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CONVERGENCE OF AVERAGED OCCUPATION TIMES

BY
CHARLES W. LAMBY}

1. Introduction. Let X={X,, 1>0} be a stationary Markov process with values
in a measurable space (S, %), transition function p, and initial distribution con-
centrated at a point x € S. The occupation times of a set 4 € # are defined for

t>0 by
t
mo=£u@om

where 14 is the indicator function of A. The expected occupation times are given
by
t
B} = [ oo, 4) .

If lim,_, , E{u(t)}=co and u(t)~E{u(t)} as t—oc0, then it is natural to study the
asymptotic properties of u(f)u(z)~!. Kallianpur and Robbins [6] studied the case
where X is Brownian motion in one or two dimensions. Darling and Kac [4] gave
an elegant treatment for more general processes. These authors dealt entirely with
convergence in distribution. It is clear from the case of Brownian motion that
the convergence cannot be strengthened to almost everywhere convergence, or
even convergence in measure.

Recently Brosamler [2] studied the pathwise asymptotic properties of additive
functionals of Brownian motion. By using the idea of averaging with respect to
certain log-scales he showed how to obtain almost everywhere convergence.
Brosamler’s results, specialized to the case of occupation times of a set 4 of finite
strictly positive Lebesgue measure, imply that in dimension one u(f)=c,/f and

t
6)) lim [log t]‘lf w(s)u(s)™ dllog s] = 1a.e.,
t— 0 1
and in dimension two u(#)=c log ¢t and
t
) lim [log log ] f w(s)u(s) dlloglogs] = 1a.e.
t= e

The purpose of this paper is to generalize some of Brosamler’s results to a
wider class of Markov processes and to show how his log-averaging corresponds
to the extreme case of a whole family of limit theorems for occupation times.
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To see how this is done, first note that if u is modified in a neighborhood of
the origin so that u(0)=1, then (1) and (2) may be written in the form

lim [log u(t)]‘lft,u(s)u(s)‘1 dllogu(s)] = 1a.e.
t— o0 0

As Brosamler has observed
[[uoucsr+ anog uon = [[uoucsrtus as
= [ dt=u(
= [t du—utoncr
= [t 1,060 ds—pou™

If u(t)u(t)™ converges in distribution, then we might hope that
3) lim [log u()] w(®u(®)™ = 0 a.e.
t—

Our problem would then be reduced to studying

@ fog u()1™ [ u(9™ duts).

More generally, we consider expressions of the form

(5) [ L W) du(s)j| - fo W(s) du(s).

We obtain (4) when a=0 and u(t)u(t)=* when a=1. If «<0, then [ u*"(s) du(s)
is bounded and there are no interesting limit theorems as #—co.

Chung and Erdos [3, P. 16] have obtained the convergence of the discrete
analogue of (4) for integer-valued random walks.

2. The convergence theorems. Recall that a function L is said to be slowly
varying (see [5]) if L>0 in a neighborhood of infinity and
6) lim L(OHL()™ = 1
t—= 0

for all 6>0. It follows that (6) holds uniformly in é when ¢ is restricted to a com-
pact subset of (0, c0). A function of the form L(#)¢” is said to be regularly varying
of exponent .

Darling and Kac proved convergence in distribution of u(#)u(z)~* under the
assumptions that u is regularly varying of exponent § with 0<A<1 and

™ ﬁm%mw~W)
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uniformly for y € 4. Their argument, which involved Karamata’s Tauberian theo-
rem, does not carry over to expressions of the form (5) and we must strengthen
(7) slightly.

THEOREM 1. Let x € S and A € # be fixed. Assume that the function t—p(t, x, A)

is regularly varying with exponent f—1 where 0L<B<1 and write p(t, x, A)=
L), Assume further that

® ltlfolo p(t, y, Ap(t, x, )7 =1

uniformly for y € A. Define

) u(t) = 1+J:p(s, x, A) ds

and assume (in case $=0) that u is unbounded. If «>0 and P{X,=x}=1, then

([0 a]” e

converges in distribution as t—co. In the extreme case where a=0, the limiting
distribution is the unit mass at 1.

Proof. The proof is a direct application of the method of moments. We will
outline the main steps and leave several routine verifications to the reader. We
write p(t)=p(t, x, A) in what follows. The second moment is given by

E{( J; tu““l(s) d,u(s))z} = E:(J:u“‘l(s)l (X)) ds)z}
= E{f:u“‘l(r)l (X)) er:u“‘l(s)l (X)) ds}
= ZLtu““l(r) dr L p(r,x,d y)J;tu“"l(s) p(s—r, y, A) ds
~ 2ftu°“l(r) p(r) dr ru(s)“‘lp(s—r) ds
ot s Jr
=2 J; u*(s) ds J; u*(r)p(s—r)p(r) dr

= 2ftu““l(s)f2(s) ds

where the asymptotic relation follows from (8). An elementary induction argument
shows that

(10) E{( L wi(s) d,u(s))n} ~n! J; W) () ds
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where f;(s)=p(s) and

(i1 i) = [ @ Opts=r,0) dr.
Now

[eaP@llog @ if « =0,

(12) Jals) {cnp(s)u("—”“(s) it «>0

where ¢;=1 and
nt if «a=0,

(13) caniCn = {BLBT(naf)L(B+naf)™ if «>0,6>0,
14+ (na)™ if «>0,8=0.

The proof of these facts breaks up naturally into several cases, depending on
whether o and f are positive or zero. If =0, then u is slowly varying with L(r)=
o(u(t)), and if 5>0, then u is regularly varying of exponent § with u(t)~pLL(t)t"
(see [5, p. 281[). Using these facts and (11), we now obtain by induction the asymp-
totic behavior of the functions {f,}. If «=0 and 0<6<1, then

Fra(8) ~ € f WP p(s—r)p(llog u(]* dr
ds
~e, f U (p(s—r)p(log u(P™ dr

ds
~c, J u () L(s—r)(s—r)p(r)[log u(H]** dr.
0
If ¢ is chosen sufficiently small, then the above expression may be replaced by

e L(s)s” ‘lfsu‘l(r)p(r)[bg u()]" dr = c,n”"p(s)[log u(ds)] "

~ c,n~p(s)[log u(s)]".
If >0, 0=p and 0<d<%, then

Frna() ~ s f W) p(s—rp(r) dr

I3 s
1] (1-9)s

~ Cnfésu"u—l(r)L(S—r)(S—7‘)— p(r) dr+c,,,fs una—l(r)p(s_r)L(r)r_l dr.
0

(1-6)s

Again choosing ¢ sufficiently small, we obtain

ds s
Fana(s) ~ €, L(8)s f WP p(r) dr-+e, L(s)s ™ (s) ﬁ  pe=ndr

~ ¢, p(S)u™(s)(1+(na)™).
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In the final case where o>0 and >0 we have
Fuls) ~ € | w00 =) dr
~c,pr ﬁ sL(r)"“r"“”_lL(s—r)(s— rfdr
~c, ﬁl—naL(s)naHrl L s(s_r)ﬂ—lrnaﬂ—l dr
= ¢, L (s)Hgp-1nas J; 1(1_0)/3—10710;;:_1 dv

= ¢, BT (BT (nof)L'(B+naf)~ p(s)u™(s).
It follows from (10), (12) and (13) that

([ wi(s) o) | ~a] w19 ducs)|

where d,=1 if «=0 and d,=a"(n—1)!c, if «>0. In either case it follows that
lim,,_, , sup(d,)’"n~1< co and our theorem follows from a standard result on the
unique determination of a distribution by its moments [1, p. 182].

Further identification of the limiting distribution is possible in certain cases.
If «>0 and f=0, then the limiting distribution is a Gamma distribution with
density

[al/ar(l/oc)]—le—w/rzx(l—a)/a.
If «>0 and f=1, then the limiting distribution is the unit mass at 1. The case
a=1 involves the Mittag-Leffler distributions as in [4].

THEOREM 2. Let x €S and A € & be fixed. Assume that p(t, x, A)>0 for suf-
ficiently large t and

(14) lim sup [sup p(t, y, A)p(t, x, A)‘l] < 1.
t— ved
Let
&(t) = sup [p(t, y, A)—p(t, x, A]".
Define u by (9) and assume
(15) f t@(S)u(S)‘1 ds = O([log u(H)}*)
0

Jor some A<1. If P{X,=x}=1, then

17
(16) lim [log u(f)]™ f u(s) du(s) = 1 a.e.
Proof. Write e ’

E{( f:u(s)‘1 dy(s))z} = 2J:u(r)‘1 erp(r, x,d y)Jju(s)‘lp(s—r, y, 4) ds
= L+1+1,
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where

=2 f w(rp(r) dr f w()p(s) ds,
t rt
=2 f u(ryp(r) dr f u(sy p(s—r)—p()] ds,

I,=2 f w(r)ydr L p(r, %, dy) f w(s) (s —r, y, A)—p(s—r)] ds.

Now I,=[log u(#)]?, and according to the second mean value theorem for integrals,
I, can be dominated by

t v
2 f dllog u()u(r)™ sup f [p(s—r)—p(s)] ds
0 r<o<tJr

< 2{ dllog u( ()™ sup [u(v—r)—u(v)+u ()]

r<v<t

< ZJtd[log u(r)]

= 2 log u(t)

where the second inequality follows from the fact that u(v—r)—u(v)<0. If (15)
holds, then I; is dominated by

2 J tu(r)‘lp(r) dr f tu(s)‘le(s—r) ds < qu(r)‘lp(r) drftu(s)‘ls(s) ds

— O([log u(H]"**).
Hence
(17) var{[log u(t) f W) dM(S)} = O({log u()).
For n>1 let

t, = inf{t:log u(f) > n¥*~»}.
It follows from (17) that (16) holds along the sequence {t,}. Using the fact that

log u(t,) = A log u(t,4),
and

L "u(s) du(s) < [ u(sy™ du(s) < [ (s dus)

for 1,<t<t,,:, we obtain the almost everywhere convergence in (16) and the proof
is complete.

CoOROLLARY 1. If (14) but not (15) holds in Theorem 2, then the convergence in
(16) holds in L2,

Proof. If only (14) holds, then e(t)=o0(p(r)) and Iz=o([log u(t)]?). Hence the
left side of (17) is o(1) and the proof is complete.
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3. Examples and discussion. For many processes X the hypotheses of Theorem
2 are easy to verify. In fact, (8) implies (14) and if for some #>0
(18) Pt y, 4) = p(t, x, 4) = O([log u())]"p(2))

uniformly for y € 4, then (15) holds. For example, let A< R be a compact set of
strictly positive Lebesgue measure and let X be a symmetric stable process with
index « € [1, 1]. The density of X is known (see [5]) and

p(t, y, 4) = et 40
uniformly for y € 4. Hence (8) holds and (18) holds for all #>0. For two dimen-
sional Brownian motion we have
p(t, y, A) = ct™'+0(t™)
and (18) holds for all >0.

We now show that Brosamler’s log-averaging follows under the hypotheses
of Theorem 2. If suffices to verify (3). If (14) holds, then

B} = o [ 20y dr [‘pts—r) as)

= 0(u(t)®.
Thus the L2-convergence of (3) follows. Chebyshev’s inequality implies that for
e>0
(19) P{llog u()] u(Du()™ > €} = O([e log u(t)]™).
For n>1 let

t, = inf{t:log u(t) > n}.
It follows from (19) that (3) holds along the sequence {z,}. If ¢,<t<t,,,, then
[u(1) log u(§)]u(t) < [u(t,) log u(t,)”p(tns)
< 2e[u(ty 1) log u(t, )] 1(tnss)
and our result follows.
In conclusion we remark that it is certainly possible to try to prove theorems

like Theorems 1 and 2 for processes other than occupation times. A trivial example
is given by a standard one dimensional Brownian motion process X. Let

u() = 14+(E{X(A))? = 1412
It follows from the time-change property of the Ito integral that

(20) L tu“‘l(s) dX(s) = X*( ﬁ tuz(“””(s) ds)

where X* is a standard Brownian motion process. If «>0, then (20) implies that

I:J:u(s)“‘l du(s)i| - J; tu(s)"‘"1 dX(s)
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converges to a normal distribution of mean zero and variance «. If «=0, then the
strong law of large numbers implies that

lim [ L (! du(r)} - L W) dX() = O ace.

t— o0
For a further refinement in this case, note that if £(r)=¢"""% "¢ * for sufficiently
large ¢, then the law of the iterated logarithm and some straight forward asymptotic
estimates imply that the quantity

I:J:u_l(S)f (s) du(s):l “l‘[:u_l(s)/ (s) dX(s)

converges to zero in distribution but has the cluster set [—2, 2] on a.e. path.

ACKNOWLEDGEMENT. We wish to thank the referee for strengthening the original version of
Theorem 2.

REFERENCES

1. L. Breiman, Probability (Addison-Wesley, Reading 1968).

2. G. A. Brosamler, The asymptotic behavior of certain additive functionals of Brownian motion,
Inventiones Math., 20 (1973), 87-96.

3. K. L. Chung and P. Erd6s, Probability limit theorems assuming only the first moment I,
Memoirs of the Amer. Math. Soc., 6 (1951).

4. D. A. Darling and M. Kac, On occupation times for Markov processes, Trans. Amer. Math.
Soc. 84 (1957), 444-458.

5. W. Feller, An introduction to probability theory and its applications, Volume II (Wiley,
New York, 1971).

6. G. Kallianpur and H. Robbins, Ergodic property of the Brownian motion process, Proc.
Nat. Acad. Sci. U.S.A., 39 (1953), 525-533.

UNIVERSITY OF BRITISH COLUMBIA,
VANCOUVER, BriTiIsH COLUMBIA

https://doi.org/10.4153/CMB-1975-010-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1975-010-5

