
Canad. Math. Bull. Vol. 17 (2), 1974. 

ON THE INEQUALITY 

£ /(ft) . t 

»=1 / ( « « ) 

BY 

PAL FISCHER 

1. In this article, we are concerned with the following inequality 

(i) l ^ T T ^ i 

where 0</>,<l, 0 < ^ < 1 , ( i = l , 2 , . . . ,/i)2?-iJp< = 2?-i?<=l, » is a fixed 
positive integer, n>2 and f(p)j^0 for 0<p<l . 

This inequality was first considered by A. Renyi, who gave the general differ­
entiate solution of (1) for n>3, [1]. With the help of this inequality one can charac­
terize Renyi's entropy [2]. 

We shall state later the Renyi's result, which will be a special case of the 
Theorem 3. 

These inequalities, the so-called quasi-linear inequalities are the subject of some 
recent articles [4], [5], [6]. 

2. Let us denote by A±\AZ the following set 

A±\A2 = {X : X = X1—X2,X1e Ax and X2 e A2}9 m (resp. m) 

denotes the Lebesque measure (resp. inner Lebesque measure), Â denotes the 
closure of A and f\A denotes the restriction of/to A. 

In this section, we shall give the general positive and the general continuous 
solution of the inequality (1) for n>3. 

Let us consider the inequality (1) in that special case when n=29 i.e. 

(2) P — + ( 1 - P ) T - " < 1 
f(q) f(\-q) 

where 0<p<l, 0<ç< l , and/(/?)^0 for 0<p<l. 

THEOREM 1. The general positive solution of the inequality (2) is monotone 
decreasing and continuous. 

Proof. The inequality (2) can be written in the following form: 

(3) P £ (1-P) — 
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(4) 
/(«) /(P)J 

that is iff(p)>f(q) then f(l—q)>f(l—p), and from (3) we obtain, by inter­
changing^? and q and adding 

L / ( l - « ) / ( 1 - P ) J 

If for 0<q<p<l we had/(#)<f(p), then we would have fQ-—q)>fQ.—p), in 
which case / (p) does not satisfy (4). 

To prove the continuity of the solution of the inequality (2) let us write it in the 
form 

• / ( P ) . / ( « > 

J L/(i-<z) /(i-p)J ^ ^l/(«) /(l-p)J " (5) «, , . . . , , 
V(«) /(p)J i /a-«) /(i-

If q/rp0 and p\p0, then we have 

(6) Po 
r/(Po+Q)+/(Po-Q)' 

/ (P6 -0 ) /(P6+0). 
+ ( l - P o ) 

- / ( l - P o - O W C l - p o + O ) ' 

./(1-Po+O) / ( l - p o - 0 ) . -Po-0)J _ 

Since min(x+l /x)=2 occurs for x=l it follows that f(pQ+0)=f(p0—0) and 
/(l—/>0—0)=/(l—p0+0) for every p, 0 < p < l , that is, / is continuous. Con­
versely, if/ is continuous it does not change its sign, so it is monotone. 

Exactly the same manner we can prove the following two generalizations of the 
former theorem. 

PROPOSITION 1. The general positive solution of the inequality 

* P IT7~T+JP2 7 7 ~ : < P1+P2 

where px, p2, qx and q2 are positive, px+p2 is fixed p1+p2=q1+q2 and f(p)^0 for 
0<p<px+p2 is monotone decreasing and continuous. 

PROPOSITION 2. The general solution of the inequality 2 in the interval (p, 1— p) 
where 0</?<l /2 is monotone decreasing and continuous under the hypothetis that 
f(p) is positive in the interval (p, 1—p). 

Let us assume that/(/?)>0 for 0<p<l. 

THEOREM 2. If the solution of the inequality (2) is differentiate at the point p 
then it is differ entiable at l—p and the following relation is valid: 

i-p 
(7) 

f(p) fd-p) 

(8) 

Proof. From the inequality (3) we obtain the following inequality: 

1 -p /(«) 
im-f(q)]<[m-q)-m-p)] 

.m-p) 
< 

f(p) i - « 
Uip)-f(q)] 
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and this inequality gives the following two equalities 

p / ( 1 - n ) , 
(9) ~ J " V r D~fU> = D+f(l-p) 

1—JP /GO 

(10) T ^ ^ T T T D+f^ = ^ - / a - P ) 
i - p /GO 

which proves the theorem. 
Exactly the same manner we can prove the following 

PROPOSITION 3. If the solution of the inequality * is differentiable at pQ for 
®<Po<Pi+Pz> then it is differentiable at the point Pi+p2—po and the following 
relation is valid 

Po j . , , v P1+P2—P0 r,, , . 
•j—J (Po) = ——; : / (P1+P2-P0) 
f(Po) f(Pi+P*-Po) 

under the assumption thatf(p) is positive in the interval (0,p1+p2). 

THEOREM 3. The general positive solution of the inequality (I) for «]>3 is differ­
entiable, and it has the following form: 

f(p) = dpc where d > 0 and — 1 ;< c <; 0. 

Proof. If in the inequality (1) we set ps==q3,. . . ,pn=qn, then it follows that 
the solution of (1) must satisfy the inequality * in the interval (09px+p^), that is,itis 
monotone decreasing in the interval (0, pi+p2), and since it is monotone decreasing 
for every 0</?1+/?2<l the solution of (1) is monotone decreasing in (0, 1). On 
the other part, from Theorem (2) and Proposition 3 we see that if the solution is 
differentiable at the point/?, 0<p<(px+p2), then it is also differentiable at the 
point (pi+p2—p). If there existed a point/? at which/is non-differentiable, then 
we can find a set of points of positive measure at which/is not differentiable, but 
this is impossible after a Theorem of Lebesgue. Thus the solution of the inequality 
(1) must satisfy the following relation: 

(11) ZrJ'U) = C 

f(p) 
where C is non-positive, since f(p) is monotone decreasing. Thus iff(p) is a solu­
tion it has to have the form 

(12) /GO = dP
c 

where d>0 and C<0. 
We prove now that (12) is a solution of (1) if and only if — 1 < C < 0 . It is easy 

to prove that (12) does not satisfy (1) if C < — 1, and that it satisfies (1) if C = — 1 
or C=0. Let us assume that — 1 < C < 0 . We have to prove that 

(is) JU-,cl«lol<;i 
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By virtue of the Holder inequality we have 

n /n \ l - |C|/n \\C\ 

i=l \i=l / \i=l 1 

Therefore, the general positive solution of the inequality is 

(14) f(p) = dpc 

where d>0 and - 1 < C < 0 . 

REMARK. AS special case we have the general differentiate solution of the in­
equality (2) for n>3. This result was obtained by A. Renyi. 

3. If f(p) changes its sign then the solution of the inequality (1) is not necessarily 
measurable. Namely if f(p)>0 and/Q?) is a solution of the inequality (1), then 
e(p)f(p) also satisfies (1), where e(p) is any real solution of the x2(p)=l 

In this section we want to give the general monotone decreasing solution of 
the inequality (2) with non-constant sign. 

Let A={p:f(p)>0}, B={p:f(p)<0}. We prove the following: 

LEMMA 1. If fis a monotone decreasing solution of the inequality (2) with non-
constant sign, then f is constant in the intervals (0, a) and {I—a, 1) where a— 
mm(m(A), m(B)). 

Proof. Let 0<p<q<a. If f(p)>f(q), then we have a contradiction by the in­
equality (3); and for the same reason it is impossible that for l—a<q<p<l,f(q) 
is greater than f(p). 

If m(B)>m(A); then the only monotone decreasing solution is 

/ ( p ) = / C i > 0 fo*PeA 

\C2 < 0 for p G B 

if m(B)>m(A), t hen / (p )<0 for m{A)<p<\—m(A) so according to Proposition 
2 it is monotone increasing. If m(B)<m(A), then the general monotone decreasing 
solution has the following form: 

( C for 0 < p < m(B), C> 0 

f(p) for m(B) < p < l - m ( B ) 

-d for l - m ( B ) < p < 1, d>0 

where f(p)>0 in the interval (m(B), l—m(B)) and/satisfies in this interval the 

inequality (2), and moreover, 
m(B) < 1+ ( l - m ( £ ) ) 

7 ( l - m ( S ) - 0 ) - f(m(B)+oy 
4. In the following, we do not assume t h a t / ( p ) > 0 for every/? e (0, 1). Let us 

define by 

A± = {p:f(p) > 0, 0 < p < ! } , A = {p:f(p) > 0, 0 < p < 1} 

Bi = {p:f(p) < 0 , 0 < p < J } B = {p:f(p) < 0, 0 < p < 1} 
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LEMMA 2. Iff is a solution of the inequality (1) for n>3 then f is monotone 
decreasing in Ax and fis monotone increasing in Bx. Furthermore, f/A (resp.fjB) is 
continuous on Ax (resp. Bx). 

We omit the proof of this Lemma. We shall prove the following 

THEOREM 4. If m*(A n (0, x))>0 for every positive x, and if Â~=>[\, 1] then 
f\A is monotone decreasing and continuous. 

Proof. If the result were not true, then we can find px and qx such that f(px)>0, 
f(qx)>0, 0<px<qx,f(px)<f(qx) and i<qx. It is then easy to see that for every 
(5>0, we can find in the interval [px,qx]px and q[ such that px<qx>\pr

x+à>qx 

and 0<f(p'x)<f(qx). If we choose ô such that 0<(5< 1 — qx and à less than the length 
of the interval contained in A n (0, \—qx)\A n (0, 1— qx) with left endpoint 
x = 0 , then it is easy to see, that 

KPD KPÙ 

is impossible where/(#2)>0, f(pz)>0, because !>p2>#2 and it was shown that 
for these values / is monotone decreasing. To prove the continuity, it suffices to 
prove first that for everypl2<.p<l,flA(p—0)=flA(p+0). Let us assume that for 
a fixedpl2<p<l,flA(p-0)>flA(p+0) and let 

= 1 +s where e > 0, 
/M(P+O) 

let pm be a monotone increasing sequence and qm be a monotone decreasing 

i < Pm < P and p < qm < 1 

lim pm = p, lim qm = p and pm e m (m = 1, 2, . . .). 

Thus if m>N0 we can find p'm e A and qm eA such that q'm—p'm=qm—pm
 a n d 

lim / 4 = l i m ?«=<>. 

And if m->co we obtain that 

p( l+f l )+( l - jO < 1 

Furthermore it is easy to see that / jUQ—0)=/ /^(J+0) if fjA(\—Q) exists, which 

proves the theorem. In the same manner one can prove the following 

PROPOSITION A. If A C\ (0, x) has the Baire property and if it is a set of second 
category for every positive x, and if furthermore Â^>[\, 1], then f\A is monotone 
decreasing and continuous. 
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THEOREM 5. Let f(x) be a solution of the inequality (1) for n>3 such that 
l imx / (x )=0 . If Â=>[i—e,%], where e is an arbitrary small positive number 
£C=+0 

then fis monotone decreasing on A. 

*Proof. We can assume that in (*) lim pf(p)=0 then we obtain (since this limit 

can be performed holding px fixed) f(pi)lf(qi)<l whenever 0<^ 1 </? 1 <1, 
Pi—q!<h Px eA,q±E Ax since from the Lemma 2 follows that 

lim inf \f(q2)\ > 0. 

Let/?i G A, q[ e A and 0<gr i<pi< l , where Pi—q'^h then we can find a/^, such 
that 

<li = Pz < P2 < Pi 
and such that p2 e A and 

Vk-V'z < i and pi—J7a < i 
In this case 

/ ( P / ) _ / ( P O / ( P D ^ 1 

/(«0 KPDKPD 
which proves the Theorem. 

Finally, we shall prove the following theorem. 

THEOREM 6. Let f(x) be a solution of the inequality (1) for n>3. Let Â^> 
[i, 1], and let us assume that there exists an interval (0,/?0) such that for every 

p e (0, p0) p is a point of maximal density of A, and that for every positive x m(A n 
(0, x))>0. Then the function 

(15) /*(P) = ( / ( P ) f°rpeA 

[continuous on (0, 1) 
satisfies the inequality (*) on the interval (0,p0). 

Proof. Let pv p2 be arbitrary positive numbers such that />i+/>2</V As / 
satisfies the inequality (1), it satisfies the following relation: 

f(Pi) . f(PÙ t n . . 1 

/(0l) / ( f t ) 

L e t / ^ " 0 , / ? ^ be sequences such tha t / ?^ -* /^ , p(
2
m)->p2, P^+pT)=Pi+P2, and 

f(p{im))>Qi / ( /4m ))>0. The existence of such sequences follows from the following 
result. Let A1 and A2 be sets of positive measures, let X1 (resp. Z2) be a point of 
maximal density with respect to Ax (resp. A2) where ^ does not necessarily belong 
to Ax (resp. A2). Then there exist sequences X\ and Jfĉ 1 such that Xx

m e ^41? l ^ 1 e ^42 

* We wish to express our thanks to the Referee for the simplification of the proof of this 
Theorem and for his very helpful suggestions. 
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( m = l , 2 , . . . ) Xlr+X^ X%->XZ and X^-X^^X^X^ (This result slightly 

generalizes a theorem of Kemperman [7].) Since 

<\c\ (m)f(Pim) , (m)f(P2m) , / 1 \ ^ 1 

(16) ft — — +p 2 ——- +(1—Pi—JP2) < 1 

we have from the continuity and the monotoncity off/A that 

On the other hand, let çj"1', <j4m) be sequences such that 

q[m) - qiq[
m) - ft, ^ m , + ^ m > = « i + « , 

and f(q[m))>0, f(q{
2
m))>0. Since 

/*(Pi) , / ' ( g , ) „ J 

we have 

As a corollary of Theorem 3, it can be proved that if/* satisfies the inequality 

(17) for every ()</?!+/?2<JPO> then it has the form 

f*(p) = dpc for 0<p<p0 

where d>0, and - 1 < C < 0 . 
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