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Ext and OrderExt Classes of Certain
Automorphisms of C*-Algebras Arising
from Cantor Minimal Systems

Hiroki Matui

Abstract. Giordano, Putnam and Skau showed that the transformation group C*-algebra arising from
a Cantor minimal system is an AT-algebra, and classified it by its K-theory. For approximately inner
automorphisms that preserve C(X), we will determine their classes in the Ext and OrderExt groups,
and introduce a new invariant for the closure of the topological full group. We will also prove that
every automorphism in the kernel of the homomorphism into the Ext group is homotopic to an inner
automorphism, which extends Kishimoto’s result.

1 Introduction

Let (X, ¢) be a topological dynamical system on a compact Hausdorff space X with
a homeomorphism ¢. The transformation group C*-algebra C*(X, ¢) is the univer-
sal C*-algebra generated by C(X), the algebra of continuous functions on X, and a
unitary element that implements the action of ¢. One of the long standing prob-
lems is to find a dynamical condition which characterizes the isomorphism class of
the transformation group C*-algebra. Giordano, Putnam and Skau solved this prob-
lem for the Cantor minimal systems [5]. They introduced the notion of strong orbit
equivalence and showed that two Cantor minimal systems are strong orbit equivalent
if and only if their transformation group C*-algebras are isomorphic. Here, a Cantor
minimal system means a minimal system on the Cantor set, where the Cantor set is
a compact, metrizable, totally disconnected and perfect space, and a minimal system
means there is no nontrivial closed invariant subset, which implies the C*-algebra is
simple. Their theory was the first example where K-theory gave a classification for
minimal topological dynamical systems. In their subsequent paper [6], they defined
several kinds of full groups and proved that these groups are complete invariants for
orbit equivalence, strong orbit equivalence and flip conjugacy respectively. These
results are analogous to the results in the measurable dynamical setting.

The C*-algebra theoretic aspect of the above results is indebted to Elliott’s cele-
brated classification theorem of simple real rank zero AT-algebras using K-theory
[3]. Since his classification was accomplished, structure of the automorphism groups
of algebras in this class has been studied by several authors [4], [10], [11], [12], [13].
Among others, Kishimoto and Kumjian introduced two homomorphisms from the
closure of the inner automorphisms to the Ext and OrderExt groups of K-groups, and
they investigated the ranges and kernels of these homomorphisms in [10], [11] and
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[13]. One of purposes of this paper is to compute these homomorphisms for con-
crete automorphisms arising from Cantor minimal systems, and to introduce a new
invariant for Cantor minimal systems using these homomorphisms. There are two
kinds of natural automorphisms of the transformation group C*-algebra of a Cantor
minimal system: those arising from the normalizers of the topological full group and
those arising from T-valued cocycles of the transformation [6]. In [6], the notion
of the mod map was introduced, which is a homomorphism from the normalizers
to the automorphism group of the K-group, and it is shown that the kernel of the
mod map is the closure of the topological full group. We will give a concrete formula
for a homomorphism from the kernel of the mod map to the Ext group of K-group
in terms of the dynamical system. It turns out that this invariant may differ within
a strong orbit equivalence class. We will also investigate the structure of T-valued
cocycles using the OrderExt group. As a byproduct, we will extend Kishimoto’s the-
orem about the kernel of the homomorphism into the Ext group [13] to the case of
C*-algebras arising from Cantor minimal systems.

In the measurable dynamical setting, the importance of cocycles was pointed out
by Mackey in [14] and a systematic study was initiated by Zimmer in [21]. Extensions
of Cantor minimal systems are investigated in [7] when the factor maps are almost
one-to-one. The other purpose of this paper is to examine p to one factor maps
between Cantor minimal systems and describe them using the cocycle theory which
will be introduced in Section 3. From an element in the dimension group of a Cantor
minimal system, we can form an extension system and a shift map on the sheets. We
state the K-theoretical condition which ensures that the extension system becomes a
minimal system in Lemma 3.6. In Section 7 this construction gives many examples
of p to one factor maps and homeomorphisms of order p which commute with the
minimal homeomorphism. We will show that the kernel of the homomorphism to
the Ext group may be bigger than the topological full group in the last example.

Acknowledgements The author is grateful to Professor Izumi for his helpful advice
and encouragement.

2 Preliminaries

At first we must recall the basic facts about Cantor minimal systems from [5] and
[6]. Let C*(X, ¢) be the crossed product C*-algebra constructed from a topological
dynamical system (X, ¢). We denote by § the implementing unitary. The reader may
refer to [19] for the general theory of transformation group C*-algebras.

Theorem 2.1 ([5, Theorem 1.15]) Let (X, ¢) be a Cantor minimal system. Then
C*(X, ¢) is a simple real rank zero AT-algebra with the Ky-group Z. Moreover any
simple unital dimension group except Z can be realized as the Ky-group of this algebra.

We recall that a C*-algebra is an AT-algebra if it is expressible as an inductive limit
of T-algebras; a T-algebra is a direct sum of matrix algebras over C(T). Let

By={f—-fo¢™'; feCX,2)}
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be the subgroup of coboundaries of C(X,Z). By the Pimsner-Voiculescu exact se-
quence, we get that K(X, ¢) is order isomorphic to C(X, Z)/B,. We denote by [ f]
the equivalence class of f in K°(X, ¢). According to Elliott’s theorem [3], C*(X, ¢)’s
are classified by the simple dimension groups K°(X, ¢)’s.

The following is one of the main results in [5].

Theorem 2.2 ([5, Theorem 2.1])  Let (X;, ¢i), i = 1,2, be Cantor minimal systems.
The following are equivalent:

(i) The C*-algebras C*(X;, ¢;), i = 1,2, are isomorphic,

(ii) The dimension groups K°(X;, ¢;), i = 1,2, are order isomorphic by a map pre-
serving distinguished order units,

(iii) (X;, ¢;), i = 1,2, are strong orbit equivalent.

We need the notion of topological full groups and mod maps. If (X, ¢) is a Cantor
minimal system, we define the topological full group 7[¢] to be

{y € Homeo(X) ; In € C(X, Z) such that y(x) = "W (x) forall x € X},

and N(7[¢]) the normalizer of 7[¢] in Homeo(X). Let UN (C(X), C*(X, qu)) be the
unitary normalizer group of C(X) in C*(X, ¢). In [17, Lemma 5.1], it was shown that
for ¢ € T[¢] there exists v, in UN (C(X), C*(X, QS)) such that vwfv:/‘) = foe~!for
all f € C(X), and vy, is uniquely determined up to U(C (X)) . The general case is
well studied in [20].

When (X, ¢) is a Cantor minimal system,we use the following notation:

Autcin (C*(X, 8)) = {@ € Aut(C*(X, ) ; a(C(X)) = C(X)},
Inncix) (C*(X, ¢)) = Autex) (C*(X, ¢)) NInn(C*(X, ¢)),
Us={f(fog); feU(CX))}.
For f € U(C(X)) we define the element .(f) in Autc(x) (C*(X, ¢)) by
U@ =g forallg € C(X),u(f)(8) = &f.

The automorphism o € Autc(yx) (C *(X, (;S)) determines a homeomorphism 7 () on
X such that

alg) =gom(a)™' forallg € C(X).
Then we have the following.

Proposition 2.3 ([6, Proposition 2.4])  If (X, ¢) is a Cantor minimal system, we have
the following two short exact sequences:

(l) 1— U¢ —L) Innc(x)(C*(X, (]5)) i> T[¢] — 1,
(i) 1= U(C(X)) — Autcix)(C*(X,¢)) — N(r[¢]) — 1.
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Moreover these exact sequences split.

Let s: N(7[¢]) — Auteix (C*(X, qu)) denote the homomorphism defined for
v € N(7[9]) by
s =for™", s(N©G) =y,

where ) € 7[¢] satisfies v 0 ¢ o y~! = 1) and vy, is the unitary normalizer corre-
sponding to 1. Then we have 7 o s(y) = «y for all v € N(7[¢]). In Sections 5 and 6
we will discuss the above automorphisms ¢( f) and s(7y).

We would like to review the definition of the mod map on the topological full
group. When a homeomorphism +y preserves the coboundary subgroup By, we can
define an automorphism mod(y) on K°(X, ¢) as

mod(Y)([f]) = [fory™']

forall f € C(X,Z). It is easily checked that the normalizers of the topological full
group preserve By, and the automorphism s(y) on C*(X, ¢) induces the automor-
phism mod(+y) on the Ky-group when « is in N(7[¢]).

Equip Homeo(X) with the topology of pointwise convergence in norm on C(X).

Proposition 2.4 ([6, Proposition 2.11]) In the above setting we have ker(mod) =

T[]

Although v € N(7[¢]) is in the kernel of the mod map, s(y) may induce the non-
trivial automorphism on the Kj -group, which is isomorphic to the integer group. We
define

T(¢) = {7y € N(7[®]) ; 7 induces identity maps on K-groups}.
The set T(¢) is a subgroup of N(7[¢]) and we investigate this group in Section 5.

Let us now recall the description of the normalizer N(7[¢]) of 7[¢] in terms of a
semi-direct product group. When (X, ¢) is a Cantor minimal system, we set

C(¢) = {y € Homeo(X) ; yopoy ' =goryogoy™' =¢7'},
C*(¢) = {7 € Homeo(X) ; yo g0y~ ' = ¢}.
Note that C¢(¢) is contained in N(7[@]).

Proposition 2.5 ([6, Proposition 5.11])  If 7[¢] x C°(¢) denotes the semi-direct
product of the topological full group of ¢ by C*(¢), then we get the following short exact
sequences:

0= Z -5 7[¢] x C(¢) —2> N(r[¢]) — 0,
where i and © are defined by i(n) = (¢", ¢~ ") and &(y,n) =y on.
We also obtain

37 (T(9) = 7l8] x (C*(¢) N7lP])

from the above exact sequence.
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3 Extensions and Cocycles

In this section we study extensions of Cantor minimal systems. Note that similar
results can be found in [15]. If (X, ¢) and (Y, ¢) are topological dynamical systems,
(Y, ) is called an extension of (X, ¢), and (X, ¢) a factor of (Y, ) when there is a
continuous map 7 from Y to X such that pom = wop. Wedenoteitby 7: (Y, ) —
(X, ¢). The map 7 is called a factor map. If (X, ¢) is a minimal system, 7 is surjective.

We will examine the case that a factor map 7 is a p to one surjective local homeo-
morphism for a fixed natural number p. Here the local homeomorphism means that
for each y € Y there is an open neighborhood U of y such that 7(U) is open in X
and 7|U is a homeomorphism. A local homeomorphism is an open map, and a p to
one surjective local homeomorphism is called a p to one covering map. We remark
that almost one to one factors are investigated in [7].

Lemma 3.1 Whenm:Y — X isa p to one covering map between topological spaces
and X is compact and 0-dimensional, the space Y is homeomorphic to the Cartesian
product of X and {0, 1,..., p — 1}, with 7 corresponding to the projection onto X.

Proof For each x € X, we can choose a preimage y of x and a clopen neighbor-
hood U, of y on which the covering map 7 is a homeomorphism. Since the fam-
ily {m(U,)}xex is an open covering of X, there exists a finite set of clopen subsets
Ui, U,,...,U, such that on each Uy the map 7 is a homeomorphism and {7 (Uy) }x
covers X. Set

Vl = U17

Vy =V, U (U2 \ 77_1(7T(V1))> ,

Vo =Vo U (U \ 7 (Vi) ),

inductively. Then V/, is a clopen set on which the map 7 is a homeomorphism, and
w(V,) equals X. We can regard the clopen set V,, of Y as a copy of X, and the map 7 as
a p — 1 to one covering map on the complement of V,,. By repeating this argument,
we can separate the space Y into p copies of X, say p sheets, and the map 7 is a
homeomorphism on each sheet. u

Let (X, ¢) be a Cantor minimal system, and 7: (Y, 1) — (X, ¢) a p to one cov-
ering map. We would like to describe this extension by a symmetric group valued
cocycle on (X, ¢). When Y is identified with X x {0,1,...,p — 1}, there exists
c: X — S, such that

Y(x, k) = (¢(x), c(x)(k))

for all (x, k) € Y. The p to one extension system (Y, ) is completely determined by
this map c.
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A continuous map c: X — S, is called a S,-valued cocycle on X. We can associate
the p to one extension system with the cocycle ¢ in the above way.

Definition 3.2 Let (X, ¢) be a dynamical system, and ¢, ¢’ cocycles on (X, ¢). We
say that c and ¢’ are cohomologous if there is a continuous map b: X — S, such that

b(¢(x)) cx)b(x) ™" = c'(x)

for all x € X. A cocycle c is a coboundary if there is a map b: X — S,

c(x) = b(p(x)) b(x)™!
forall x € X.

The following lemma shows that the cohomologous cocycles represent equivalent
extensions.

Lemma 3.3 Let ¢; (i = 1,2) be cocycles on a dynamical system (X, ¢), and m;:
(Yi, i) — (X, ¢) the associated extensions. Then the following are equivalent:

(i) ¢ (i = 1,2) are cohomologous,
(ii) The two extensions are equivalent; i.e., there exists a homeomorphism U from Y, to
Y, such that ¢, o W = W o ¢y and m, o ¥ = 7.

We would like to consider the minimal extension systems, and describe the cocycle
condition that guarantees that the associated extension system becomes minimal.

Lemma 3.4 Let (X, ¢) be a Cantor minimal system, and w: (Y,¢) — (X, @) ap to
one extension. When c: X — S, represents this extension, the following are equivalent:

(1) (Y,) is minimal,

(ii) (Y, ) is topologically transitive, which means that there exists a point whose orbit
isdenseiny,

(iii) If a cocycle ¢’ is cohomologous to ¢, the subgroup generated by {c'(x) ; x € X} acts
transitively on {0,1,...,p — 1}.

Proof We only show (iii) = (i). Let F be a non-empty closed subset of ¥ which
is invariant under ¢. The minimality of the system (X, ¢) implies 7(F) = X. For
arbitrary points x;, x, € X, let g; be the cardinality of the set 7~!(x;) N F. From the
minimality of (X, ¢) and the compactness of the space Y, we can choose a sequence
{a,} such that ¢* (x,) converges to x, and 1% (y) converges for every y € m~1(x;) N
F. Since the map 7 is a local homeomorphism, y +— lim,_, o, ¥*(y) is an injective
map from 7 (x;) N Fto 7' (x,) N F, and so q; < ¢q,. In the same way we can show
q2 < q. Hence there exists a natural number g such that the cardinality of the set
7~ 1(x) N F equals g for every x € X.

By Lemma 3.1, we may assume Y is divided into p clopen sheets, namely Y;,Y;,
..., Y,. For every point x € X, there exists a unique collection of g sheets Yy, Y1),
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.., Yj(g uniquely such that x is included in 7(F N Yj)) fork = 1,2,...,q. Thus X
is the disjoint union of closed sets

(N =(EFnY),

i€eQ

where Q runs over all subsets of {1, 2, ..., p} with cardinality q. This means that X is
partitioned into (‘; ) clopen sets. Therefore F is a clopen set. By changing the cocycle,
we can assume that F is exactly the union of g sheets, which contradicts (iii). ]

In the rest of this section, we consider Zy-valued cocycles. If ¢ is a Zy-valued
cocycle, we may regard c as an element of C(X,Z)/pC(X,Z). Then ¢ and ¢’ are
cohomologous if and only if there exists a function b € C(X, Z) such that

c(x) — ¢'(x) = b($(x)) — b(x)

for all x € X, where the equation is understood modulo p. The set of cocycles which
are cohomologous to zero is called the coboundary subgroup. We define the Z,-
valued cohomology group H;)(X ,Zy,) as the quotient of the group of Z,-valued co-
cycles by the coboundary subgroup.

Lemma 3.5 If (X, @) is a Cantor minimal system, the Zy-valued cohomology group
H}(X, Zy) is isomorphic to K°(X, ¢)/pK°(X, ¢).

Proof There are natural quotient maps from C(X,Z) to Hé(X ,Zp) and to
K°(X, ¢)/pK°(X, $). The image of f € C(X,Z) is zero in Hals(X, Z,) if and only
if there exists a function g € C(X, Z) such that f(x) = g(gb(x)) —g(x) forallx € X,
where the equation is understood modulo p. On the other hand, the image of f is
zero in K°(X, ¢)/pK°(X, ¢) if and only if there exist functions g, h € C(X, Z) such
that f — ph = g o ¢ — g. So the kernels of these two homomorphisms coincide. M

We also denote the equivalence class in K°(X, ¢)/pK°(X, ¢) by [f].

In the next lemma, we describe the K-theoretical condition which completely de-
termines when the extension system associated with a Z,-valued cocycle becomes a
minimal system.

Lemma 3.6 Let (X, ®) be a Cantor minimal system, [h] in K°(X, )/ pK°(X, ¢), and
m: (Y, ) — (X, @) a corresponding p to one covering map. Then (Y, 1)) is a minimal
system if and only if

k(h] # 0in K*(X, ¢)/pK"(X, $)

fork=1,2,...,p— 1
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Proof Let k[h] be zero in K(X, ¢)/pK°(X, ¢). We would like to prove that the sys-
tem (Y, ¢) is not minimal. It suffices to consider the case that p is a multiple of k, say
Ik. We may assume

Y =Xx{0,1,...,p—1},
Y(x,k) = (¢(x), k+ h(x)),

w(x, k) = x

for all (x, k) € Y, where k + h(x) is understood modulo p. Let us define a homeo-
morphism vy on Y as y(x, k) = (x,k + 1). The map v commutes with 1. We call ~
the shift map. We set Yo = X x {0,1,...,] — 1} and a homeomorphism ¢, on Y,
such as

Po(x,m) = (¢(x), m+ h(x)),

where m + h(x) is understood modulo I. Then we can easily see that the factor
map 7 factors through (Y, vg), and (Yo, ¢o) is an extension of (X, ¢) which cor-
responds to [h] in K°(X, ¢)/IK°(X, ¢). Since K°(X, ¢) is torsion free, k[1] = 0 in
K°(X, ¢)/pK°(X, ¢) implies that [h] is zero in K°(X, ¢)/IK°(X, ¢) and the system
(Yo, %) is not minimal. As a factor of a minimal system is also minimal, we can
conclude that (Y, %) is not minimal.

To prove the other direction, we first consider the case h = 1. We would like
to show that (Y,%) is minimal under the assumption that k[1] is not zero in
KX, ¢)/pK*(X, ) for k = 1,2,...,p — 1. Let F be the closure of the orbit
{"(x,0) ; n € Z} for a point x € X. By the proof of Lemma 3.4, F is a clopen set. If
(x, k) is included in F, there exists a sequence {a, }5°, such that ¢% (x, 0) — (x, k) as
n goes to infinity. Then

(x,2k) = 7*(x, k)
=7*( lim 9™ (x,0))
= lim 9™ (7(x,0))

lim ¥ (x, k)
n—r 00

exists in F. Hence we can find a natural number [, which satisfies that (x, k) € F if
and only if k is a multiple of /. The number / is a divisor of p. Since F is a clopen set,
we can choose a clopen neighborhood E of x in X, which satisfies that E x {k} C F
if and only if k is a multiple of I. Thus, whenever ¢"(x) is in E, n is a multiple of
I, because the extension system (Y, ) is associated with [1]. When one considers
the first return map on E and the associated clopen partition of X, one sees that this
implies that the height of each tower is a multiple of L. So [1] in K°(X, ¢) is divisible
by . From the assumption / must be 1, and F equals to Y.
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In the general case we need the tower construction of [6]. We may assume the
function h is strictly positive. Let X be the space {(x,j);x€X,j=1,2,...,h(x)}
with the topology induced from X x N, and ¢ the homeomorphism on X satisfying

ity j<h
P )= {(¢<x),1) j = ).

Then, the system (X, @) is a Cantor minimal system and there is an order isomor-
phism from the dimension group K°(X, ¢) to K°(X, ¢), sending the element [4] to
the order unit [1]. Let us denote by (Y, 1) the extension system of (X, $) associated
with [1] € K°(X, ¢)/pK°(X, ¢). Thus,

YV ={(x,7,k);x€X,1 <j<h(x),0<k<p-—1},
and

(x,j+1,k+1) j<h(x)

) X, 'ak =
vl {(¢<x>, Lk+1) = h),

where k + 1 is understood modulo p. From the preceding paragraph, the system
(Y,) becomes a Cantor minimal system. The first return map on the clopen set
{(x,1,k) ;x € X,0 < k < p—1}is given by

(x, 1,k) = (p(x), 1,k + h(x))
and this system is obviously isomorphic to (Y, ¢). Therefore (Y, ) is minimal. M

As a corollary of the above lemma, we can discuss the minimality of the product
system of a Cantor minimal system and the odometer system. The odometer systems
are basic examples of Cantor minimal systems. We refer the reader to Section VIIL.4
of [1] for details of the odometer systems. Let {m,}5°, be a sequence of natural
numbers such that m,,, is a multiple of m,, for each n, and (Y, ) the odometer
system of type {m,, },.

Proposition 3.7 When (X, ¢) is a Cantor minimal system and (Y, 1) is as above, the
product system (X X Y, ¢ X 1) is again a Cantor minimal system if and only if [1] in the
dimension group K°(X, ¢) is not divisible by any natural numbers which are divisors of
some m,.

Proof Let Y, be {0,1,...,m, — 1}, and v, the shift map on Y, sending k to k +
1. The odometer system (Y,1)) can be written as the projective limit system of
{(Y ., ¥u) }n. Hence the product system (X X Y, ¢ x 1)) is the projective limit system of
{(X X Yy, ® X ¥y) },. The system (X X Y,,, ¢ X 10,,) is the m,, to one extension system
of (X, ¢) associated with [1] in K°(X, ¢) /m,K°(X, ¢).
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If (X XY, ¢ x 1) is a minimal system, (X X Y, ¢ X 1,,) becomes a minimal system
for every n, because this system is a factor of (X x Y, ¢ x 1). By virtue of Lemma 3.6,
[1] in the dimension group cannot have a common divisor with any m,,’s.

In order to prove the other implication, it suffices to check that the projective limit
system of minimal systems is also minimal. This is trivial. ]

Let [h] be an element of K°(X, ¢)/pK°(X, ¢), and (Y, 1)) the associated extension
system. We use the same notation of Lemma 3.6. The shift map v on Y commutes
with ¢ and y# = id. Let us denote by 3 the automorphism of C*(Y, ¢) such that

B(6) =08,8(f) = foy ! forall f € C(Y).
We also define an automorphism a of C*(X, ¢) by

—2mih

a(d) = (exp )5,a(f) = f forall f € C(X),

where C*(X, ¢) is regarded as a sub-C*-algebra of C*(Y, 1) with the same imple-
menting unitary .

Both the automorphisms o and 3 can be viewed as Z,-actions. By checking Land-
stad’s condition [16, 7.8.2], one verifies the following result.

Proposition 3.8 In the above setting, the C*-dynamical systems (C* (X, ¢) X o Zp, &,
Zp) and (C* (Y, ), S, Zp) are covariantly isomorphic, where & denotes the dual action

of a.

We also remark that the group homomorphism from K°(X, ¢) to K°(Y, 1) which
is induced by the inclusion map is injective if the systems are minimal ([8, Proposi-
tion 3.1]). When « denotes the shift map, we have

p—1
KX,0) = { Y@ sa e K, v) .

k=0

4 Ext and OrderExt Groups

We would like to recall the notion of Ext and OrderExt groups for K-groups of C*-
algebras. The readers may refer to [10], [11] for details.

When A is a unital C*-algebra and « is an automorphism of A, the mapping torus
of a is the C*-algebra

M, = {x € C([0,1],A) ; a(x(0)) =x(1)},
and the suspension of A is given by

SA = {x € C([0,1],A) ; x(0) = x(1) = 0}.

https://doi.org/10.4153/CJM-2001-014-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-014-9

Ext and OrderExt Classes of Certain Automorphisms 335

If o is an approximately inner automorphism, then from the short exact sequence
0—-SA—-M, —+A—0,
one obtains a pair of short exact sequences:
0 = Ki_i(A) = Ki(M,) — Ki(A) — 0,

fori = 0, 1. Let m;(cx) denote the class of this sequence in Ext(Ki (A), Kl_,-(A)) .
Since K (A) is always the integer group if A arises from a Cantor minimal system,
N1 () is trivial for all o in Inn(A). So we may consider only 7y (cv).

There are two distinguished normal subgroups of Inn(A) containing Inn(A). One
is the group HInn(A) of automorphisms that are homotopic to elements of Inn(A)
and the other is the group Alnn(A) of asymptotically inner automorphisms. It is easy
to see that

Inn(A) C Alnn(A) C HInn(A) C Inn(A).

Theorem 4.1 ([10, Corollary 3.10])  If A is a unital simple AT -algebra with real rank
zero, the map ny ® n; from Inn(A) to @1-1:0 Ext(Ki (A), Kl_i(A)) is a surjective homo-
morphism. Moreover the kernel of this map contains the group HInn(A).

Under some additional conditions, Kishimoto proved that the kernel of 1y & 7 is
precisely HInn(A).

Theorem 4.2 ([13, Corollary 2.3])  Let A be a simple unital AT-algebra of real rank
zero with a unique tracial state T such that Ki(A) # Z. Then the quotient
Inn(A)/ HInn(A) is isomorphic to @}:0 EXt(K,-(A), Kl,,-(A)) with the isomorphism
induced by ng @ n;.

Let T4 be the set of tracial states on A. When A is C*(X, ¢), there is a one-to-
one correspondence between T4 and My, the set of invariant measures on X. For a
unitary u € M, such that t — u(t) is piecewise C! and for y € T4, we define

1 1
0 = 3= [ (aouey) d.

By extending this definition to the matrix algebra over M,, we obtain a homomor-
phism g: Ki(M,) — R. Since u — fi(u) is continuous and affine, we get a homo-
morphism R, : Kj(M,) — Aff(T,) such that

Ro([u])(p) = fu(u).

We call R, the rotation map.
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Lemma 4.3 ([11, Lemma 2.2]) For an approximately inner automorphism o of a
simple unital C*-algebra A, the following diagram commutes:

Ko(A) —— Ki(M,)

N

Aff(Ty),
where D is the canonical pairing of Ko(A) with Th.

Let
0 — Ko(A) 5 E — K (A) — 0

be an exact sequence with a map R: E — Aff(T,) satisfying Ro i = D. We call
the set of all pairs (E, R) the order-extensions of (K1 (A), Ky (A)) and denote it by
OrderExt(IG (A),KO(A)). We are able to define an abelian group structure on
OrderExt(IG (A), Ky (A)) in the same fashion as for the usual Ext groups.

Theorem 4.4 ([11, Theorem 4.4])  Let A be a simple unital AT-algebra with real rank
zero. Then the natural map

M @ no: Inn(A) — OrderExt(K;(A), Ky(A)) @ Ext(Ko(A), K;(A))
is a surjective homomorphism. Moreover the kernel of this map coincides with AInn(A).

In the case of C*(X, ¢), m, was always trivial. That is, if « is in Inn(A), K} (M,,) is
isomorphic to the group Ko(A) @ Z. Therefore we only need the value of the generator
of Z by the rotation map.

Lemma 4.5 When the C*-algebra A satisfies Ky (A) = Z, the order-extension group
OrderExt(Kl (A), Ko (A)) is isomorphic to the group Aff(T4)/Ko(A).

Proof Let (E,R) be an order-extension of (K1 (A), KO(A)) . That is, E is an extension
of K;(A) by Kyp(A) and R is a homomorphism to Aff(T,) with commutativity in the
following diagram:

0= Ko(A) -5 E - Ki(A) = 0

N e

Aff(Ta),

where D is the canonical pairing of Ko(A) with T,. Since K;(A) is the integer group,
this sequence splits by a homomorphism r: K;(A) — E. We can define a map 7 from
OrderExt(IG (A), Ky (A)) to Aff(T,)/Ko(A), sending (E, R) to R(r(u)) where u rep-
resents the generator of K; (A). If ' is any other splitting, then R ( r(u)) — R( r’ (u)) €
D(Kqy(A)), and so the map 7 is well defined. The surjectivity of 7 is obvious. To
prove injectivity, let us assume R(r(u)) is in Ky(A). We can check condition 2 of
Proposition 2.5 in [11] easily, hence (E, R) is zero in OrderExt(K1 (A), Ky (A)) . |
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5 Computation of Ext Classes

In this section we introduce a new invariant for the subgroup T'(¢) of N(7[¢]), which
acts trivially on the K-groups, by calculating the class () € Ext(KO(X , D), Z)
when « is in

Inncey) (C*(X, ¢)) = Autcix) (C*(X, ¢)) NInn(C*(X, $)).

When the automorphism a of C* (X, ¢) preserves the maximal abelian C*-algebra
C(X), o can be written as the product of two kinds of automorphisms (Proposi-
tion 2.3(ii)). In Section 2, we defined the automorphisms ¢(g) for ¢ € U(C(X))
and s(y) for v € N(7[¢]). At first, we examine ¢(g) and see that this automorphism
determines the zero element in the Ext group.

Thanks to (ii) of Proposition 2.3 and the next lemma, we have ((g) €
Tt (C(X, 6).

Lemma 5.1 If (X, ¢) is a Cantor minimal system, Uy is dense in U(C(X)) .

Proof Take a unitary g € C(X) arbitrarily. Since X is 0-dimensional, there exists a
self-adjoint element h in C(X) such that ¢ = exp 2wih. The function h determines
a continuous affine function on My, which is canonically identified with the state
space of K°(X, ¢). As K°(X, ¢) is a simple dimension group, K°(X, @) is dense in
Aff(My) in the sup norm [2, Theorem 4.4]. Thus, for arbitrarily small € > 0 there
exists f € C(X, Z) such that

lu(f —h)l <e
for all p € My, and g = exp 2mi(h — f). Using the same argument as in Lemma 2.4
of [8], one can obtain a Kakutani-Rohlin partition {Y(k, j) ; k = 1,2,...,K,j =
0,1,...,m; — 1} [9, Section 4], which satisfies
mp—1

1 )
B jz_gu—h)(wo@)\ <e

fork =1,2,...,Kand all x € Y(k,0). Hence there is a function I € C(X,R), such
that

lf =h=(U—-10¢)|s <&,
which implies ||g — exp 27i(l — 1 0 ¢)]| oo is small. [ |

Since ¢(g) is an approximately inner automorphism, we can consider 7 ( o( g)) for
geU(CX)).

Lemma 5.2 Let (X, ) be a Cantor minimal system. The automorphism 1(g) is in
HInn(C*(X, ¢)) ,forallg € U(C(X)). So nO(L(g)) is trivial.
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Proof One can take the logarithm of a given g. From the above lemma, ¢¢(g) is in
HInn(C* (X, d))) . By Theorem 4.1, 19 ( L(g)) is trivial. [ ]

Now, we examine the class of s(y) in Ext(KO(X, o), Z) , and describe this new
invariant with dynamical language. By virtue of the remark after Proposition 2.5, we

may assume +y is in C*(¢) N 7[¢], and thanks to Elliott’s theorem we have s(y) €
H(C *(X,9)).

If (X, ¢) is a Cantor minimal system, A(,, denotes the AF-subalgebra of C* (X, ¢)
for y € X [17, Section 3]. Take a sequence of Kakutani-Rohlin partitions {P,}52,
and an increasing sequence of finite dimensional C*-subalgebras {A, }22,, such that

C(Py) equals the diagonal algebra of A, and Ag,y = ;2 A,.

Let v be in C*(¢) N 7[¢], and A be the C*-algebra C*(X, ¢). Define

My = {x € C([0,11,C°(X, ) 5 5(7)(x(0)) = x(1),x(0) € A,},
M) 3 = {x € C([0,1],C*(X,9)) 5 s(7)(x(0)) =x(1),x(0) € Ag)y }.

The Ext class 1 (s('y)) is obtained from the exact sequence:
0 — SC*(X, ¢) = My, — C*(X,¢) — 0.

Since the inclusion map from Ag,; to C*(X, ¢) induces an isomorphism on Ko-
groups [17, Theorem 4.1], the center arrow in the following commutative diagram

0 —— SC*'(X,¢) —— My —— Ay — 0

H ! l

0 —— SC*(X,¢) —— My, —— C*(X,¢) —— 0

also induces an isomorphism of the Ky-groups. Thus, the Ext class 7 (s(’y)) is given
by the exact sequence:

0= Ki(C*(X,9)) — Ko(Myy.1,3) = Ko(Ag,y) — 0.
This sequence is obtained by the inductive limit of:

0 —— K(C'(X,9) —— Ko(Myyn) — Ko(4,) — 0

H - |
0 —— K1(C*(X7 ¢)) — Ko(My(y),n41) — Ko(Apr1) —— 0
forn=1,2,.... Since Ko(A,) is the direct sum of Z, the above exact sequences split.

In each summand of A, we fix a minimal projection in C(?P,), and denote by C,, the
set of these projections.
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For each #, one can take a unitary v, in UN (C(X), Cc*(X, (b)) satisfying

vafv, = foy™t for feC(P,),

because + is in the closure of 7[¢]. Let v,,(¢) be a unitary path in M, (C* (X, ¢)) such

that
wmuﬂ,mmmﬁq

n

Then

F s v(t) {fo’ 8] v (1)*

is a well defined projection of M,(M;,),) for all p € C,. We define the map p,:
Ko(A,) = Ko(My) ) by sending [p] to the Ky-class of this projection.

Let us denote by A the infinitesimal generator of the dual action of T on C* (X, ¢).
A is a derivation defined on some dense subalgebra, satisfying

N N
A(Y oh) =2mi Y k'
k=—N k=—N

for i € C(X), =N < k < N [6, Section 5]. When v = SN &f is in
UN(C(X),C*(X, ¢)) , we have

N
VAAW) =2mi Y kfy,
k=—N
and the K; class of the unitary v is given by

EM(V*A(V)) A

The following lemma is the main part of the calculation, in which we formulate
the embeddings of the n-th step exact sequence into the n + 1-th step exact sequence,
using the tools of the dynamical system.

Lemma5.3 Let {pi}._, C Cu and q € C, be projections such that [q] =

Zizl my[px] for some my € N in Ko(Apv1), and p an invariant measure. Then we
have

1
in o pu([a)) = Y mipuar([pi])

k=1

1
- L (M(VZA(Vn)q) -3 mm(V:HA(vnﬂ)pk)) ,

2mi
k=1

where Ky (C*(X, ¢)) is identified with the integer group.
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Proof We prove the equality only when I = 1 and m; = 1. One can compute the
general case in the same way. We put p = p;. Then

in © pu(lq]) = purr([p])

is represented as the difference of the projections

q
va(t) 0 } 0

e(t):Ad{ 0 vun(t)

l—p

and

£(t) = Ad vy (1) ([}) 8}) .

The element [v,;1] in K; (C *(X, (;5)) equals the difference of the projection f and

t»—>10
0 0|°

If g = 6Kpd*¥, the projection e is equal to

1
t— u(t) 0 u(t)”,

0

where the unitary u ofM4(C( [0,1],C*(X, d)))) is
10 0 0[gqg 0 1-gq 0
(t) = vu(t) 0 01 0 O 0 1 0 0
UE1 00 va@] o o 6% o] {1—q 0 g 0
00 0 1 0 0 0 1

Let ii be a unitary of M4(My,) such that

g 0 (1—¢g6 o0

o 1 0 0
#0) = l1—q 0 q0* 0
0 0 0 1

Then e is equivalent to e and #u(0) = 1. By computing the 1-1 entry of siu(1), we
get the unitary v,q + 6*v,,6"*(1 — g). So we have

in 0 pa([q]) = puri([p]) = [vaq + 6" Vu1 8™ (1 — Q)] — [vis1]

1
= = (u(via0)e) = u(VuAGeP) ). m
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We must review the definition of the Ext group. The exact sequence
0—-Z—-R—-R/Z—0

is an injective resolution of Z. So we can regard the group EXt(KO (X, ), Z) as the
cokernel of the map from Hom(K°(X, ¢),R) to Hom(K°(X,$),R/Z). Let us de-
note by x the quotient map from Hom (K°(X, ¢),R/Z) to Ext(K(X,¢),Z).

For a homeomorphism v € C*(¢) N 7[¢], we would like to define an element
() ofHom(K0 (X, ¢), R/Z) . Fix an invariant measure f.

Take a function f € C(X,Z) arbitrarily. Since 7 is in the kernel of the mod map,
there exists a function g € C(X, Z) such that

f—foyl=g—gos,
and g is determined uniquely up to constant functions. So we put
(NS = g +Z.

Lemma 5.4 The map ®(vy) is well defined and ® is a homomorphism from C*(¢) N
7[¢] to Hom(K°(X, ¢),R/Z).

Proof For f € C(X,Z) we have
f=fod™' =(f=fop oyl =f—foy ' =(f=foy oo™,
which implies

SN(f—fop ' D=pf—fory H+Z
=0+7Z.

Therefore ®(7y) is a well defined homomorphism from K°(X, ¢). One can easily
check that @ is a group homomorphism. ]

Now we can state the main theorem, which says that the map x o ® gives us an
invariant, taking its value in the Ext group, for a homeomorphism which acts on the
K-groups trivially.

Theorem 5.5 When (X, ¢) is a Cantor minimal system, 1o ( s('y)) equals 0 ®(7y) for
v € CH(¢) NT[].

Proof To get the element in Hom (K°(X, ¢), R/Z) from the exact sequence

0—K; (C*(Xa (b)) — KO(MS('y),{y}) — KO(X7 ¢) — 07
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we must find a map from Ko(Mj(,) ¢,}) to R which extends the natural isomorphism
K; (C*(X, QS)) = Z. For each n the group Ko(Mj(),») is isomorphic to

zo Pz,
pEC,

and the generators are [§] and p,([p]) (p € C,). Let us define a homomorphism
from Ky (M) ) to R by

[6] =1

pullp]) = (v AWp)

Then by Lemma 5.3, we have a well defined homomorphism from Ko(Mj(,) {,1) to R.

Hence we obtain a map which sends [p] to (27ri)_1u(v:A(vn)p) + Z. We would
like to see that this map agrees with ®(-y). Since v, is a unitary normalizer of C(X),
there exist projections { p tkez C C(X) such that p = > pi, which is actually a finite
sum, and v, py = §kpk for each k. When one puts

S 0ipdt k>0
& =140 k=0
— b eipd k<o,
the equation
i — 8 pd* = g — 68
holds. Thus, we have
p—poy 'l =p—vipy,
= Z Pk — Vubrv;,
_ Zpk Sk por

= ng - 6gk5*7

and p(gr) = ku(pk), which implies
e((lp) = u(Yg) +2
= ku(p) +Z

1 k
= ﬁ,u(vnA(vn)p) +Z.

This equation holds for every p € C,, and so we have the conclusion. ]

In Section 7, we will look at several examples illustrating the range and the kernel
of this invariant.

https://doi.org/10.4153/CJM-2001-014-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-014-9

Ext and OrderExt Classes of Certain Automorphisms 343

6 Computation of OrderExt Classes

In the preceding section, we proved that the automorphism ¢(g) for g € U(C (X))
is approximately inner but its class 7 ( L(g)) is always zero in the Ext group. So we
will consider the OrderExt group, in order to obtain more information about ¢(g).
In this section, we will compute the OrderExt classes of automorphisms arising from
dynamical systems and describe them in the context of dynamical systems.

We must remark that in light of Lemma 4.5 we only consider the value of [4] by
the associated rotation map.

By the remark after Proposition 2.5, v € T(¢) is decomposed as a product of
o € 7[¢] and T € C*(¢) Nker(mod). The constant valued function t — ¢ is a lift of
d in My(;), which implies that the value of a lift of [§] by the rotation map associated
with s(y) is always zero. Thus 7; (s('y)) is trivial for all v € T(¢), and we cannot get
any information of s(y) from the OrderExt group.

We would like to consider the case of ¢(g) for g € U(C (X)) . Take a self-adjoint
element h € C(X) such that g = exp 2mih. Then

u: t — (exp 2mith)é

is a unitary lifting of § in M, ). By the definition of the rotation map, we have

1 1
R () (0) = 5 / w(iue)”) de
0

1 1
— / w(2mwih) dt
2 Jy

= u(h),

for p € My.
From this computation, we can determine the kernel of the map from the unitary
group of C(X) to the OrderExt group.

Proposition 6.1 Let (X, ¢) be a Cantor minimal system. For a unitary g € C(X), the
following conditions are equivalent:

(i)  The automorphism 1(g) is in the kernel of 1.

(ii) There exists a self-adjoint element h € C(X) such that g = exp 2wih and pu(h) =
0 for every pn € M.

(iii) The unitary g is asymptotically homotopic to the coboundary subgroup Ugy. That
is there exists a continuous map [0,1) 5 t — & € U(C(X)) such that g (g: o ¢)
goes to g ast goes to one.

Proof (i) = (ii). Suppose g = exp 2mwih. By assumption there is f € C(X, Z) which
satisfies

R ([6]) (1) = pu(f)
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for all u € M. Hence we get ¢ = exp 2mi(h — f) and u(h — f) = 0.
(ii) = (i) is trivial.
(ii) = (iii). Using the same argument as in Lemma 5.1, we can find self-adjoint
elements f, € C(X) forn =1,2,..., satisfying

1
i+ (f = F o @)oe <+
Combining the f, linearly, we obtain a unitary path {g };cj0,1) C Uy such that
limgi(g o ¢) =g
Hence g is asymptotically homotopic to Us.
(iif) = (ii). Let {g }ie[0,1) be a unitary path in U and (g, 0 ¢) — gast — 1.

We can take a continuous path {h; }+cj0.1) C C(X)s.,. such that g = exp 2mwih,. Let f
be a self-adjoint element such that ¢ = exp 27i f. Then

lim exp 27wi(h; — h; 0 @) = lim g (g © @)
t—1 t—1
=g =-exp2mif,
which implies that there exists h € C(X, Z) such that
limh, —h,op=f+h.
t—1
Therefore p(f + h) = 0 for p € M. ]

Next, we would like to examine the range of the homomorphism 7j; o ¢ from
U(C (X)) to the OrderExt group.

Lemma 6.2 When (X, ¢) is a Cantor minimal system, the natural map from C(X);.,.
to Aff(My) is surjective. Thus, the map 1, o ¢ is a surjective map.

Proof Let ki be a continuous affine function on My. We define
F={reCX)";7(fop)=7(f)forall f € C(X)}.

Since F is the linear span of My, we can extend h to a linear map from F. Moreover
we can see that /i is weak-* continuous on the unit ball of F. The algebra C(X) is
norm closed in the dual of F. So we have that & is weak-* continuous on the whole
of F. By the Hahn-Banach theorem, we can extend & to a weak-* continuous map h
defined on C(X)*. Then (h + h*) /2 is the desired element. [ |

From the above lemma we get the following corollary, which is an extension of a
theorem of Kishimoto (Theorem 4.2).
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Theorem 6.3  Let A be a unital simple AT-algebra with real rank zero. Suppose K;(A)
is isomorphic to Z. Then the kernel of ny @ m; is HInn(A).

Proof We may assume A is isomorphic to C*(X, ¢) for some Cantor minimal system
(X, ). Let o € Inn(A) be in the kernel. From the above lemma we can choose a
unitary g € C(X) such as

m(u(g) = m(e)

in OrderExt(Z, KO(A)) . By Theorem 4.4, 1(g) o a~! is included in Alnn(A). Since
(g) is homotopic to the identity, the automorphism « is in HInn(A). [ |

7 Examples

(1) The first example is the odometer system. The reader may refer to Section VIII.4
of [1]. Let {m,}, be a sequence of natural numbers such that 1, is a multiple of
m, for each n, and (X, ¢) an odometer system of type {m, },. The dimension group
K°(X, ¢) is order isomorphic to a subgroup of Q.

We would like to know the range and the kernel of the group homomorphism
Mo o s from T(¢) to the Ext group. We must remark that the mod map is zero because
the dimension group admits no non-trivial automorphisms.

The space X is a topological abelian group with the unit (0, 0,0, ...) and ¢ acts by
adding (1, 0,0, . ..). Hence every element of the commutant group C*(¢) is obtained
by adding a certain element of X. So we have

X=C'(¢)={¢"sneZ}.

Let the homeomorphism v be the element in the commutant group C*(¢), which

corresponds to (a;,az,ds,...) in X. When we take the characteristic function f
n

/_/A . .
on the clopen set {(0,0,...,0,%,%,...)} as the representative of 1/m,, in K°(X, ¢),
there exists a function

N .
g=> foo
i=0

where N = a;+a,m;+asmy+- - -+a,m,_;—1,and it satisfies f — foy™! = g—gogp™L.
We have

1
u(g) = ;(m +aymy +azmy + -+ agmy,_y)
n

for the unique invariant measure u. Hence, by Theorem 5.5, 1 (s(’y)) is represented
as the group homomorphism from K°(X, ¢) to R/Z sending

1 1
— = —(a;+aym; +asmy +---+a,m,_,) +Z.
m, m,
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We would like to see that the group Ext ( KX, ¢), Z) is isomorphic to X /Z, where
the integer group is contained in X as the orbit of the unit by ¢. We define a group
homomorphism F from Hom(K°(X, ¢), R/Z) to X/Z in the following way. Let g be
an element ofHom(KO(X, ), R/Z) . We can fix real numbers g, forn =0,1,2,...
such that q(1/m,) = g, +Z, where mg equals 1. Then m,q, — qo is an integer. Hence,
we can define the map F, from Hom(K0 (X, ), R/Z) to X by

Fo(q) = {muqn — qo} 215

where X is identified with the projective limit of the group Z/m,Z and each sum-
mand is understood modulo #1,,. Since

my
(Mps1Gnir — o) — (Mpqu — qo) = mn(m—“qnﬂ - qn)

and #m,41qn+1/M, — gn is an integer, the map Fy is well defined. Moreover Fy is
surjective. Let F be the composition of Fy and the quotient map from X to X/Z.
The map F is a well defined group homomorphism and the kernel is exactly the set
of liftable maps from K°(X, ¢) to R/Z. Thus, F induces an isomorphism between
Ext(K°(X, ¢),Z) and X/Z.

So we see that 7y o s is a surjective map from C*(¢) to the Ext group, and its kernel
is only {¢" ; n € Z}. In this case we have got a topological version of Theorem 4.1.

Let us now consider the extension system. When the supernatural number {m, },
and a natural number p do not have a common divisor, we can construct a p to one
covering map 7: (Y, 1) — (X, ¢) associated with [1] € K°(X, ¢)/pK°(X, ¢). Then
we can easily see that (Y, 1)) is also an odometer system of type { pm, },. Of course,
the shift map on Y acts trivially on K°(Y, ).

(2) The Denjoy system is another basic example of Cantor minimal systems [18].

Let o € [0, 1] be an irrational number, and consider the irrational rotation R, on
the circle S' =2 R/Z. When Q is a countable R, -invariant subset of S' which contains
0, Q can be represented as the disjoint union of at most countably many orbits, say
{R'(w) =y +na;neZ}fork=1,2,...,K where each ; is in [0, 1], 7, equals
0 and K may be infinity. We consider the abelian C*-algebra C(X), inside the set of
Borel functions on S!, which is generated by C(S!) and

{X[na,na+'yk) snel k=1,2,... ,K}.

The space X is gotten from the circle by cutting at the points no + 7 for n € Z and
k = 1,2,...,K. We denote by ¢ the irrational rotation on the space X. Then the
system (X, ¢) becomes a Cantor minimal system, and we call this the Denjoy system
of type (a3 0,72,7s, - - - , k). By [18], the dimension group K°(X, ¢) is isomorphic
to

K
zozoPz

k=2
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with generators ey, e1, €5, . . ., ex, the unit ¢y and p(ey) = 1, pler) = a, plej) = 7;,
for j = 2,3,...,K, where y is the unique state.

Let m: (X, ) — (S', R,) be the obvious factor map. If ¥ € Homeo(X) commutes
with ¢, we can choose 7 € C*(R,,) such that R, o w(x) = 7 o y(x) for some x € X.
Since (X, ¢) is a minimal system, R, o m = 7 o . Therefore the commutant group
C*(¢) consists of only the rotations, which preserve the points at which the circle is
cut. But the dimension group K°(X, ¢) is a direct sum of the integer group, and the
Ext group is zero. So we cannot obtain the invariant for the commutant group in this
case.

Now, we consider the p to one extension system (Y, 1) of (X, ¢) associated with
[1] € K%X,¢)/pK°(X, ). The first return map on one sheet of Y gives us the
system which is conjugate to (X, ¢?). The Cantor minimal system (X, ¢?) is the
Denjoy system of type (pa 5 {ja+v; j=0,1,...,p— 1,k =1,2,...,K}). The
dimension group K°(Y, ) is order isomorphic to K°(X, #?) with the map sending
the order unit [1] to [p].

Next, we examine the extension (Y, ) of (X, ¢) associated with e;. The space Y
can be identified with the the union of p circles, and 1 (y) goes to the next circle or
sheet only when y is in the interval [0, a). So we can see the system (Y, 1)) as the
a/ p-rotation on one circle with some cuts. Thus, (Y, %) is isomorphic to the Denjoy
system of type (a/p ;5 {j/p+w/p;j=0,1,....p — 1,k =1,2,...,K}). The
K-theory of this system has already been mentioned.

Finally, we would like to compute the K-group of the product system of the Denjoy
system and the odometer system (see Proposition 3.7). Let (X, ¢) be the Denjoy
system of type (« ; 0), (Y, ) the odometer system of type {m,}, and (Y,,v,) the
factor system of (Y, ) as in Proposition 3.7. We denote by (Z,,w,) the product
system (X x Y, ¢ X 1,), which is the m,, to one extension system of (X, ¢). By the
preceding paragraph, the dimension group of the system (Z,, w,) is isomorphic to

m,—1
KX, =20 Pz,
k=0
with generators [1] and [X[o.)], [X[a20)]5 - - - » [X[(m—1)a,m,a) |, Where these intervals

are understood as clopen sets of X, and the distinguished order unit is m,, @ 0. The
inclusion of C*-algebras C*(Z,,w,) C C*(Z,11,wy+1) induces an injective map from
KO(X, ¢™) to KO(X, ¢™1), sending

(1] = m[1]
and
m—1
[ X ke, (k+1) a) — Z X[ (jmy+k)a ]mn+k+1)a)]
j=0
fork=0,1,...,m, — 1, where m is m,1/m,. Since C*(X X Y, ¢ X ¢) is isomorphic

to the inductive limit C*-algebra of C*(Z,, w,), we can conclude that the dimension
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group K(X x Y, ¢ x ) is obtained by the inductive limit of K°(X, ¢™). Therefore
it is order isomorphic to

K(Y,9) & C(Y,Z)
with the order unit [1] & 0 and a unique state such that

[f] ®g— p(f)+aug)

for f,g € C(Y,Z) and a unique invariant measure yx on (Y, ).

When the Denjoy system (X, ¢) is of type (a5 0,72, . - ., 7k), the computation can
be done in the same fashion. The dimension group K°(X x Y, ¢ x 1)) is isomorphic
to

K
K'(Y,9) & C(Y,2) & @ C(Y,2)
k=2
with the order unit [1] & 0 & 0 and a unique state such that
K
[l ®g® (@i — p(f) +ap@) + Y Yepu(g)

k=2

for functions f,g,%,...,8x € C(Y,Z).

(3)

Figure 1 Figure 2

We give an example where the map 7 o s is not surjective. We will also see that
the extension systems may not be strong orbit equivalent even if they arise from two
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Cantor minimal systems, which are strong orbit equivalent, and the same elements
of the dimension groups.

Let (X, ¢) be the Cantor minimal system associated with Figure 1, where the order
is determined bya < b < ¢ < dande < g < f < h. Then K°(X, ) is isomorphic
to Z[1/2]. So (X, ¢) is strong orbit equivalent to the odometer system of type 2°°.

When (Z,w) is the odometer system of type 2°°, we can define the factor map
m: (X, ) = (Z,w) by

a,e—0 bg—1

¢, f—2 dh—3,

where Z is the infinite product space of {0, 1,2,3}. The map 7 is two to one on the
orbits whose tails consist of 1 and 2, and one to one on the other orbits.

If v € Homeo(X) commutes with ¢, we can choose 7 € C*(w) by the same
argument of Example (2) such that 7 o m = 7 o y holds. The orbits of w whose tails
consist of 1 and 2 must be preserved by 7. Hence we conclude that 7 is w" for some
n € Z. The map v o ¢" commutes with ¢ and satisfies 7 = 7 o 7y 0 ¢". But 7 is one
to one on some orbits, thus y o ¢” must be the identity map. So we have

C'(¢)={¢"sneZ},
and in this case 7 o s is the zero map.
We can consider the three to one extension (Y, 1) of (X, ¢) associated with [1] €
Z[1/2]/3Z[1/2]. We would like to compute the dimension group K°(Y, %).
Let x be the point (h, h, .. .) in X, the infinite path space, and y; = (i, h,h,...)

fori = 0,1,2 be the points in Y = {0,1,2} x X which are the preimages of x. By
Theorem 4.1 of [17], we get the exact sequence:

0= Z* = Ko(Agyyp0,003) = K'Y, 90) =0,

where the integer group is contained in the infinitesimal subgroup of Ko(Ay,, 5, y,1)-

We would like to write down the Bratteli diagram of Ay, ,, ,,1. We can see that
the clopen set {(2, h, *, *, ... )} is transferred by ¢ as follows:

2,hy...) (1, f,...) < (0,g,...) < (2,e,...) < (1,h,...) or (1,d,...),
and the clopen set {(2,d, *, x,...)} is transferred by 1 as follows:

(2,d,...)«< (1,¢,...) < (0,b,...) < (2,a,...) < (1,h,...)or (1,d,...).
We denote these towers by [2,h] and [2,d]. The clopen sets {(1,h,x*,...)},

{(1,d,%,...)}, {(0,h,%,...)} and {(0,d, x,...)} are transferred in a similar way
and their towers are denoted by [1, 4], [1,d], [0, k], and [0, d].
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Op 29 first step

second step

[0, d] [0, h] (1,d] :+  [1,h] (2,4d] (2, h]

Figure 3

By these observations, we get part of the Bratteli diagram of the AF-algebra
Afyon.y.} in Figure 3. We won't write down the complete diagram, because the figure
is too complicated. In the first step the symbol p means the clopen set

{(a,#,%,.. )P U{(by*,%,...)FU{(e, %, %,... ) U{(f,*,%,...)}

in X, and q the complement of p. The numbers 0, 1, 2 represent each sheet, so that
Op means the clopen set

{(0’a7*7*7"')}U{(07b7*7*"")}U{(()?e’*?*?"')}u{(0?f7*7*"")}

in Y, and the others are similar. Then the inclusion from the first step to the second
step is represented by the matrix:

O = = O
—_—_ O O o
—_— O = = O
O = = - O
— e O = = O
e ==

In the third step, the clopen set {(2, h, h, %, *, ...)} is transferred by 1) as follows:
[2,h] « [1,d] < [0,h] < [2,d] <+ (1, h,h,...)or (1,h,d,...),
and the clopen set {(2,d, d, %, *,...)} is transferred as follows:

[2,h] « [1,h] « [0,d] « [2,d] « (1,h,h,...)or (1,h,d,...).
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So the inclusion from the second step to the third step is represented by A, too.
The deeper steps are exactly the same. Hence the dimension group Ko(Ayy, ,, 5,1)
is obtained as the inductive limit of Z® with the inclusion matrix A in every step.
This dimension group has infinitesimal elements represented by *(1,1,—1, —1,0,0)
and /(0,0,1,1,—1,—1) in the first step, which generates the subgroup Z>. More-
over, (2, —2,—1,1,—1,1) is an eigenvector of A* with respect to the eigenvalue 9
and the elements of the dimension group represented by these vectors in each step
are infinitesimal elements. Thanks to the exact sequence, we have that the dimen-
sion group K°(Y, 1)) has a non zero infinitesimal subgroup, which implies the system
(Y, %) is not strong orbit equivalent to an odometer system. And the shift map acts
on K°(Y, 1) non trivially. The commutant group C*(z)) is generated by ¢ and the
order three shift map.

Let us consider the Cantor minimal system arising from the ordered Bratteli dia-
gram Figure 2, where the order is inducedbya < b <d<e<cand f <i < j <
g < h. The associated dimension group K°(X, ¢) is isomorphic to Z[1/5].

By the same argument we can see that the commutant subgroup of ¢ is trivial.

We can define the two to one covering map 7: (Y,v) — (X, ¢) associated with
[1] € Z[1/5]/2Z[1/5].

In the same way, we have the exact sequence:

0 — Z — Ko(Agy,y,3) — K°(Y, ) = 0,

where y, for r = 0, 1 are the points (1, ¢, ¢, ...) in Y. And the Bratteli diagram of the
AF-algebra Ay, ,,} is represented by the matrix:

—_— = NN
—
—

1
1
2
2

Therefore we see that the infinitesimal subgroup of the ordered group Ko(Ayy, ,,3) is
isomorphic to Z, and the shift map ~y acts on K°(Y, %) trivially. So, in this case, the
dimension group K°(Y, ¢) is isomorphic to Z[1/5] with the unit 2. Thus the system
(Y, %) is strong orbit equivalent to the odometer system of type 2 - 5°°.

An easy computation shows that the Ext class 19 o s(vy) is a non zero element of
order two.

(4) Finally we give an example of a homeomorphism  which satisfies 7, (5(7)) =0,
but which is not in the topological full group.

Let (X, ¢) be the Cantor minimal system represented by the diagram in Figure 4,
where the orderisa < b < ¢ < dande < g < f < h. The dimension group
K°(X, ¢) is isomorphic to

G:{(n,zlim) ;n,leZ,mEN,n+l:0mod3},
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with the unit (0, 3) and has a unique trace given by

I 11
(nlym L
4m 34m
We can construct a factor map from (X, ¢) to the odometer system of type 2°°

exactly as in Example (3). It is easily seen that the commutant subgroup of ¢ is
trivial.

.
.

Figure 4

We can construct the two to one covering map 7: (Y,1) — (X, ¢) associated to
the element (—1,1) € K°(X, ¢)/2K°(X, ¢). The corresponding Z,-valued cocycle is
not zero on the clopen set

{(d,*,... )} U{(g,*,... )} U{(h*,...)}.
We have the exact sequence:
0= Z — Ko(Agy,yp) = K'Y, ¥) =0,

where y, for r = 0, 1 are the points (1, h, h,...) inY = {0,1} x X. The homeomor-
phism 1) transfers the clopen set {(1, h, *, ...)} as follows:

(Lh,...) < (1, f,...) < (0,g,...) < (0,e,...) < (1,h,...)or (1,d,...),
and the clopen set {(1,d, *, ... )} as follows:
(1,d,...)+ (1,¢,...) < (1,b,...) < (1,a,...) + (0,h,...) or (0,d,...).

The clopen sets {(0, h,*,...)} and {(0,d, x,...)} are also transferred in a similar
way. When we denote these towers by [1, k], [1,d], [0, h] and [0, d], the clopen set
{(1,h, h,*, ...} goes through:

[1,h] < [1,d] < [0,h] < [0,d] < (1, h, h,*,...)or (1, h,d, *,...),

https://doi.org/10.4153/CJM-2001-014-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-014-9

Ext and OrderExt Classes of Certain Automorphisms 353
and the clopen set {(1, h, d, x, .. .)} goes through:
[1,h] < [1,d] < [0,d] < [1,d] < (0, h,h,*,...)or (0, h,d, *,...).

From this, we obtain the matrix

?

—_— =N

0
1
1
1

—_ O =
—_— N = =

which represents the Bratteli diagram of the AF-algebra Ay, , 1.

Then we can compute the dimension group Ko(Ay, ,,3). We have that the gener-
ator of the subgroup Z is represented by the vector ‘(1,0, —1,0), which is invariant
under A, and the order two shift map + acts trivially. The dimension group K°(Y, %)
can be obtained as the quotient Ko(Ay,, , 1) /Z, and it is order isomorphic to

{(”’4%) ;n,leZ,mEN,n:lmod3}

with the order unit (0, 6) and a unique state given by

(n3) = 3

We would like to see that the Ext class (5(7)) is zero. The group K°(Y, ) is
algebraically isomorphic to Z @ Z[1/2], and so it suffices to consider the subgroup
Z[1/2]. We remark that the order unit is expressed by 0 & 1 € Z & Z[1/2]. Since
the matrix A has the eigenvalue 4 with an eigenvector (1, 1, 1, 1), we can choose the
characteristic function f on the clopen set

m—1 m—1
— —
{(L,hy oo hyhyx, )Y U{(Q k.o hyd %, .0}
U{(0,h,..., o~ .. )} U{(0,h, ...,k d,*,...)}
as the representative of the element 1/4™ € Z[1/2]. These functions are invariant
under . Hence f — f o y=! = 0, which implies the Ext class 7]0(5(7)) is zero

(Theorem 5.5). The OrderExt class 7 (5(7)) is also zero. Therefore the order two
automorphism s(y) on C*(Y, ¢) is asymptotically inner by Theorem 4.4.

8 Problems

In our final section, we would like to present some open problems.

(1) We defined a new invariant for the group T(¢) in Section 5. However, in our
examples, the range of the invariant is trivial except for the case of odometer systems
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or systems that are strong orbit equivalent to odometer systems. Does the invariant
take non-trivial values in the case of a Cantor minimal system which is not strong
orbit equivalent to an odometer system?

(2) In Section 7, we constructed an example where no(s('y)) becomes zero for a
non-trivial element 7y of T(¢). But we don’t know why this phenomenon occurs. Can
we find a characterization of the kernel of 7y o s in terms of the dynamical systems?
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