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ON THE INEQUALITY
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1. In this article, we are concerned with the following inequality

) 3plB <

"f(a)
where 0<p;<1, 0<¢;<1l, (i=1,2,...,m) >0 1p;=Dr1q;=1, n is a fixed
positive integer, n>2 and f(p)#0 for 0<p<1.

This inequality was first considered by A. Renyi, who gave the general differ-
entiable solution of (1) for >3, [1]. With the help of thisinequality one can charac-
terize Renyi’s entropy [2].

We shall state later the Renyi’s result, which will be a special case of the
Theorem 3.

These inequalities, the so-called quasi-linear inequalities are the subject of some
recent articles [4], [5], [6].

2. Let us denote by 4,\4, the following set

A\d, ={X: X = X,—X,, X, €4, and X,€ A4,}, m (resp. m)

denotes the Lebesque measure (resp. inner Lebesque measure), 4 denotes the
closure of 4 and f/4 denotes the restriction of fto 4.

In this section, we shall give the general positive and the general continuous
solution of the inequality (1) for n>3.

Let us consider the inequality (1) in that special case when n=2, i.e.

f (p) fa-n _
@ +(1=-p T — <
) fl—9
where 0<p<1, 0<¢g<1, and f(p)##0 for 0<p<1.
THEOREM 1. The general positive solution of the inequality (2) is monotone
decreasing and continuous.

Proof. The inequality (2) can be written in the following form:

D) —f(@ f—g)—f(1—p)
3 PRI « —py =P
@ "o TP,
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that is if f(p)> f(g) then f(1—¢)> f(1—p), and from (3) we obtain, by inter-
changing p and ¢ and adding

4 —-p
@ [ rw—so < [ = a-o—fa-p)
If for 0<g<p<1 we had f(¢9)< f(p), then we would have f(1—g)> f(1—p), in
which case f(p) does not satisfy (4).
To prove the continuity of the solution of the inequality (2) let us write it in the
form

f(p) f(q) f(—=p) f(l—q) f(p) f(l q)
5 — — <2
© [f(q) f(p)] . )[f(l—q)+f(1—p)] + )[f(q) f(l——p)]

If ¢ 7p, and p™\ p,, then we have

po[f(Po+0)+f(Po 0):| +(1__po)[f(1 Po 0)+f(1 Po+0)] <2
f(Po—0)  f(po+0) f(1—=po+0) f(1—po—0)
Since min(x+1/x)=2 occurs for x=1 it follows that f(p,+0)=f(p,—0) and
f(—py—0)=f(1—p,+0) for every p, 0<p<1, that is, f is continuous. Con-
versely, if fis continuous it does not change its sign, so it is monotone.

Exactly the same manner we can prove the following two generalizations of the
former theorem.

(6)

PROPOSITION 1. The general positive solution of the inequality

f (Pl) f (Pz)
* Py P gy S Pt

where py, ps, q, and q, are positive, p1+p, is fixed p1+p,=q1+q, and f(p)#0 for
0<p<p1+p. is monotone decreasing and continuous.

PROPOSITION 2. The general solution of the inequality 2 in the interval (p, 1—p)
where 0<p<1/2 is monotone decreasing and continuous under the hypothetis that
f(p) is positive in the interval (p, 1 —p).

Let us assume that f(p)>0 for 0<p<]1.
THEOREM 2. If the solution of the inequality (2) is differentiable at the point p
then it is differentiable at 1—p and the following relation is valid:

7 = -
@) f()f() f(1 f( p)-
Proof. From the inequality (3) we obtain the following inequality:
® SiLe )[f(P)—f(Q)] < [f(1=g)—f(1-p)]
1-p  f(9) P
—D q

< " —_— —
<o 1-4 f(p)—f(@)]
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and this inequality gives the following two equalities

p fd-p) _ +
9 D = D'f(1—
©® - ) f(p) = D'f(1—p)
p fA—p)
10 D = D_f(1—
(10) " ) f(p) f(1—p)

which proves the theorem.
Exactly the same manner we can prove the following

PROPOSITION 3. If the solution of the inequality * is differentiable at p, for
0<po< p1+ps, then it is differentiable at the point pi+p,—p, and the following
relation is valid

A ’ - P1+p2—Po ’ _
700" 7 ot pmpy” PR

under the assumption that f (p) is positive in the interval (0, py+ps).

THEOREM 3. The general positive solution of the inequality (1) for n>3 is differ-
entiable, and it has the following form:

f(p) =dp® where d>0 and —1<c<0.

Proof. If in the inequality (1) we set p3=gqs, ..., p,=q,, then it follows that
the solution of (1) must satisfy the inequality * in the interval (0, p; +p,), that is, itis
monotone decreasing in the interval (0, p, +p.), and since it is monotone decreasing
for every 0<p;+p,<1 the solution of (1) is monotone decreasing in (0, 1). On
the other part, from Theorem (2) and Proposition 3 we see that if the solution is
differentiable at the point p, 0<p<(p;+ps), then it is also differentiable at the
point (p;+p,—p). If there existed a point p at which fis non-differentiable, then
we can find a set of points of positive measure at which f'is not differentiable, but
this is impossible after a Theorem of Lebesgue. Thus the solution of the inequality
(1) must satisfy the following relation:

P
11 — =C
(1 f(p)f(p)

where C is non-positive, since f{p) is monotone decreasing. Thus if f(p) is a solu-
tion it has to have the form

12) f(p) = dp°
where d>0 and C<0.

We prove now that (12) is a solution of (1) if and only if —1<C<O0. It is easy
to prove that (12) does not satisfy (1) if C<—1, and that it satisfies (1) if C=—1
or C=0. Let us assume that —1<C<0. We have to prove that

(13) 2 p %1 <1
i=1
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By virtue of the Holder inequality we have
ICl IC]

S p-ioiglel < (i pz}—lou/l—l(}’l)l_ (iqzou/lol) —1
=1 =1 i=1

Therefore, the general positive solution of the inequality is

(14) f(p) = dp°
where d>0 and —1<C<L0.

REMARK. As special case we have the general differentiable solution of the in-
equality (2) for n>3. This result was obtained by A. Renyi.

3. If f(p) changes its sign then the solution of the inequality (1) is not necessarily
measurable. Namely if f(p)>0 and f(p) is a solution of the inequality (1), then
e(p)f (p) also satisfies (1), where e(p) is any real solution of the x(p)=1

In this section we want to give the general monotone decreasing solution of
the inequality (2) with non-constant sign.

Let A={p: f(p)>0}, B={p:f(p)<0}. We prove the following:

LemMma 1. If f is a monotone decreasing solution of the inequality (2) with non-
constant sign, then f is constant in the intervals (0, a) and (1—a, 1) where a=
min(m(4), m(B)).

Proof. Let 0<p<g<a.If f(p)> f(g), then we have a contradiction by the in-
equality (3); and for the same reason it is impossible that for 1 —a<g<p<1, f(¢)
is greater than f(p).

If m(B)>m(A); then the only monotone decreasing solution is

€G>0 forped
7@ {C2 <0 for pe B
if m(B)>m(4), then f(p)<0 for m(4)<p<1—m(4) so according to Proposition
2 it is monotone increasing. If m(B)<m(A4), then the general monotone decreasing
solution has the following form:
C for 0 < p < m(B), c>0
f(p) =\f(p) form(B) <p <1—m(B)
—d for1—-m(B) < p<1, d>0
where f(p)>0 in the interval (m(B), 1 —m(B)) and f satisfies in this interval the
inequality (2), and moreover,
C d
<1+ (1—m(B))
f(1—m(B)—0) f(m(B)+0)
4. In the following, we do not assume that f(p)>0 for every p € (0, 1). Let us
define by
A4, ={p:f(P)>00<p<Ly}, A={p:f(»)>00<p<1}
B ={p:f(»<0,0<p<L3} B={p:f(p<0,0<p<1}

m(B)
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LemMA 2. If f is a solution of the inequality (1) for n>3 then f is monotone
decreasing in A, and f is monotone increasing in B,. Furthermore, f|A (resp. f|B) is
continuous on A, (resp. B;).

We omit the proof of this Lemma. We shall prove the following

THEOREM 4. If m, (4 N (0, x))>0 for every positive x, and if A>[}, 1] then
flA is monotone decreasing and continuous.

Proof. If the result were not true, then we can find p, and ¢, such that f(p,)>0,
f(q)>0, 0<p;<q1, f(p1)<f(q:) and 4<g,. It is then easy to see that for every
6>0, we can find in the interval [p,, ¢,] p; and ¢; such that p;<gq;>3p;+06>¢;
and 0< f(p;)<f (q1). If we choose d such that 0<d<1—g; and ¢ less than the length
of the interval contained in 4 N (0, 1—¢,)/4 N (0, 1—q,) with left endpoint
x=0, then it is easy to see, that

f(q1)+ 2f(q2)+(1 g <1

"1™ " 10
is impossible where f(g,)>0, f(p,)>0, because 3>p,>¢, and it was shown that
for these values fis monotone decreasing. To prove the continuity, it suffices to
prove first that for every p/2<p<1, flA(p—0)=f]A(p+0). Let us assume that for
a fixed p[2<p<1, f|A(p—0)>f]A(p+0) and let

f1A(p—0)
fl1A(p+0)
let p,, be a monotone increasing sequence and ¢, be a monotone decreasing

= 14¢ where e > 0,

}<pn<p and p<g,<l1
lim p,, = p,limgq,,=p and p,€em (m=1,2,...).

Thus if m>N, we can find p,, € 4 and q,, € 4 such that ¢,,—p,,=¢,,—p,, and
lim p,,=lim ¢,,=0.

p DBy mf(p’")+(1 Pn—Pm) <1

" pam " 1(gi)
And if m—co we obtain that

p(l+e)+(1-p) <1

Furthermore it is easy to see that f/4(3—0)=f/4(3+0) if f/4(3—0) exists, which
proves the theorem. In the same manner one can prove the following

ProposITION 4. If A N (0, x) has the Baire property and if it is a set of second
category for every positive x, and if furthermore A>[%, 11, then f|A is monotone
decreasing and continuous.
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THEOREM 5. Let f(x) be a solution of the inequality (1) for n>3 such that

lim x f(x)=0. If A>[4—¢, 4], where & is an arbitrary small positive number
z=+0
then f is monotone decreasing on A.

*Proof. We can assume that in (*) lim pf(p)=0 then we obtain (since this limit
=+0

can be performed holding p, ﬁxed) f(p)]f(g)<L1 whenever 0<¢,<p,<1,
P1—q:1<%, p1 € 4, q; € 4, since from the Lemma 2 follows that

lim inf | f(g2)] > 0.
@—>P;—0a;+0
Let p; € 4, q; € A and 0<q;<p;<1, where p;—q;>% then we can find a p;, such
that
) Gai=p<p<p
and such that p, € 4 and
, —p3<% and pi—p; <3}
In this case

f@) _ f(py) f(p2)
flap  f(p2) f(p2)

<1

which proves the Theorem.
Finally, we shall prove the following theorem.

THEOREM 6. Let f(x) be a solution of the inequality (1) for n>3. Let A>
[, 1], and let us assume that there exists an interval (0, p,) such that for every
p €0, py) p is a point of maximal density of A, and that for every positive x m(4 N
(0, x))>0. Then the function

(1s) F¥(p) = {f(P) forpe A

continuous on (0, 1)

satisfies the inequality (*) on the interval (0, p,).

Proof. Let p;, p, be arbitrary positive numbers such that p;+p,<p, As f
satisfies the inequality (1), it satisfies the following relation:

p L) @)y <

f (40 f(a)
Let pi™, py™ be sequences such that pi™—p;, pS"'—p,, p\™ +ps" =p,+p,, and
F(Pi™)>0, f(ps™)>0. The existence of such sequences follows from the following
result. Let 4; and 4, be sets of positive measures, let X; (resp. X;) be a point of
maximal density with respect to 4, (resp. 4,) where X; does not necessarily belong
to A4, (resp. 4,). Then there exist sequences X, and X,, such that X, € 4;, X, € 4,

(m) (m)

* We wish to express our thanks to the Referee for the simplification of the proof of this
Theorem and for his very helpful suggestions.
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(m=1,2,...)) Xo—X,, Xi'>X, and X,—X.'=X,—X,. (This result slightly
generalizes a theorem of Kemperman [7].) Since
w @) |  f(2E™)
(16) T T (- p—p) <
Y@ TP S P
we have from the continuity and the monotoncity of f/4 that

f (Py) e, (2

" 1@ fa)
On the other hand, let ¢i™, 5™ be sequences such that

——+(1—p—p) L L

™= qgs™ > g g+ = g1+ ge
and f(gi™)>0, f(g5™)>0. Since

f*(py) . (Pz)

Py TP gy <

f oy, MNP
5 TP <ptp
ey ey ST
As a corollary of Theorem 3, it can be proved that if f* satisfies the inequality

(17) for every 0<p;+p,<p,, then it has the form
fHp)=dp® for 0<p<p,
where d>0, and —1<C<L0.

D1+pe

we have
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