} N {x 2d(h(g,x),)) < g}) > 0.

It follows from () that
p(cngien{x: a(vg.n.1) <ef N xid(fg.0.0) <c}) >o0.

Therefore, A € E(f), i.e., E;(g) C Ey(f). The reverse containment is proved simi-
larly, so that E,,(g) = E,(f). Now, let oo € E¢(g) and €; > 0 be so that T‘:‘; < €. Choose

0 < 61,6, < e sothat d(b,ab’) < e; whenever d(a, 1) < &, and d(b,b") < I(Sz. LetC € ‘B
be of positive measure, we can find for some n € N an element b, € B so that the set
C, = {x eC: d(ﬂ(x), b,,) < %—} has positive measure. Let g € G be such that

H(Cnﬂg_lcn N{x:d(v(g,,1) < 61} N {x:d(h(g.x),0) > é}) > 0.

Since

d(f(5.9.0) > d(h(g..0) ~ d(3(x). V(g DBen) > = — 1 > 1.

it follows that
1
u(cmg“cm {x:d(vign,1) < e}m{x d(f(g.%),0) > E}> > 0. .
PROPOSITION 2.3.  If X € E(f) for some X\ # 0, then (), f) is recurrent.

PROOF. Lete > 0 and C € B with u(C) > 0. Choose 0 < 61, 62 < 5 so that
d(ab, \) < 5 whenever d(a, 1) < 6; and d(b, \) < 5. Since A # 0 there exists ¢’ € G,
g’ # e such that

p(Cﬂg"lCﬂ {x : d(w(g’,x), 1) < %} N {x : d(f(g’,x),)\) < 62}) > 0.

Let D = CNg'~'CNn{x:d(v(g'x,1) < 5} N{x:d(f(g',x),)) < b} By Rohlin
lemma we can choose a subset D' of D of positive measure such that D' U g’'D" C D
and p(D' N g'D')y = w(D' N g'~'D') = 0. Since —\ € E,(f) and A # 0, there exists
g & {e.g',g '} such that

u(D’ﬂg’ID/ﬁ {x:d(v(g.x.1) <6} N {x Hd(f(g.x),—)) < %}) >0.
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Now, forx € D'Ng 'D'N {x : d(w(g,x), 1) <6 } N {x : d(f(g,x), —/\) < 5}, we have
(i) xe CN(g'e)'C,
(ii) d(v(g'g,x), 1) = d(v(g, 0w(g’, g0, 1) < d(y(g',x), 1) +d(v(g,x), 1) <e,
Qi) d(f(g'8.0.0) = d(f(g.x) + V(&xf(g'g0.0) < d(f(g.x).-A) +
d(V(g 0f (', gx), A) <e.
Thus,

,u(Cﬂ g 'cn {x : d(l[)(g'g,x), 1) < e} N {x : d(f(g'g,x),O) < e}) > 0.
Therefore, (1, f) is recurrent. n

PROPOSITION 2.4. If ¢ is cohomologous to ¢ with transfer function a and f is a -
cocycle, then Ey(f) = B if and only if E;(a”'f) = B, and 0o € E(f) if and only if
00 € Ey(a”'f).

PROOF. Let A € B be any element, and let ¢ > 0 be given. There exist 0 < ¢,
62 < § such that d(ab,a’b’) < § whenever d(a,a’) < é; and d(b,b") < 6. Choose a
sequence {a,} in A such that sequence of neighborhoods {V,}, with V,, = {a € A :
d(a,a,) < ‘221} covers A. Let C € ‘B with u(C) > 0; there exists n € N such that the
set C, = {x € C: " !(x) € V,} has positive measure. Since a, '\ € E,(f) there exists
g € G such that

81
2
Forx € C,Mg 'CoN {x:d(w(g,x), 1) <%} {x:d(f(g.x),a.)) <62} we have

u(C,, Nng'C,N {x : d(w(g,x), 1) < } M {x : d(f(g,x),a;l)\) < 62}) > 0.

a’(a"(x)f(g,x), /\) < d(oz"(x)f(g,x), Ol_l(x)a;l)\) + d(oz_l(x)a;'/\, /\) <e€

and

d($(g,x), 1) = d(ax) " v(g, Dgx), 1)
<d(¥(g.0,1) +d(a'(x),a ' (g)) < ‘-521 +6 <e.

Therefore A € E4(a'f). The converse is proved similarly. Also a similar proof shows
that oo € E4(f) if and only if oo € E¢(a"f). n

We now look at the algebraic connection between E(1,f), Ey(f), and E(1)). We first
consider the split exact sequence 0 — B S AxB5A— 1, where t(b) = (1,b) and
m(a,b) = a. Let Ef(¥) = N(E(w,f)) = {a € E@) : (a,b) € E(%,f) for some b € B},
and E¢(y) = {a € E(W) : (a,0) € E(},f)}. Both E¢(3) and E}(d}) are subgroups of E(1)).
We now give an equivalent definition of E;(1)).

PROPOSITION 2.5. @ € E/(¥)) if and only if (a,b) € E(.f) for all b € Ey(f).

PROOF. lLeta € E}(d;), then (a,0) € E(y,f). For any b € E,(f) we have (1,b) €
E(1,f). Since E(¢,f) is a group, then (a,b) = (1,b) o (a,0) € E(3,f). The converse is
trivial since 0 € Ey(f). u
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PROPOSITION 2.6.  The group E(\,f) is an extension of Ef()) by E,(f).

PROOF. We need to show that the sequence 0 — Ey(f) 5 EQ,f) N E(y) — 1
is short exact. Here ¢ and 7 denote the restrictions to the appropriate subgroups. By
definition E; () = w(E(z/), f )), so that 7 is surjective. Clearly ¢ is injective and me(b) = b
forall b € Ey(f). =

The following lemma shows that the group E;(1)) acts on the group E,,(f), and the
action is inherited from that of A on B.

LEMMA 2.7. Ifa € E¢(¢) and b € Ey(f), then ab € Ey(f).

PROOF.  We need to show that (1, ab) € E(y,f). Since a € Ef(v), there exists b eB
such that (a,b') € E(,f). Also (1,b) € E(,f), sothat (1,ab) = (a,b")o(1,b)o(a,b’) "o
(1,6")"' € E(,f). .

NOTATION.  We denote by Er(3) o« E(f), the semidirect product of E(f) by E(+))
relative to the above inherited action.

PROPOSITION 2.8. If E;(v) = E}(w), then E(U,f) = Ef(1) oc Ey(f).

PROOF. For this it suffices to show that the sequence 0 — Ey(f) = E(),f) =
Eq(y) — 1 is split exact. From the given, we have that (a,0) € E(v,f) for every a €
Ef(y). Define a: Ex(y) — E(y,f) by a(a) = (a,0). Then, ra(a) = a foralla € Ep(3)),
and hence the above sequence splits. Therefore, E(1,f) = Ef(¥) o< Ey.(f). n

COROLLARY 2.9. IfE,(f) = B, then E(,f) = E;(1) o< Ey(f).

PROOF. For any (a,b) € E(1,f), we have (1,b) € E(1,f) so that (a,0) = (1,b)"' o
(a,b) € E(1,f). This shows that Ef(y)) = E]f-(w) and hence by Proposition 2.8, E(1),f) =
Er(¢) o< Ey(f). .

COROLLARY 2.10. If E/’.(w) = A, then E(y.f) = Ef(¢) o< Ey(f).

PROOF. Follows immediately from Proposition 2.8, since in this case Ejﬁ(w) =
Er (). .

Let Zy(X, G, B, 1) be the set of y-cocycles which is a group under pointwise addition.
Let B (X, G, B, 1) be the subgroup of v-coboundaries (we identify those that agree p
a.e.). We topologize Z; and B,, by defining the following notion of convergence: " — f
if and only if for each g € G, f™(g,.) — f(g,.) in measure. It is well known that the
topology of convergence in measure is given by the metric: d(3, 5') = Jx % du,
where 3, 3': X — B are measurable. Let M(X, G, A, u) be the set of equivalence classes
of multiplicative A valued cocycles on X.

Let C = {C, : n € 7} be a countable dense collection in the measure algebra. The
following lemma gives a necessary condition for an element of B to be in the essential
range of a iy-cocycle by reducing the verifications to members of C only (see [CHP],
[D]). This will be used in Section 4. Denote by w, the Radon-Nikodym derivative y i.e.,
w(g,x) = %g(x), where 1 0 g(A) = p(gA). Let [G] denote the full group of G. That is,
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[G] consists of all bimeasurable automorphisms V: X — Y such that for each x € X there
exists g € G such that Vx = gx. For V € [G], set w(V,x) = w(g,x), ¥(V,x) = (g, x),
and f(V,x) = f(g,x) where Vx = gx.

LEMMA 2.11.  [f there exists a 0 < K < 1 such that for every ¢ > 0 and for every
cecC

sup p(Cﬁ viien{x: lwV,n — 1] < e}
VelG]

N {x:d(@vin,1) <ef N {x: f(V,0 € BO}) > Ku(O),

then A € Eu(f).

PROOF. Lete > 0and E C X with u(E) > 0. Let c(¢,K) = g=S5a55- Choose
C € (C such that u(EAC) < c(e, K)u(E). By hypothesis, there exists V € [G] such that

u(cm vIen{x: jw(Vix) — 1] < e}
Nx:d(@v.n.1) < e} N {x: £V, 0 € B.A}) > Ku(O).

Let C=CNVICN{x: w(V.) — 1] <e}N{x:d(v(V.x),1) <e}Nnfx:f(V.x) €
B.(\)}, then

w(©) > Kp(C) > Kp(EN €) > K(u(E) — p(EAC)) > w(E)(K — Ke(e, K)) > 0.

Let £ = CNC. Then () = w(©) — p(C\ E) > u(C) — u(CAE) > p(E)(K —
(K + (e, K)) > 0, and u(VE) > (1 —e)u(E) > (1 —)u(E)(K — (K +1)c(e, K)). Since
VE C C, we have

W(ENVE) = W(VE) — W(VE \ E)
> (VE) — ((CAE)
> u(B)((1 = 0K — e, (1 — XK + 1) +1)) > 0.
by nonsingularity of u with respect to V, it follows that u(V~'EN E) > 0 and hence
u(Eﬂ VIEN{x: w(Vix) — 1] <e}
N {x:d(@v,n1) < N {x:f(Vix) € B} > 0.
Therefore, A € E(f). .

LEMMA 2.12.  For each X € E,(f) and for each k,m,n € N, the map

1
fim sup u(cmv*'cm {x: lw(V,0) — 1] < ~}
VE[G) m

n

N {x d(v(v,x,1) < ! } N{x:f(V,x) € B,/,,(,\)})
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is lower semicontinuous.

PROOE. The result follows from the fact that for each V € [G] the map
1 1
fi—ulanven {x: lw(V,x) — 1] < E}

N {x d(Y(V.x), 1) < ! ] N{x:f(V,x) € Bl/,,(/\)})

n
is continuous (see [D]). n

3. Invariance under orbit equivalence.

THEOREM 3.1. Let G; be a nonsingular free action on (X;, B;, i), i = 1,2. If the
actions of Gy and G, are orbit equivalent, then there exists a topological group isomor-
phism A: M(X1,G1,A, u1) — M(X», Ga, A, o) such that for every v € M(X,,G1,A, 1)
the following hold:

(a) If ¢ is cohomologous to A(Y), then Zy(Xy, G, A, 1) = Zy(X>,Go, A, p2) and
By(X1,G1,A, 1) = By(X,, Gy, A, j12) (as topological groups),

(b) under the isomorphism of (a), recurrence, oc in the essential range, and full es-
sential range are preserved.

PROOF. Let F: X| — X, denote the isomorphism that gives the orbitequivalence. For
82,Grand xy € X3, set A(¥)(g2, X2) = (g1, x1), wherex, = F(x1) and g2F(x1) = F(gix).
Let € M(X1,G1, A, 1) and (g2, x2) = a(x2) A(Y)(g2. x2)a(gax2) ™!, where a: Xo — A
is measurable. For f € Z, (X1, G1,A, p1), set f(g2,x) = a(x2)f(g1,x1). Then f is a ¢-
cocycle. Since if g2, g5 € G, and x; € X», then there exists an x; € X, and g,¢| € G|
such that F(xp) = x1, F(g1x1) = g2x2, and F(g(g1x1) = ghgax2. Then,

f(g382,%2) = a(x2)f (8181, x1)
= a(x)(f (g1, x1) + Y(g1, x1)f (g}, g1x1))
= a(x)f (g1, x1) + a(x2)AW)(g2, X2)f (g1, 81%1)
= a()f (g1, x1) + B(g2, X2)x(g2x2)f (g1 g1%1)
= f(82. ¥2) + B(g2, X2)f (83 82%2).

If f(g1,x1) = B(x1) — (g1, x1)3(g1x1), then
fg2.32) = a(x)f (g1.x1) = () (BCx1) — (g1, x1)B(g1x1))
= a(2)B(F 'x2) — (g2, x2)(g22)B(F ' g2x2)

i.e., f is a ¢-coboundary with ¢-transfer function 3F~ . This proves (a). For part (b),
proofs similar to those of Propositions 1.2, 2.2, and 2.4 show that (1, f) is recurrent if
and only if (¢, f) is recurrent, 0o € E,(f) if and only if oo € E,(f), and E,(f) = B if and
only if E,(f) = B. .
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4. A generic model: the binary odometer. Let X = [T°,{0, 1},, which is a group
under addition, and let F be the Borel o-algebra. Let I" be the subgroup of X consisting
of all those sequences with finitely many nonzero coordinates only. Then I' acts on X by
coordinatewise addition (x A x). Let p be any nonsingular measure on X which is
ergodic with respect to the I" action. It is well known that the action of I" on X is orbit
equivalent to the binary odometer with respect to the measure y, and for any nonsingular
ergodic hyperfinite action of a countable group G on a Lebesgue probability space Y,
there exists a measure p on X which is nonsingular and ergodic for the I" action such that
the actions of G on Y and T on X are orbit equivalent (see [S1] §8).

Let S: X — X be the left shift, and for n > 0 let T',, be the finite subgroup of I whose
members consist of all ¥ € T such that¥,, = 0 for all m > n ([y = {0 = (0,0,...)}).
Denote by I',, the subgroup of I consisting of all those elements whose first # coordinates
are all zeros. For x € X, let x™ = (x1,...,%,,0,0,...) and x(») = (0, ..., 0xps1, Xps2,...),
then x™ € T, x(y) € [, and x = x) + x(». For aj, as, ... ,a, € A we denote the product
aiay - - -a, by [T, a,. The following proposition is a generalization of Theorem 3.1 in
[SP] for A abelian.

PROPOSITION 4.1.  For any cocycle ¥:T" X X — A there exists a sequence of mea-
surable maps oy: X — A such that for each n > 1 and every 7 € T,

n—1 n—1 -1
(%) (Y, x) = (H o ° Sk(x)) (H a; o k(v +x)) .
k=0 k=0

Conversely, for any sequence of measurable maps «, (x) defines a cocycle.

PROOFE. Forn > 1, let ¥,(x) = ¥(x™,x(,). Note that if ¥ € T, then Y = 7 and
Yy = (0,0,...).

CLAM (i). Forany Y € T, ¥(7,%) = ¥,(x) " "0 (Y + x).

PROOF OF CLAIM (i). Note that (7 +x)™ = v +x™ and (Y + X)(») = X(n); hence the
cocycle identity gives

U QU (Y +2) = PO, ) (O 0™, OV + X))
= Y, x0) T V™, X0V, X + X))

= (1, 2" + X)) = V(Y. ).

CLAM (ii). Forany v € I', we have,
Un(Y + U1 (Y + 07" = Y (1)
PROOF OF CLAIM (ii).

Unet ) Ut (V400 = Y ) T (O +20", (V + D) )
= ’l/)(x(n+[),x<n+1))7l¢(7 +X("+I),X(n+1))
= VX" + Xue1) = VOV, ) = () (Y + ).
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This shows that ¥, (Y + X)¥; (Y +X) " = 1,(x)¢,41 (x) . Thus for each n > I, the func-
tion Y0, is independent of the first n coordinates, and hence there exists a measurable
function a,: X — A such that o, 0 §"(x) = Yn(X)pe1 (¥) . Set ap(x) = ¥;(x)~', then
forn > 1 and any ¥ € T', we have

n—1 n—1 -1
POrx) = (H o os"<x)) (H e 0 Sy +x>) .
k=0 k=0

Conversely, let {c, } be a sequence of measurable maps defined on X with values in A.
Forn > 1andy € Ty, set ¥(%,x) = (I[-4 ax 0 S*0)(Id o 0 KV + ), and
let ¥(0,x) = 1. We claim that 1/ is a cocycle. Let ¥ € T, and ¥ € T,,. Assume with
no loss of generality that m > n, then Y’ + Y € [ Also for each i > n — 1 we have
a, 0 S'(x) = o, o §'(Y + x), so that

m—1 m—1 -
YO+, %) = (H o oS’%x))(H ago S5O+ +X>)
k=0

k=0

n—1 n—1 =1 n

= (HakOSk(x))(H a; o Sk(y +x)) (H a o Sk(y +x))
k=0 k=0 k=0

—1

m—1 m—1
(H o o SK(y +x)) ( I oo Sy +y +x))
k=n k=0

1

- (H] Q. © Sk(x)) (f[I ay o Sk(y +x))
k=0 k=0

m— m— -1
( Hl ay o Sk(y +x)) ( Hl ag o SK(OY +y +x))

k=0 k=0
= Y,y +x). .

REMARK. We refer to the sequence {a;} as the sequence associated with 1.

LEMMA 4.2. Let ¢ be an A valued cocyle, let {a;} be its associated sequence. If
n > 1 and B: X — B is a measurable map satisfying B(x) = (¥, x)3(Y + x) for all
vy € T, then there exists a measurable map 3': X — B such that

n—1
B = (H a0 S%c)) 8' 0 5"(x).

k=0

Conversely, suppose (3(x) = (HZ;& oy 0 Sk(x)) B’ o §"(x) for some measurable function
3, then 3(x) = (v, x)B(Y + x) forally € T,.

PROOF.  Suppose that 3(x) = (7, x)3(Y + x) for all v € T,,, Proposition 4.1 gives

n—1 -1 n—1 1
(H o 0 Sk(x)) B(x) = (H ay o Sk(y +x)) BOY +x).
k=0 k=0
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Then the function (H,’:;é B o S5)7!8 is independent of the first n coordinates of x € X,

hence there exists a measurable function 3’: X — B such that (HZ;(') a0 S"(x))*lﬂ(x) =
3’ o §"(x). This shows that

n—1
Bx) = (H e 0 Sk<x>) B o0 "0,
k=0

Conversely, suppose that 3(x) = (Hﬁ;é o 0 Sk(x)) B3 o8"x). Fory € T, B o 8"(x) =
3" o 8"(Y +x) and

n—1 n—1 -1
VY, 0)B(Y +x) = (H a0 Sk(x)) (H o 0 SK(Y + x))
k=0 k=0

n—1
(H o o Sy +x))ﬁ’ o S"(Y +x)

k=0
n—1
= ( [I oo Sk(X)) B3 0 8"(x) = B(x). "
k=0

PROPOSITION 4.3. Iff: T x X — B is a Y-cocycle, then there exists a sequence of
measurable maps 3,: X — B such that forn > 1,

(%) YOV, X)B, (Y + x) = Bu(x) fory €T,

and forv €T,

(x % ) FOLX) = 30 V(L 08,(Y +x) — Balx).
n=0

Conversely, if 8,: X — B is a sequence of measurable maps satisfying (*x), then (% x x)
defines a y-cocycle.

PROOF. Let {oy: X — A} be the sequence associated with the cocycle 1. Let f be a
1-cocycle, for n > 1 set

n—1 n—1 =1
f,,(x) = (H oy O Sk(x)) (H ay © Sk(X(,,))) f(x(”),x(,,)).
k=0 k=0

If ¥ € Ty, then Y = 7 and V) = (0,0,...), so that
VO, ) (Y + x)—f(x)

n—1 n—1 —1
(H o Sk(x)) (1‘[ a; o S"(x(,,))) FO+x" x)
k=0 k=0

Il

n—1 n—1 ~-1
- (H a o Sk(x)) (1‘[ oy o S"(x(,,))) £, X))
k=0 k=0

n—1 n—1 -1
= (H oy 0 S"(x)) (H oy 0 Sk(x(n))) P x()f (7, %)
k=0

k=0
=f(7,x).
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Using similar calculations as the above, one can show that for ¥ € T,
VO, 0fne1 (V +X) — fr1 (1) = F(0, %) = O, (Y +X) — ful0).
So that for each n > 1, the function f,,,) — f, satisfies
YO (Furt (Y +2) = fu(Y +2)) = fra1 (¥) = fu(x).

By Lemma 4.2 for each n > 1 there exists a measurable function (3}, such that
n—1
Jre1(x) = fa(x) = (H o © Sk(X)) 3y, 0 8"(x).
k=0

Let Bn(x) = fus1(x) —fu(x), thenfor Y € Ty, (Y, x)B3, (Y+x) = Ba(x). Set Bo(x) = B((x) =
filx). Let ¥ € T, then

n—1

20 YOL DGO +3) — Bi(x) = ,;) VO, 0Bk (Y + 1) — Bi(x)
k= =
= YO, 000 +x) — fikx)
n—1
+ (Y, %) k}_:l(fkﬂ (Y +x) = iy + 1))

n—1
- kz (fier1 () — fitx))
=1
=Y, 0hH( +x) — fi(x)
+ PO, (fuY + ) = fi(y +x))

— (0 - i)
=YY + 0)f5(Y +x) — fu(x) = (7, x).

Conversely, let {3;: X — B} be a sequence of measurable maps satisfying (xx). Let f be
as defined in (x x %) and let v,Y, € T'. There exists m > 1 such that ¥,V € I, then
Yy +7, € I, and

m—1

FOr+72,0 = 35O +72,08,(V1 + V2 +x) — Ba(x)
n=0
m—1
= ¥(71,%) Z:O(ll’(%,% +2)Ba (V2 + (1 +2)) = Ba(y +X))

m—1
+ ‘go(wmxwm. +X) = Ba())

=YV, ) (V2,71 +X) +f(V1,%).
Therefore, (x * x) defines a 1/-cocycle. n

NOTATION. Let f be a y-cocycle and {3,} the sequence satisfying (*x) and (* * x).
Then by Lemma 4.2 for each n > 1 there exists a measurable map 6{1 such that 3,(x) =
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(M=o 0 §4(x))B, o $"(x), and Bo = 3. We refer to {3,} and {83, } as the sequence
and tail sequence of f respectively. Let Z) (X, T, B, ;1) be the subgroup of all y-cocycles
f such that each member in the tail sequence of f depends on finitely many coordinates
only. We denote by F(X, u, B) the set of all equivalence classes of measurable maps on
X with values in B (two functions are identified if they agree u a.e.). We let F'(X, u, B)
be the subset consisting of the measurable maps depending on finitely many coordinates
only. We give F(X, i, B) the topology of convergence in measure.

PROPOSITION 4.4.  The set Z (X,T, p) is dense in Z, (X, T, p).

PROOF. Let f be any ¢-cocycle and {3,}, {3, } its associated sequence and tail se-
quence. Let ¢ > 0 be given, by joint continuity of the A action on B there exist sequences
of real numbers {6, } and {6/ } such that

(i) forn > 0,0 <6, < 50,
(i) forn >0, d(ab,ab’) < 5 whenever d(b, b') < 4,.
Since F'(X, u, B) is dense in F(X, u, B), it follows that for any finite set {7(’) eI :
1 < i < m} there exists a sequence {3 } of measurable maps each depending on finitely
many coordinates only such that
(i) d(Bo, o) <o and d(Bo 0V, Bg 01") < for 1 <i <m,
(i) d(B} o S*, By 0 ) < &, and d(B} o Sk oYV, B 0S¥ 07V) < 6 for 1 <i < mand
k> 1.
Thus, for1 <i<mandk > 1 we have

@ d(v0®, )80 0¥, vV, By 07?) < 5,

(b) d((I=) @ 088, 0 (2] @ 0 9)Fr 0 $*) < 5,

(©) &(w(v“), . )(ij;Ol ajoS’o’Y(’)),B,'(oS"o’Y(’), YYD, . )(I'[j":‘ol ajoS/OW“))BkoS"oW’(')) <

-
Then the measurable function 3(x) = (Bo(x)—Bo(0)) +252, (5] @0 8(x) ) (B} 05 (x)—
Bk 0 $4(x)) is well defined. Set

FOr,x) = ¥(,080(Y +x) — Box)
h—1

5> wm»( 1080 +x)) Bro S (v +x)
k=1 J=0

k=1
—(Hamyuﬂ&oﬁux
J=0
then f defines a ¥-cocycle. Also f(7,x) = FO, %) + (7, x)8(Y + x) — B(x), and for

1<i<m,
A(f, 0.7, 0) = d(v(r,.)8040,8) <e. .

REMARK 4.5. Let C = {C, : n € N} be a countable dense collection in the measure
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algebra and fix some 0 < K < 1. Fork,m,n € N and 0 # \ € B, set

sup u(Ck nv'c

Ny(k,m,n;¢) = {f e€eZ,X,T,B,pn) :
VelT)

A x fwvon — 1] < n%} N {x:d(v.n,1) < %}

N{x:f(V,x) € Bl/,,()\)}> > Ku(Ck)}.
By Lemma 2.12, Ny (k, m, n; 1) is open. Note that Lemma 2.11 implies
M Natk,m,n; ) = {f € Zy(X,T,B, ) : A € Ex(f)}.

k.m,n
If {\, : p € N} is a dense sequence in B, then

() Ny, k,m,n;) = {f € Zy(X,T, u) : Eg(f) = B}.
k,m,n,p

This shows that {f € Z,(X,T,B,u) : A € E,(f)} and {f € Z,(X,T, p) : E,(f) = B} are
G; sets in Zy(X, T, B, ).

NOTATION. We denote by M'(X, T, A, u1) the set of cocycles vy € M(X, T, A, i1) that
recurs simultaneously with w, the Radon-Nikodym derivative, and whose associated se-
quence {c;} depends on finitely many coordinates only. Then, for every ¢ > 0 and for

any C € F with u(C) > 0, there existaY € T, ¥ # 0 such that u(CﬂW"Cﬁ
{x: w0, = 1] < ef N {x: d(60r,0,1) <e}) > 0.

PROPOSITION 4.6. For each v € M'(X,T,A, u) and for each k,m,n € N, the set
Noo(k,m,n; ) is dense in Zy(X,T', B, ).

PROOF. Let {oy} be the sequence associated with v, where each «; depends on

finitely many coordinates only. Choose a positive sequence {e,} such thate, < !, and

d(ab,b) < % wherenver d(a, 1) < €,. Let U be any nonempty open set in Z,,(X, T, B, 1),
then by Proposition 4.4 there exists f € Z/(X,T’, B, u) withf € U. Since f is an interior
point of U there is an ¢ > 0 and YV, ...,7® € I" such that

W= {h € Z,X,T.B.pw) : d(h(Y?, ). f07,)) <e,1 <i < K} cu.

Let {8;} be the tail sequence of f. Since f € Z/(X,I’, B, u) each 3; depends only on
finitely many coordinates, and fory € T’

0
FOL0 = 379, 08,(Y + %) = Ba(x).
n=0
where ﬁk(x)(Hf;OI o; 0 Sf(x))ﬂz o S¥(x) depends only on finitely many coordinates. Then

we can find integers M; < M; such that foreach 0 <j < M) and every 1 < i < K we
have a; o ¥, 3; depend only on the first M, coordinates

. M, . .
FO0.x) =300 0807 +x) — B0
j=0
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Using the simultaneous recurrence of w and 1 and Rohlin lemma, we can find sMWer
different from the identity and a subset By C C; of positive measure such that: &V € T'yy,,
B N6"WBy =0, ByUSVB; C Cy, and for x € B U§VB; we have |w(é™V,x) — 1] < 1,
and d((6",x).1) < €; < 1. Since 6 # 0 there exist positive integers k;, Ny such
that M> < ki < Ny, 8V € Ty, N Ty, and V), = (6V)y, = 1. By hypothesis, we
can find an integer N > N; such that o, o § depends on the first N| coordinates only
forj < Ny. If u(C\B, U §VB;) > 0, then using again the simultaneous recurrence
of w and 1 and Rohlin lemma, we can find §¥ € T different from the identity, and a
subset By C C;\B; U8VB of positive measure such that: §? € f‘,\-,‘, B, N6PB, = (),
B, U§PB, C C,\By U8By, and for x € B, U§?B, we have |w(d®,x) — 1| < L and
d(w(é(z),x), 1) < e < 5. Since 6% # 0 there exist positive integers kz, N such that
Ni <k, <N, 62 € l;,;,l N T, and (), = (6®)y, = 1. Let N, > N, be such that
o, 0 § depends on the first N, coordinates only j < N,. We continue by an exhasutive
argument to find a sequence {B,} of subsets of Cy, sequences of positive integers {k, },
{N,}, {N,}, and a sequence {§”} in T such that:
() N,_y <k, <N, <N, Ny =M,

(ii) for0 <j < N,, a, 0 § depends only on the first N, coordinates,

(i) 6” € Ty ML, and (67), = "), = 1,

(iv) B,M6"B, = 0, B,Us"B, C C;\ U<, BJUS'B,, and u(C,\ U2, B,U§"B,) = 0,

(v) Forx € B,U8"B,, we have |w(”,x) — 1| < L and d((6™,x),1) <€, < 1.
Define V € [T'] by

Vi = { 8 +x ifx € B,USB, for some r > 1
X otherwise.

Using condition (ii) above, we can choose for each j > 1 an element b, € B such that for
x € X, d((n{;(‘) a0 S'(x))b,,o) > n+ 3. Then for any a € A such that d(a, 1) < ¢, we

have d(a(n{;(‘) o, 0 5'())b, 0) >n+2.Forj>1,let #: X — B be given by

oo b ifx; =0
ﬁf(x)"{o ifx; = 1,

and let p,(x) = (IV_y @, 0 $'(x)) 8] © 9(x). Define h € Zy(X,T, ) by

[ee]
h(Y,x) = 70, 0pn_, (Y+X) — py | (%).
r=1
For a.e. x € C; we have that x € B,U§" B, for some r > 1. Now, either PN, P+x) =0
and py ,(x) = (Hf\i{f o, 0 S’(x))bNr 1> OF PN, (67 +x) = (Hﬁ}f o 0 SI(X))bNr , and

pN_, (x) = 0. Also, for | </ <r—1,py, (87 +x) = py_, (x) so that

h(V,x) = h(6",x) = z (", )pN,_, 67 +x) — py, (),
=1
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and
" d(h(V,x),0) > d(v@”, 0px, , (67 +x) — py_, (x),0)

r—1
—d( 3 0@, oy, 7+ 5~ py,(.0)
=1
= d(v@E",0py_, (67 +x). pn_, ()

r—1 r—1
~d(vE DY oy 0.3 oy, @)
=1 =1

2 1 1
>n+—-———-=n+-—.
n n n

Also, for each | < i < K, we have h(Y?,x) = 0. Let

M,

FOLx) =300, 08;(Y +x) — B;(x) + h(7, %)

Jj=0

Then, for 1 < i < K f(Y9,x) = f(Y,x) so that f € U. Let x € B, U§"B,, since
M, < N,y we have for 1 <j < M; 3;(5" +x) = B;(x). Hence,

M, 1
Zﬁj(x)) <-.

Jj=0

M, § M,
a3 v 036"+ — 3i0.0) = d(E".x) Y 0.
=0 =0
Thus,
M,
d(f(V,%),0) > d(h(@"”,,0) — (3 66", 03, +2) — 5(),0) > n.
oy

This shows thatf € Noo(k,m,n; ) N U and therefore, N, (k, m, n; 1) is dense. n

COROLLARY 4.7. If ¢y € M'(X,T,A, u), then the set {f € Z,(X,[,B,p) : 00 €
Eu(f)} is a dense Gs.

Corollary 4.7, Theorem 3.1, and the orbit equivalence of the Z action by powers of T
with the T action above ([S1] §8), together give the following theorem:

THEOREM 4.8.  Let T be a nonsingular ergodic automorphism of a Lebesgue proba-
bility space (Y, B,v). Then for each ) € M'(Y,Z,A,v), theset {f € Z (Y, 7,B,v): 00 €
E (f)} is a dense G.

REMARK 4.9. (i) Using similar techniques and notation as in Lemma 2.11 and
Lemma 2.12 one can show that:

(a) If for ¢ > 0 and for every C; (in a countable dense collection in the measure
algebra)

sup u(Ck AVIIC N {x:|w(V,x) — 1| <e}n {x : d(dJ(V,x), ]) < e}
Ve[l

N {x : d(f(V,x),O) < 6} N{x: Vx # x}) > K(Cy),
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then (v, f) is recurrent.
(b) For each k,m,n € N the map

1
f— sup ,u(CkﬁV‘leﬁ {x Hw(V,x) — 1] < ——}
Ve(r) m

N {x cd(v(V,x0,1) < %} N {x Hd(f(V,2,0) < %}
N{x: Vx # x}),

is lower semicontinuous,
(>i1) Let R(k,m, n; ) be the set of f € Z,(X, T, B, i) such that

1 1
sup u(Ckﬂ vlcn {x: lw(V,x) — 1] < —} N {x : d(w(V,x), l) < —}
Ve(r] m n
1
N {x : d(f(V,x), 0) < ;} N{x: Vx # x}) > Ku(Cy),
Then (i) part (b) implies that R(k, m, n; 1) is open, and hence the set

{f € Z,(X,T,B,p) : (.f) is recurrent} = (| R(k,m,n; )

k,m,n

is a Gg.
(iii) If in the proof of Proposition 4.6 we define h1(7,x) = £, ¥(7, x)pn, (Y +x) —
pw,(x), then for x € B, U6 B, we have

r—1
d(m(V,,0) = d(h (6,2),0) = d( X 66", 0py, 67+ — pyy(),0)
J=1
r—1 r—1 1
= d(¥E”.0 % 0, X oy @) < -
J=1 J=1 n
Also,
M, M, M, 1
d(>o w6 08,67 +3) = B,0,0) = d(¥E”,) Y500, 2 5(9) <
=0 =0 =0 n
Set

_ M,
[0 =200, 08,(Y +x) — B,(x) + (7, x).

J=0

For x € B, U§"B,, d(fi(V.x).0) = d(fi(58".x).,0) < i thusfi € R(k,m.n;v) N

U. Therefore, R(k,m,n; ) is dense. Again using orbit equivalence to the I" action this
proves:
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THEOREM 4.10.  Let T be a nonsingular ergodic automorphism of a Lebesgue prob-
abulity space (Y, B,v). Then for each y € M'(Y,Z,A,v) the set {f € Z (Y, Z,v) : (¢,f)
1s recurrent and oo € E¢,(Y, Z, 1/)} 15 a dense Gg.
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