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The problem of the critical inclination in the artificial satellite theory can be regarded
as a problem of resonance arising from the near-commensurability 1:1 between the
anomalistic and the draconitic frequencies of the motion, nx and n2. Let us define
the main problem by the potential function
V= -l/rH-J 2 P 2 (sin0)/r 3 +J 4 P 4 (sin0)/r 5 ,

(I)

with
J2<1,

J4 = 0{J22).

(2)

The classical solution of this problem, expanded in powers of the small parameter
J2, carries the critical divisor
J = 5cos2i-l,

(3)

as illustrated in Garfinkel (1959), Brouwer (1959), Kozai (1959), Vinti (1963), and
Aksnes (1967). This divisor vanishes for the critical inclination
is(e = t a n - 1 2 = 63?4,

(4)

which corresponds to exact commensurability nl = n2, and the solution fails in the
neighborhood of i*.
That the classical singularity at A = 0 can be removed by means of the Bohlin-type
expansion (1889) in powers of yjj2 is illustrated in Hori (1960) and Garfinkel (1960).
They showed that the elimination of short-periodic terms from the Hamiltonian re
duces the problem to the ideal resonance form as defined in Garfinkel (1966).
Although the literature of the critical inclination is quite extensive, no complete
global solution of 0{<jj2\ valid for all inclinations, is presently available. The recent
publication of a first-order solution of the ideal resonance problem has opened the
way for the construction of such a theory. The present paper furnishes the algorithm
for the calculation of the long-periodic and secular terms in the Delaunay variables
G, 0, h and / that are at least of the first order in yjj2. The coefficients of the algorithm
are expressed directly in terms of the Delaunay elements L, G, H and the orbital
elements a, e, i of the satellite. As a check, it is shown that our global solution, valid
for all inclinations, includes asymptotically the classical solution with 5 cos 2 i— 1 as
a divisor. The short-periodic terms, absent in our solution, can be taken from any
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classical artificial satellite theory, such as Brouwer (1959). The solution is subject to
the normality condition which can be written
eG2/(l +¥e2)>0[\UJ2

+ JJJ2\ml

(5)

The paper is divided into three parts. Part A summarizes the first-order algorithm
of the ideal resonance problem, defined by the Hamiltonian
F = B(y) + 2fi2A(y) sin 2 x l9

fi<l.

(6)

Here y is the momentum-vector yk, Xj is the critical argument, and xk for k> 1 are
the ignorable coordinates, which have been eliminated from F in the process of re
duction to the ideal form. Part B applies the algorithm of Part A to the problem of
the critical inclination. Part C, largely historical, puts the work into a proper per
spective in relation to the contributions of Poincare (1893), E. W. Brown (1931), Hori
(1960), Hagihara (1961), Kozai (1961), Iszak (1962), Aoki (1963), and Jupp (1968).
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DISCUSSION
A. H. Jupp: Would you like to comment on my conjecture that your regularizing function would have to
be modified if you were to formulate your solution in terms of initial values rather than in terms of the
mean values?
B. Garfinkel: The elements used in my theory differ from the initial values only by quantities of the
second-order. Therefore, no modification would be required in a first-order theory. As far as the second-
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order theory is concerned, some of the coefficients may have to be modified, rather than the regularizing
function itself.
T. Inoue: Do you agree with me if I say that the perturbations depend on the choice of zeroth approxi
mation and, therefore, if one chooses a proper intermediary orbit in the case of the ideal resonance problem
one will obtain a solution free from any singularity ?
B. Garfinkel: I do not agree. In my paper in Astron. J. (1964) it was shown that all classical solutions carry
a singularity at the critical inclination, regardless of the choice of reference orbit or the choice of the
coordinate system.
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